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Grandes déviations pour le flux maximal en percolation de premier passage

Résumé : Le sujet de cette these est I’étude du flux maximal en percolation de premier passage
dans le graphe Z¢ pour d > 2. Dans les trois premiéres parties de la thése nous nous intéressons
au flux maximal ¢ entre le sommet et la base d’un cylindre et au flux maximal 7 entre le bord
du demi-cylindre supérieur et le bord du demi-cylindre inférieur. Une loi des grands nombres est
connue pour 7 quand les dimensions du cylindre tendent vers 1’infini, et elle se généralise facile-
ment a ¢ dans le cas des cylindres tres plats. Concernant ¢ dans des cylindres droits, une loi des
grands nombres beaucoup plus difficile a établir a été prouvée par Kesten en 1987, et améliorée par
Zhang en 2007. Dans la premiere partie de cette these nous montrons que les grandes déviations
par au-dessus de T et ¢ dans les cas cités précédemment sont d’ordre volumique. Nous obtenons
de plus le principe de grande déviation correspondant pour ¢ dans des cylindres droits. Dans la
deuxieme partie de la these nous prouvons que les grandes déviations par en-dessous de 7 et ¢
dans les mémes cas sont d’ordre surfacique, et nous montrons les principes de grande déviation
correspondant. Dans la troisieme partie nous considérons le cas de la dimension deux, dans lequel
nous généralisons la loi des grands nombres, le principe de grande déviation par en-dessous et
I’étude de I’ordre des déviations supérieures a la variable ¢ dans des cylindres inclinés. La qua-
trieme partie de la thése est consacrée a 1I’étude du flux maximal a travers un domaine connexe
de R? dont les dimensions tendent vers 1'infini 2 la méme vitesse dans toutes les directions.
Nous prouvons une loi des grands nombres pour ce flux, et nous montrons que ses déviations
supérieures sont d’ordre volumique tandis que ses déviations inférieures sont d’ordre surfacique.
Ce résultat s’applique en particulier aux cylindres penchés dont les dimensions grandissent de
maniere isotrope, et généralise donc la loi des grands nombres pour ¢ prouvée par Kesten dans le
cas des cylindres droits.

Mots-clés : Percolation de premier passage, flux maximal, coupure minimale, grandes déviations.

Large deviations for the maximal flow in first passage percolation

Abstract: The object of this thesis is the study of the maximal flow in first passage percolation on
the graph Z? for d > 2. In the first three parts of the thesis, we are interested in the maximal flow
¢ between the top and the bottom of a cylinder and in the maximal flow 7 between the boundary
of the upper half cylinder and the boundary of the lower half cylinder. A law of large numbers is
known for 7 when the dimensions of the cylinders go to infinity, and it can be easily extended to
¢ in very flat cylinders. As concerns ¢ in straight cylinders, a law of large numbers much more
difficult to establish has been proved by Kesten in 1987, and improved by Zhang in 2007. In the
first part of this thesis, we prove that the upper large deviations for 7 and ¢ in the cases cited
above are of volume order. Moreover we obtain the corresponding large deviation principle for ¢
in straight cylinders. In the second part of the thesis, we show that the lower large deviations of
7 and ¢ in the same cases are of surface order, and we prove the corresponding large deviation
principles. In the third part, we consider the case of the dimension two, in which we generalize the
law of large numbers, the lower large deviation principle and the study of the order of the upper
large deviations to the variable ¢ in tilted cylinders. The fourth part of the thesis is devoted to the
study of the maximal flow through a connected domain of R% whose dimensions go to infinity at
the same speed in every direction. We prove a law of large numbers for this flow, and we show
that its upper large deviations are of volume order whereas its lower large deviations are of surface
order. In particular, this result applies to tilted cylinders whose dimensions grow isotropically, and
hence extends the law of large numbers for ¢ proved by Kesten in the case of straight cylinders.

Keywords: First passage percolation, maximal flow, minimal cut, large deviations.

AMS Classification: 60K35, 60F10.
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CHAPITRE 1

Introduction

1. Présentation du modéle

1.1. Introduction a la mécanique statistique. La physique statistique est une branche de
la physique qui a pour but de comprendre le comportement d’un systeme par 1’étude des ca-
ractéristiques et des interactions de ses constituants. Ceux-ci ont une taille trés petite par rapport
au systeme étudié, qui en comporte donc un trés grand nombre. L’échelle du systeme tout entier
est dite macroscopique, et celle beaucoup plus petite de ses constituants est dite microscopique.

Voici quelques exemples de systemes que I’on peut étudier en physique statistique :

— Un métal ferromagnétique : ¢’ est un métal qui est aimanté pour toute température inférieure
a une température fixée, appelée température de Curie, et qui perd brusquement son aiman-
tation des que la température dépasse cette valeur critique. L’ aimantation globale du métal
existe si les moments magnétiques de spins des atomes microscopiques qui constituent le
systeme s’orientent de fagon privilégiée suivant une direction. Cette vision microscopique
du systeme a donné lieu a la création du modele d’Ising en physique statistique.

— Une protéine dans une cellule : pour comprendre la localisation d’une protéine a I’intérieur
d’une cellule, on peut s’intéresser aux interactions que chaque acide aminé constituant la
protéine a avec le milieu qui présente des inhomogénéités. L’échelle microscopique est ici
celle de I’acide aminé. Ce systeme est étudié via différents modeles de polymeres en phy-
sique statistique.

— Une forét infectée par une maladie : pour expliquer pourquoi certaines maladies qui af-
fectent des arbres déciment des foréts entieres, on peut regarder comment la maladie se
propage localement d’un arbre aux arbres voisins. L’étude de ce systeme a 1’échelle micro-
scopique, c’est-a-dire ici a I’échelle de chaque arbre constituant cette forét, correspond a
I’étude du modele de percolation en physique statistique.

Bien siir, beaucoup d’autres modeles existent. Comme nous pouvons le constater, le rapport entre
les échelles macroscopique et microscopique d’un modele, c’est-a-dire le nombre d’éléments mi-
croscopiques constituant le systéme, est toujours tres grand, mais la taille d’un constituant micro-
scopique n’a pas d’importance en Soi.

Puisque le systeme étudié est toujours composé d’un trés grand nombre de composants micro-
scopiques, la compréhension d’un phénomene macroscopique implique la description du compor-
tement d’un nombre important de ses constituants. Il n’est donc pas envisageable d’étudier toutes
les caractéristiques de chaque élément microscopique individuellement. C’est a ce stade que les
probabilités interviennent : le but de la mécanique statistique est I’étude mathématique du systéme
afin d’en déterminer le comportement le plus probable, une fois I’ensemble des configurations du
systeme muni d’une loi de probabilité cohérente avec les phénomenes physiques, biologiques ou
chimiques en jeu. Lorsque le comportement le plus probable du systéme est compris, la mécanique
statistique peut s’intéresser aux comportements atypiques du systéme, par exemple en essayant de
déterminer la probabilité de leur réalisation. Ceci est le principe méme de 1’étude des grandes
déviations d’un systeme.

1.2. Percolation. Revenons a présent au troisieme exemple présenté ci-dessus, celui de la
propagation d’une maladie dans une forét. Pour construire un modele mathématique intéressant,
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il faut simplifier suffisamment le systéme physique observé pour étre capable d’en faire une étude
fructueuse, tout en conservant suffisamment de sa complexité pour en garder les propriétés ma-
croscopiques. Dans le cas de la transmission de la maladie entre les arbres, nous allons donc faire
quelques hypotheses simplificatrices. Tout d’abord nous supposons que chaque arbre infecté ne
peut transmettre la maladie qu’a un ensemble fini d’arbres donné, les arbres voisins, c’est-a-dire
que la transmission de I’infection n’a lieu que localement. Nous supposons aussi que la transmis-
sion de la maladie d’un arbre infecté a I’'un de ses voisins a lieu avec une certaine probabilité p
qui ne dépend que de la maladie, donc ni de I’arbre infecté, ni de son voisin, ni de la position du
groupe d’arbres dans la forét, etc... Nous pouvons maintenant donner une définition mathématique
du modele. Considérons un graphe G' de sommets V' qui correspondent chacun a un arbre, et
d’arétes E. Deux arbres sont reliés par une aréte si et seulement si ils sont suffisamment proches
dans la forét pour se contaminer. Donnons-nous un parametre p a valeurs dans [0, 1]. Il va quanti-
fier la propension de la maladie a s’étendre : plus le paramétre est proche de 1, plus un arbre voisin
d’un arbre infecté va avoir de risques d’étre infecté lui aussi. A chaque aréte e de E nous asso-
cions une variable aléatoire t(e) de loi de Bernoulli de parameétre p, de telle sorte que la famille
(t(e), e € E) est indépendante et identiquement distribuée (i.i.d.). Si la variable ¢(e) vaut 1 (on dit
alors que I’aréte e est ouverte), la maladie va se propager le long de I’aréte e, c’est-a-dire que si
I’un des sites a I’extrémité de e est infecté, 1’autre le sera aussi. Inversement, si ¢(e) = 0 (on dit
que I’aréte est fermée), la maladie ne peut pas se propager via e. Ce que nous venons de décrire
est appelé le modele de percolation par aréte. Sa formulation mathématique a été introduite par
Broadbent et Hammersley en 1957 [15].

Tout I’enjeu de I’étude du modele de percolation est de comprendre au mieux les propriétés
du graphe aléatoire G composé de I’ensemble des sommets de G, et uniquement des arétes ou-
vertes pour la famille de variables aléatoires (¢(e),e € E). Si un arbre est infecté, quelle est la
probabilité qu’il infecte plus de N arbres pour N grand, c’est-a-dire quelle est la probabilité que
la composante connexe dans G du sommet représentant cet arbre soit de taille supérieure a N ?
Quelle est la probabilité que la maladie transmise par cet arbre infecte une région donnée de la
forét, c’est-a-dire que la composante connexe dans G du sommet représentant notre arbre infecté
a ’origine intersecte un sous-ensemble donné de V' ? Dans I’étude d’un modele de physique sta-
tistique, il est logique de se placer a la limite ou les composants microscopiques sont en nombre
infini, car cela traduit la différence d’échelle entre le systeme et ses composants. Si on se place
dans ce cadre, notre graphe G est infini, et on peut se demander si une maladie a un risque de se
propager sur des distances infiniment grandes a 1’échelle microscopique (c’est-a-dire a travers la
forét entiere a I’échelle macroscopique). Cela revient a se poser la question de I’existence d’une
composante connexe infinie dans notre graphe aléatoire G. Un des résultats fondamentaux qui ont
été démontrés sur le modele de percolation est le suivant :

THEOREME 1. On considere le modele de percolation par arétes de paramétre p sur le graphe
G = (Zd, Ed) en dimension d > 2, oit G a pour sommets les points de Z.% et pour arétes I’ensemble
des arétes entre plus proches voisins. Le systéme présente une transition de phase, c’est-a-dire
qu’il existe un paramétre critique p.(d) dans )0, 1| tel que :
- pour tout p < p.(d) (régime sous-critique), presque siirement, il n’existe pas de composante
connexe infinie d’arétes ouvertes dans le graphe,
- pour tout p > p.(d) (régime sur-critique), presque siirement, il existe une unique composante
connexe infinie d’arétes ouvertes dans le graphe.

Cette propriété de transition de phase a été montrée par Broadbent et Hammersley [15] et par
Hammersley [36], [37]. Pour une démonstration de ce théoréme et bien d’autres, nous renvoyons
le lecteur a I’excellent livre [35], qui est un ouvrage de référence sur le modele de percolation. De
nombreux autres résultats ont été prouvés a propos de ce modele, en particulier dans Z¢. 11 serait



1. PRESENTATION DU MODELE 13

impossible de tous les présenter ici, et par ailleurs I’étude de ce modele n’est pas 1’objet de cette
theése. Nous avons néanmoins choisi de présenter ce résultat car nous retrouverons le parametre
pe(d) introduit ici dans 1’énoncé d’un grand nombre de nos résultats.

1.3. Percolation de premier passage. Hammersley et Welsh [38] ont introduit en 1967 une
variante du modele de percolation par aréte, appelé modele de percolation de premier passage.
Reprenons la problématique de la transmission d’une maladie au sein d’une forét. Au lieu de se
demander si la transmission entre un arbre infecté et un de ses voisins a lieu ou non, on peut se
demander en combien de temps elle a lieu, pour ensuite comprendre la vitesse de propagation
de la maladie a I’échelle de la forét toute entiere. Nous conservons les notations du modele de
percolation et nous considérons toujours un graphe G = (V, E') dont les sommets représentent
les arbres. A présent, si une aréte existe, cela signifie que la propagation de la maladie entre les
arbres qui sont aux deux extrémités de cette aréte aura lieu si un des arbres est infecté, mais
I’inconnue est le temps nécessaire pour que cette transmission de la maladie ait lieu. On associe
donc a chaque aréte e une variable aléatoire t(e) qui cette fois est a valeurs dans R™ : c’est ce
temps de propagation. On suppose a nouveau que la loi de cette variable ne dépend pas des arbres
localement, i.e., que la famille (t(e),e € E) est i.i.d. Nous obtenons le modele de percolation de
premier passage.

L’enjeu de I’étude de ce modele est de comprendre la métrique aléatoire sous-jacente : temps
minimum nécessaire pour que la maladie se propage d’un sommet a un autre, forme de 1I’ensemble
des sommets atteints par la maladie en un temps ¢ si un seul arbre fixé était infecté au temps 0, etc...
Pour une présentation plus compléte des questions liées a I’étude de cette métrique aléatoire et un
apercu des résultats connus, nous conseillons la lecture du cours de I'Ecole d’été de probabilités de
Saint Flour écrit par Kesten [40], et pour des avancées plus récentes 1’article de Benjamini, Kalai
et Schramm [8] qui met en relief la complexité de ce modele pourtant si simple a définir.

Dans cette these, nous allons étudier le modele de percolation de premier passage considéré
sous un angle différent. Nous avons introduit le modele de percolation comme une modélisation
de la propagation d’une maladie dans une forét, mais il peut aussi modéliser une roche dont on
veut savoir si elle est poreuse. Les arétes du graphe sont alors vues comme des petits tuyaux qui
laissent passer de I’eau s’ils sont ouverts, et n’en laissent pas passer s’ils sont fermés. Une roche
sera donc considérée comme poreuse si I’eau peut la traverser a 1’échelle macroscopique, c’est-
a-dire s’il existe une composante connexe infinie d’arétes ouvertes dans le graphe G infini. C’est
en fait pour modéliser ainsi un milieu poreux que le modele de percolation a été introduit pas
Broadbent et Hammersley [15]. Le mot percoler en francgais signifie d’ailleurs pour un liquide de
passer a travers des matériaux poreux. Les enjeux du modele de percolation restent les mémes, et
le théoreme 1 garde toute son importance dans cette interprétation. Nous avons choisi de présenter
le modele de percolation comme la modélisation de la transmission d’une maladie dans une forét,
car c’est en partant de la modélisation de ce probleme que Hammersley et Welsh ont défini dans
[38] le modele de percolation de premier passage.

Dans le contexte des milieux poreux, le modele de percolation de premier passage peut étre
interprété d’une autre maniere : si le graphe est un ensemble de tuyaux, la variable réelle positive
ou nulle #(e) associée au tuyau e peut étre vue comme la capacité de e, c’est-a-dire la quantité
maximale d’eau qui peut traverser e par seconde dans un régime de circulation de I’eau a I’équilibre
(c’est-a-dire que 1’on suppose I’ensemble du systeme déja immergé et I’eau en circulation). Le
modele mathématique est exactement le méme, il a donc gardé le nom de percolation de premier
passage, méme si ce nom est lié a I’interprétation du modele en termes de temps d’atteinte. Une
troisieme interprétation possible du modele serait de considérer les arétes du réseau comme des fils
électriques dont les résistances ou conductances sont données par les variables aléatoires (¢(e), e €
E) ; cette interprétation est assez proche de I’interprétation en termes de réseau de tuyaux en ce qui
concerne les problemes soulevés, mais le traitement du modele est un peu différent compte tenu du
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comportement des résistances montées en parallele. Nous ne nous intéresserons pas davantage aux
réseaux électriques, pour nous concentrer sur 1’interprétation du modele en terme d’ensemble de
tuyaux de capacité aléatoire. La question qui se pose naturellement dans ce modele est la suivante :
si la roche est poreuse, quelle quantité d’eau au maximum va pouvoir traverser une couche de
roche de taille macroscopique par seconde ? Il faut donc définir ce qu’est un flux maximal dans
notre graphe.

2. Flux maximal : définition et état de I’art
2.1. Définition du flux maximal en percolation de premier passage.

2.1.1. Deux formulations équivalentes. Rappelons brievement en quoi consiste le modele de
percolation de premier passage : nous considérons un graphe G = (V, E') de sommets V' et d’arétes
E (on peut penser au graphe de sommets les points de Z% pour d > 2, et d’arétes reliant les sites
les plus proches voisins pour la distance euclidienne, ou & un sous-ensemble de ce graphe). A
chaque aréte e dans F on associe une variable aléatoire ¢(e) a valeurs dans R™ de telle sorte que
la famille (¢(e),e € E) est indépendante et identiquement distribuée. On interpréte t(e) comme
la capacité de I’aréte e, elle-méme vue comme un petit tuyau : t(e) est la quantité maximale d’eau
qui peut traverser e par seconde. On note F' la fonction de répartition de la loi des capacités des
arétes. Soient F; et F5 deux sous-ensembles non vides de V. Nous allons définir le flux maximal
de Fy a F» dans G. On dit qu’une aréte e, notée (x,y) et d’extrémités les sommets = et y, est
incluse dans un sous-ensemble A de R si et seulement si le segment joignant z 4 7, & I’exception
éventuellement de ses extrémités, est inclus dans A. On note E I’ensemble des arétes orientées de
G, c’est-a-dire qu'un €élément € de E est une paire ordonnée de sommets de GG qui sont voisins
pour la structure de graphe de G. Si I’aréte € a pour extrémités les sommets x et y et est orientée
de z vers y, on la note ((x,y)). On considere I’ensemble S des couples de fonctions (g, 0) avec
g:E—Rteto: E— E telles que o({z, 1)) € {{{z,y)), ((y,z))} et satisfaisant les conditions
suivantes :

(i) pour toute aréte e de E, on a

0 < g(e) < tle),

(ii) pour tout sommet v de V . (F; U F») on a

Y 9@ o=t} = D 9(E)L{oe)={{-0))} -
eckE ecE

ol la notation o(e) = ((v,-)) (respectivement o(e) = ((-,v))) signifie qu’il existe u dans V" tel
que e = (u,v) et o(e) = ((v,u)) (respectivement o(e) = ({u,v))). Un couple (g,0) € S est un
courant possible pour 1’eau entre F et F, dans G : g(e) est la quantité d’eau qui traverse 1’aréte
e par seconde, et o(e) indique la direction dans laquelle 1’eau circule. La condition (i) signifie que
la quantité d’eau qui traverse une aréte ne peut pas excéder sa capacité et la condition (ii) exprime
I’absence de fuite dans le réseau de tuyaux. Ainsi I’eau ne peut entrer ou sortir de G que par les
sommets de F} et F. A chaque courant possible dans le graphe on associe le flux correspondant

flux(g,0) = > 9, V) Lo uw))= (o)) — 90U V) Lo uw))=((v,u))} -
UEGNFo ,vEFS : (u,w)EE

C’est la quantité d’eau qui circule entre F et F dans G si ’eau circule suivant le courant (g, 0). Le
flux maximal entre F} et F; dans G, noté ¢(F; — F» dans (), est le supremum de cette quantité
sur tous les choix possibles de courant :

¢(F1 — Fydans G) = sup{flux(g,0)|(g,0) € S}.

Par commodité, on notera de méme le flux maximal dans des sous-ensembles continus de R¢ en
se ramenant a leur intersection avec I’ensemble des sommets du graphe.
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Cette définition du flux n’est pas toujours facile a manipuler, c¢’est pourquoi il est intéressant
d’en donner une formulation équivalente. Pour ce faire nous avons besoin de quelques définitions
simples. Un chemin d’un sommet = & un sommet y dans G est une suite

(ZE =70,€1,V1, ...y En, Un = y)

de sommets vy, ..., vy, alternant avec des arétes ey, ..., e, tels que pour tout i € {1,...,n}, e; =
(vi—1,v;). On dit qu’un ensemble d’arétes £ inclus dans E sépare F; de F» dans G s’il n’existe
aucun chemin de F; a F3 dans G ~\ £. Lorsque le contexte le permet, on omettra de préciser les
ensembles F}, F» et G pour parler simplement d’ensemble de coupure. Par ailleurs, si £ est un
ensemble d’arétes de GG, on définit sa capacité, notée V' (&), par

V() = Z t(e).
eef
Le théoreme du flux maximal - coupure minimale ("Max flow - Min cut Theorem” en anglais),
voir par exemple [12], établit que

¢(F1 — Fydans G) = inf{V (&) | € sépare F; de F, dans G} .

On peut évidemment se restreindre a considérer uniquement les ensembles de coupure qui sont
minimaux pour cette propriété, c’est-a-dire tels qu’aucun de leurs sous-ensembles stricts ne sont
des ensembles de coupure. L’idée qui est derriere cette propriété de théorie des graphes est simple
et intuitive : le flux maximal est déterminé par la capacité des arétes qui sont saturées, c’est-a-dire
qui sont traversées par une quantité d’eau égale a leur capacité. Ces arétes saturées constituent un
ensemble de coupure, sinon cela contredirait la maximalité du flux qui pourrait s’accroitre via un
chemin constitué uniquement d’arétes non saturées. Finalement, certaines arétes saturées ne vont
éventuellement pas avoir un effet limitant sur le flux si celui-ci est déja limité en amont ou en aval
par d’autres arétes saturées, c’est pourquoi il faut considérer un ensemble de coupure de capacité
la plus petite possible.

2.1.2. Flux maximal, nombre de chemins et surfaces. Regardons un instant a quoi correspond
le flux maximal dans le cas ou la loi des capacités des arétes est une loi de Bernoulli de parameétre
p (c’est le cas de la percolation classique). Considérons un graphe fini G = (V| E) et le flux
maximal dans GG entre deux sous-ensemble disjoints de V' notés F et F5. On dit qu’un chemin
est ouvert s’il n’est composé que d’arétes ouvertes, i.e., de capacité égale a 1. Deux chemins sont
dits disjoints s’ils n’ont aucune aréte commune, méme s’ils passent par des sommets communs. Un
résultat simple de théorie des graphes établit que le nombre maximum de chemins ouverts disjoints
entre F et F5 dans G est exactement égal au nombre minimum d’arétes ouvertes a supprimer pour
couper tout chemin ouvert de [ a F5. La capacité de toute aréte ouverte étant égale a 1, et toute
aréte fermée ne laissant passer aucun flux, ce nombre minimal d’arétes ouvertes a supprimer pour
couper tout chemin ouvert de F; a F> dans GG est exactement égal a la capacité minimale d’un
ensemble séparant F; de F; dans G. Par le théoreme du flux maximal - coupure minimale, nous
savons que la capacité minimale d’un tel ensemble est égale au flux maximal entre F} et F5 dans
G. Nous en déduisons que le flux maximal entre F} et F5 dans GG est égal au nombre maximal de
chemins ouverts disjoints reliant £ a F5 dans G. La figure 1 donne une visualisation du courant
correspondant au flux maximal ¢(B) entre le sommet et la base d’un cylindre B dans le graphe de
sommets les points Z¢ (seules les arétes ouvertes sont représentées sur la figure).

Dorénavant, nous considérerons uniquement le graphe (Z¢, E?) de sommets les points de Z¢
dont les arétes E¢ relient les plus proches voisins pour la distance euclidienne, éventuellement re-
normalisé (dans le chapitre 7), et des sous-ensembles de celui-ci. Grace a la définition équivalente
du flux maximal en terme d’ensemble de coupure minimal, nous pouvons trouver une équivalence
en dimension deux entre les deux interprétations du modele de percolation de premier passage
que nous avons évoquées précédemment, celle en termes de temps d’atteinte et celle en termes de
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3 chemins disjoints :

¢(B) =3

\

\
=

11 1

FI1G. 1. Capacité des arétes suivant une loi de Bernoulli.

capacité ou de flux. La dimension deux nous offre la possibilité de parler du graphe dual du graphe
(planaire donc) que nous étudions. Le dual d’un graphe planaire a un sommet dans chacune des
faces du graphe initial, et une aréte entre deux sommets si et seulement si les faces correspondantes
du graphe initial sont adjacentes. Le graphe dual du graphe (Z?, E?) est trés simple, il n’est autre
que lui-méme translaté par le vecteur (1/2,1/2). Chaque aréte e du graphe initial est coupée par
une et une seule aréte e¢* du graphe dual, et e* est perpendiculaire a e et la coupe en son milieu.
On définit alors ¢(e*) = t(e), associant ainsi a chaque aréte du graphe dual une variable aléatoire
positive. Pour toute aréte e du graphe initial, nous interprétons ¢(e) comme la capacité de e, en re-
vanche pour toute aréte e* du graphe dual nous interprétons ¢(e*) comme le temps nécessaire pour
traverser e*. Considérons le cylindre B = [0, n]x]0, n[ dans le graphe initial, et le cylindre dual
B* =]—-1/2,n+1/2[x[1/2,n—1/2]. D’apres le théoréme du flux maximal - coupure minimale,
le flux maximal du sommet [0, n] x {n} alabase [0,n] x {0} du cylindre B est égal au minimum
des capacités des ensembles de coupure dans B qui sont de plus minimaux pour I’inclusion. Soit £
un tel ensemble de coupure, et £* son ensemble dual (i.e., ’ensemble des arétes duales des arétes
de &). Alors on remarque que £* est un chemin du c6té gauche {—1/2} x [1/2,n — 1/2] au cdté
droit {n+1/2} x [1/2,n —1/2] du cylindre B* dans le graphe dual. La réciproque est également
vraie, i.e., tout chemin de gauche a droite dans B* a pour dual un ensemble de coupure pour B
(voir figure 2). Le flux maximal du sommet a la base de B dans le graphe initial est donc égal au
temps d’atteinte minimal entre le c6té gauche et le c6té droit de B* dans le graphe dual. Cela nous
donne une autre image de ce qu’est le flux maximal en percolation de premier passage dans le
cas de la dimension deux. L’étude du modele de percolation de premier passage dans cette dimen-
sion est donc essentiellement la méme quelle que soit I’interprétation que 1’on fait des variables
(t(e),e € E). C’est la raison pour laquelle Kesten a présenté dans [41] le modele de percolation
de premier passage interprété en termes de flux comme une version en dimension supérieure ou
égale a trois du modele plus ancien et plus classique de percolation de premier passage interprété
en termes de temps d’atteinte. Le modele ayant été étudié depuis plus longtemps sous le point de
vue des temps d’atteinte, voir par exemple [40] pour une présentation de quelques résultats connus,
I’étude du flux maximal en percolation de premier passage a déja été effectuée en partie en dimen-
sion deux. Le résultat de Garet que nous allons présenter et le chapitre 4 de cette thése apporteront
des compléments a cette étude en dimension deux. Dans le reste de la these, nous énoncerons les



2. FLUX MAXIMAL : DEFINITION ET ETAT DE L’ ART 17

_ graphe (Z°,E?)

£ : ensemble de coupure
entre le sommet et la
base de B

&’ : chemin de gauche a
droite pour B*

F1G. 2. Dimension deux et dualité.

résultats en dimension d > 2, sachant que les démonstrations pourraient éventuellement étre sim-
plifiées en dimension deux, et que les techniques de preuves utilisées pour la dimension trois sont
en fait valables pour toute dimension d > 2 car en dimension trois le modele révele déja toute sa
complexité.

En effet, essayons maintenant d’imaginer et de visualiser le dual d’une aréte en dimension
d > 3, c’est-a-dire en un sens 1’objet unitaire naturel qui intersecte une aréte quelconque du
graphe (Z? E). Nous sommes amenés a définir une plaquette 7(e), c’est-a-dire un petit carré
qui est un translaté par une translation a coordonnées entieres d’un des éléments [—1/2,1/2]% x
{1/2} x [~1/2,1/2]%" pour i = 0,...,d — 1, qui est orthogonal & I’aréte e en question et
qui la coupe en son milieu (voir figure 3). En dimension deux, comme expliqué précédemment,

<— B

[ R
1

surface de coupure

LA entre le sommet et
m(e) A - g la base de B

FIG. 3. Plaquette et surface de coupure.
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cette plaquette est en fait plus simplement le translaté d’une aréte, mais des la dimension trois
I’objet dual est différent d’une aréte. En fait, on peut voir une plaquette comme un petit élément
unitaire de surface. Vu sous cet angle, le dual d’un ensemble d’arétes dans un sous-ensemble B
de R? qui sépare deux sous-ensembles disjoints F et I, de B est un ensemble de plaquettes
qui constitue une surface discrete qui disconnecte F de F» dans B (nous n’essaierons pas ici de
donner une définition propre du terme de surface, mais nous encourageons le lecteur a en avoir
une représentation visuelle, grace par exemple a la figure 3). Nous ferons régulierement allusion a
un ensemble de coupure en termes de surface de coupure” en ayant en téte cette correspondance
aréte - plaquette implicite.

2.1.3. Flux maximal dans des cylindres. Nous repassons au cadre de la dimension d > 2.
Nous n’avons pour I’instant parlé de flux maximal qu’en toute généralité. Il est important de définir
deux cas particuliers. Soit A un hyperrectangle non dégénéré, c’est-a-dire une boite de dimension
d — 1 dans R?. Sauf exception (chapitre 2, cas des cylindres droits) pour des raisons techniques,
nous supposerons tous les hyperrectangles fermés dans R?. On note ' un des deux vecteurs uni-
taires orthogonaux a hyp(A), I’hyperplan dans lequel A est inclus. Pour % un réel positif, on définit
le cylindre de base A et de hauteur A, noté cyl(A, h), par

cyl(A,h) = {x +tv|z € At € [-h,h]}.

Soit T'(A, h) (respectivement B(A, h)) le sommet (respectivement la base) de cyl(A4, h), i.e.,
T(A,h) = {z €cyl(A,h)| Iy ¢ cyl(A,h), (x,y) € E et (x,y) intersecte A + h}
B(A,h) = {z € cyl(A,h)| 3y ¢ cyl(A, h), (z,y) € EXet (x,y) intersecte A — hi} .

On définit le flux maximal du sommet a la base du cylindre cyl(A, h), noté ¢p(A, h), par

(1.1) d(A,h) = ¢(T(A,h) — B(A,h)dans cyl(A,h)).

Dans le cas de cylindres droits, c’est-a-dire que A est de la forme [[=} [as, b;] x {c}, si les a;,
bi, c et h sont entiers, T'(A, h) (respectivement B(A, h)) correspond exactement aux points du
graphe qui sont sur le sommet [[9=[a;, bi] x {h} (respectivement la base [J%=1[a;, bi] x {—h})
du cylindre cyl(A, ) vu comme sous-ensemble de R ; la définition ci-dessus, moins intuitive, est
néanmoins nécessaire dans le cas des cylindres inclinés, car nous devons considérer une version
discrete du sommet et de la base du cylindre. Via le théoréme du flux maximal - coupure minimale,
nous savons que ¢(A, h) est aussi la capacité minimale d’un ensemble d’arétes qui sépare T'(A, h)
de B(A,h) dans cyl(A, h). Le dual d’un tel ensemble de coupure est une surface de plaquettes
qui sépare T'(A, h) de B(A, h) dans cyl(A, h). La trace de cette surface sur les ’parois verticales”
cyl(0A, h) du cylindre est complétement libre. Si nous considérons deux cylindres cote a cote, par
exemple [0,7]¢ et [n, 2n] x [0,n]?~1, et une surface de coupure dans chacun de ces cylindres pour
un flux entre le sommet et la base du cylindre (dans la direction donnée par le vecteur de coor-
données (0, ..., 0, 1)), nous ne pouvons pas a priori les recoller ensemble, ¢’est-a-dire que 1’'union
de ces deux surfaces ne constitue pas nécessairement une surface de coupure entre le sommet et la
base du cylindre [0,2n] x [0,7]9"!. Nous n’avons donc pas de propriété de sous-additivité pour
notre famille ¢(cyl(A, h)), ce qui constitue une réelle difficulté pour 1’étude de cette variable. I
est alors naturel de vouloir définir un autre flux maximal a I’intérieur de cyl(A, h) qui aurait de
bonnes propriétés de sous-additivité. Pour ce faire, il faut que ce flux maximal corresponde a une
surface de coupure minimale dont la trace sur les parois verticales du cylindre cyl(0A, h) soit
fixée et plate, par exemple le long du bord 0A de A. C’est ce que nous faisons a présent. L’en-
semble cyl(A, h) \ hyp(A) a deux composantes connexes, que nous notons C; (A, h) et C2(A, h).
Pour i = 1,2, soit A? I’ensemble des points de C;(A, h) N Z¢ qui ont un plus proche voisin dans
73\ cyl(A,h) :

Al = {z e Ci(Ah)NZY | Ty € 24\ cyl(A, h), (z,y) € B},
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On définit alors
(1.2) (A, h) = (A" — Al dans cyl(A, h)).
Il s’agit du flux maximal dans cyl(A, h) entre le bord du demi-cylindre supérieur et le bord du

demi-cylindre inférieur, ol la notion de supérieur et d’inférieur est liée a la direction de . La
figure 4 illustre ces définitions. Par le théoréme du flux maximal - coupure minimale, 7(A, h) est

cylindre cyl(A, h)

zone d’entrée —
de I’eau \
-
-
—
zone de sortie
de I’eau \\

FIG. 4. Le cylindre cyl(A, h) et les flux maximaux ¢(A, h) et 7(A, h).

égal a la capacité minimale d’une surface séparant A? de A% dans cyl(A, h). D’apres la définition
méme des ensembles Alh, cette surface a une trace sur les parois verticales de cyl(A, h) qui est tres
proche du bord 0 A de A. Cette famille de variables est donc quasiment sous-additive comme nous
allons I’expliquer dans la partie 2.2.1.

2.1.4. Flux maximal dans un domaine de R®. 1l est plus simple d’étudier en premier lieu
le flux maximal ¢(nA,h(n)) dans un cylindre cyl(nA, h(n)), et donc aussi le flux maximal
7(nA, h(n)) dans ce cylindre, car les cylindres présentent de bonnes propriétés de symétrie et
de recollement le long de leurs faces. Néanmoins, I’étude du flux maximal en percolation de pre-
mier passage ne se limite pas a I’étude de flux maximaux dans des cylindres. Si I’on interprete
notre systeéme comme une strate de roche poreuse dans le sol, supposer qu’elle est d’épaisseur uni-
forme est une approximation qui a ses limites, et comprendre le comportement du flux maximal
a travers cette strate de roche en fonction justement de la déformation de la strate par rapport a
un cylindre d’épaisseur constante est un enjeu réel du modele. C’est pourquoi nous allons définir
le flux maximal a travers un domaine de R? entre une zone d’entrée de I’eau et une zone de sor-
tie situées sur son bord. Nous serons amenés a faire des hypotheses de régularité sur le domaine
considéré, son bord et les domaines d’entrée et de sortie de I’eau, mais les domaines que nous
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considérerons resteront somme toute tres généraux. Il n’y a pas de raison qu’une direction soit
privilégiée par la forme du domaine ou une direction hypothétique de circulation du flux, c’est
pourquoi nous allons faire tendre vers 1’infini toutes les dimensions du domaine a la méme vitesse
sans le déformer, ce qui revient plus simplement a fixer le domaine et a considérer a I’intérieur un
réseau carré de pas 1/n et faire tendre n vers Iinfini. C’est donc dans ce cadre que nous allons
utiliser le graphe (Z?, E%) renormalisé. Idéalement, nous aimerions que notre modele soit invariant
par rotation. Néanmoins, nous travaillons avec le réseau Z¢ pour simplifier notre étude.

Nous avons motivé I’étude du flux maximal dans un domaine de R?, introduisons & présent
les définitions dont nous nous servirons. Pour d > 2, notons (Z%,EZ) le graphe de sommets
78 = 79/n et d’arétes EY reliant les sommets les plus proches voisins pour la distance eucli-
dienne. Lorsque nous nous placerons dans ce graphe renormalisé 2 la place du graphe (Z¢, E%)
comme nous le faisons maintenant, nous le préciserons clairement. Nous considérons le modele
de percolation de premier passage sur ce graphe, et donc la famille de capacités (t(e),e € E4)
i.i.d. & valeurs dans R™, de fonction de répartition F. Soit ) un ouvert connexe (donc connexe
par arcs) borné de R?, dont la frontiere I" est de classe C' par morceaux. Soient I'! et I'? deux
sous-ensembles ouverts disjoints de I'. Nous voulons définir le flux maximal de I'' 4 I'2 dans
pour le modele de percolation de premier passage sur (ZZ,E?). Nous devons donc définir une
discrétisation (2, T, T, T2) de (Q2, T, T'1,T'2), ce que nous faisons comme suit :

Qp = {z € Z8 | doo(,Q) < 1/n},
I'' ={zely|doo(z, ") <1/n, doo(x,I7) > 1/n} pouri =1,2etj =3 —1i,
ol (z,y) désigne I’aréte d’extrémités x et y, et d, désigne la distance L :

doo(z,y) = sup |z — yi

i=1,...,

pour z = (21, ...,2q) ety = (y1,...,yq) € R La figure 5 illustre ces définitions.
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FIG. 5. Le systeme (€2, T',T'!, T'?) et son approximation (2, [',,, 'L T2).

Nous notons alors
dn = G(TL — T2 dans Q,,) .
L’ensemble de cette theése permet de montrer sous certaines hypothéses sur le systeme et la loi
des capacités des arétes un résultat de loi des grands nombres pour le flux maximal renormalisé
¢n, /0?1 quand n tend vers I’infini, assorti des vitesses des grandes déviations par au-dessus et par
en dessous de cette variable. Les cylindres constituent les briques élémentaires qui s’assemblent



2. FLUX MAXIMAL : DEFINITION ET ETAT DE L’ ART 21

pour former le flux maximal ¢, il est donc indispensable de bien comprendre le comportement
asymptotique des flux maximaux dans des cylindres pour mener a bien 1’étude du flux maximal
#,, dans un domaine de R¢.

2.2. Etat de P’art. Nous allons récapituler les résultats connus en dimension d > 2 concer-
nant le flux maximal dans le modele de percolation de premier passage dans le graphe (Z4, E%).
Nous énoncons ici les résultats spécifiques au flux maximal, dans le cas de la dimension deux nous
ne citerons pas tous les travaux effectués sur la distance en percolation de premier passage méme
s’ils ont souvent une interprétation en termes de flux via la dualité, nous renvoyons le lecteur par
exemple a [40] et [8]. Nous ne nous intéressons pas au cas de flux déterministes, i.e., au cas ou les
capacités des arétes ne sont pas aléatoires. C’est un sujet qui a été étudié par exemple par Rocka-
fellar [51] et qui souleve des questions trés intéressantes, comme la description d’un algorithme
efficace pour déterminer la position d’un ensemble de coupure minimal dans le graphe.

Nous nous placons donc dans le modele de percolation de premier passage sur le graphe
(7, E%). Les résultats rassemblés ici essaient tous de décrire le comportement des flux maximaux
a travers un cylindre quand les dimensions du cylindre tendent vers I’infini. Ceci correspond a faire
tendre le pas du réseau vers 0 dans un cylindre fixé, a la méme vitesse dans toutes les directions
ou pas. C’est une approche logique dans la mesure ou nous voulons comprendre le comportement
d’une roche poreuse dont nous avons modélisé la porosité par de petits tuyaux de taille micro-
scopique par rapport a la taille de la roche. L’idée intuitive derriere les résultats que nous allons
énoncer est la suivante : sous certaines conditions sur la taille du systeme étudié et la loi des capa-
cités des arétes, le flux maximal a travers un systeme est asymptotiquement une fonction linéaire
de la surface par laquelle I’eau peut rentrer et sortir. Le coefficient de linéarité asymptotique est
une constante non aléatoire, qui dépend de la loi des capacités et du systeme considéré. Puisqu’il
va étre question des surfaces des domaines d’entrée et de sortie de 1’eau, nous allons avoir besoin
de la définition suivante : nous notons H?~! la mesure de Hausdorff (d — 1)-dimensionnelle sur
les sous-ensembles de R?, i.e., pour tout A C R?, on définit

HITL(A) = %in% inf{og_1 Z(diam AL A C Ujer Ay, diam(A;) < 6 et I dénombrable}
el

ou diam A; désigne le diametre de A; pour la distance euclidienne, et crg_1 est le volume de la
boule unité dans R4,

Les résultats qui suivent sont globalement présentés par difficulté croissante, ce qui correspond
a peu pres a une présentation chronologique. Néanmoins, par souci de clarté, nous avons regroupé
les résultats qui se completent, d’ou une certaine dépendance entre les résultats des différents
paragraphes.

2.2.1. Loi des grands nombres pour la variable 7. Le premier résultat que nous présentons
est une loi des grands nombres sur la variable 7, définie en (1.2) dans des cylindres dont on fait
tendre la taille vers I’infini, et ce dans n’importe quelle dimension d > 2. Nous rappelons que
F désigne la fonction de répartition de la capacité des arétes, qui est positive, donc F'(0) désigne
simplement la probabilité que la capacité d’une aréte soit nulle. Nous notons toujours p.(d) le
parametre critique pour la percolation de Bernoulli par arétes en dimension d. Voici un énoncé de
cette loi des grands nombres :

THEOREME 2. On suppose que la loi des capacités des arétes admet un moment d’ordre 1,
ie.,

/ xdF(z) < oo.
[0,4-00]
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Pour toute fonction de hauteur h : N — R™ satisfaisant lim,, o, h(n) = +oo, pour tout hyper-
rectangle non dégénéré A, la limite
S YN
n—oo  HI=1(nA)
existe et dépend de F', de d et de la direction du vecteur unitaire U orthogonal & A mais pas de
h ou de A lui-méme. La constante v(7) est strictement positive si F'(0) < 1 — p.(d), et nulle si
F(0) > 1 — pc(d). De plus, s’il existe un réel M tel que toutes les coordonnées de M soient
rationnelles, si ’origine du graphe 0 est inclue dans A, et toujours sous une condition de moment
d’ordre 1 pour la loi des capacités, on a
. T(nA,h(n

g T ()

n—oo HI=1(nA)
Sans aucune restriction sur U et A, si F(0) < 1 — p.(d) et si la loi des capacités des arétes admet
un moment exponentiel, i.e.,

= v(7) p.s. et dans L' .

dy>0 e dF (z) < oo,
[0,4-00]

alors ( h(n))
T7(nA, h(n

lim —————~*~

6o 'Hd‘l(nA)

—

= v(?) p.S.

La démonstration de ce théoreme est basée sur la sous-additivité de la variable 7. Intéressons-
nous d’abord 4 la convergence p.s. et dans L' de la suite (7(nA, h(n))/H? "1 (nA)) lorsque 0 € A
et qu’il existe M tel que M ¥ ait toutes ses coordonnées rationnelles (on dit alors que la direction
est rationnelle). Dans le cas de cylindres droits, c’est-a-dire si A est de la forme [[=} [a;, b;] x {c}
pour des a;, b; et c réels, la famille 7( A, h) est sous-additive pour tout / fixé : si un hyperrectangle
A admet une partition en hyperrectangles A; pour i = 1, ..., n d’intérieurs disjoints, alors on a

n
T(A,h) < ZT(Ai,h).
i=1
En effet, si pour tout ¢ on note & une surface de coupure entre le demi-cylindre inférieur et le
demi-cylindre supérieur dans cyl(A4;, h), ces surfaces se recollent sur les frontiéres communes des
A; de telle sorte que U} ;&; est une surface de coupure dans cyl(A, h) entre le demi-cylindre
inférieur et le demi-cylindre supérieur (voir la figure 6 qui illustre le recollement de surfaces de
coupure entre deux cylindres).

Il y a cependant quelques précautions a prendre. Dans le cas de cylindres inclinés, la famille
7(A, h) n’est en fait pas vraiment sous-additive, car des problemes de recollement de surfaces
séparantes peuvent apparaitre. Voici 1’origine du défaut de sous-additivité : si nous considérons
un hyperrectangle A (incliné a priori cette fois) et une partition de A en hyperrectangles A; pour
t = 1,...,n d’intérieurs disjoints, des arétes du graphe peuvent avoir une extrémité dans la moitié
supérieure d’un cylindre cyl(A;, h) et I'autre dans la partie inférieure d’un cylindre cyl(A;, h)
pour j # 4. Si pour tout ¢ on note £ un ensemble de coupure séparant les bords des deux demi-
cylindres dans cyl(A;, h), ce type d’aréte n’apparaitra dans aucun des &; mais il faudra les rajou-
ter a U}, &; pour obtenir un ensemble d’arétes séparant les bords des deux demi-cylindres dans
cyl(A, h). Heureusement, ces arétes sont localisées dans un trés petit voisinage des bords 0 A; des
hyperrectangles de la partition, donc nous pouvons en contrdler le nombre. Si nous notons

G(4) = {= e RY|d(2,0(4)) < ¢}

pour un ¢ fixé strictement supérieur a 2d, et G(A) I’ensemble des arétes incluses dans G(A), alors
pour tout h et A fixés la famille 7/(A4, h) = 7(A, h) + V(G(A)) indexée par A est sous-additive.
Cette famille est ergodique, et en comparant 7( A, h) a la capacité d’une surface de coupure formée
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FIG. 6. Sous-additivité de 7 dans des cylindres droits.

d’une couche plate d’arétes, on obtient immédiatement que E(7/(A, h))/H%1(A) est borné des
que E(t(e)) < oo. Lorsque 0 € A, tous les hyperrectangles nA, n € N, sont inclus dans le méme
hyperplan P (%) contenant 1’origine. Si de plus la direction considérée est rationnelle, le graphe est
invariant par toute une famille de translations dont les vecteurs sont inclus dans ce plan P(%). On
peut alors directement appliquer les théoremes ergodiques sous-additifs a parametres multiples,
plus précisément le théoréme 1 de [43] et 1.1 de [53], pour obtenir pour tout couple (A, h) la
convergence presque siire et dans L' de la suite (7/(nA, h)/H~(nA)) quand n tend vers I’infini.
De plus, le théoreme 1 de [43] nous permet aussi d’affirmer que la limite p.s. est la méme lorsque
I’on considére deux hyperrectangles A et A’ contenant 0 et admettant un méme vecteur orthogonal
unitaire ¢ orienté dans une direction rationnelle. Par la loi du 0 — 1 de Kolmogorov, puisque
la limite presque slire de cette suite est invariante par les translations a coordonnées enticres du
graphe, on en déduit qu’elle est égale 4 une constante p.s. Puisque la convergence L' implique la
converge p.s. d’une sous-suite vers la méme limite, on en déduit qu’il existe une constante v (V)
telle que
. T (nA,h)

lim —————~

n—oo HA=1(nA)
Le cardinal de I’ensemble déterministe d’arétes G(nA) est majoré par une constante (dépendant
de A) multipliée par n%~2. On en déduit immédiatement que V (G (nA))/H " (nA) converge p.s.
et dans L' vers 0, et que donc

= (V) p.s. et dans L' .

A
Jim M = v (V) p.s. et dans L' .

Cette constante v/, (¥/) dépend bien de d, F' et U, mais pas de la forme de A lui-méme. De plus, la
proposition 1.1 de [53] établit que

7_/ n d—1
(@) = ing SO 1),

Notons que h = oo est un cas particulier de ce qui précede ; le flux maximal 7(nA, co) est alors
défini via le théoreme du flux maximal - coupure minimale comme la capacité minimale d’un
ensemble de coupure qui sépare les bords des deux demi-cylindres infinis dans cyl(nA, cco), ou de
facon équivalente par la limite décroissante suivante :

T(nA,o0) = hli/m T(nA,h).
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On en déduit, par une simple interversion d’infimum, que
lim vy, (V) = veo(V).
Jim (@) = vso(7)
Finalement, si  : N — R™ est une fonction de hauteur telle que lim,, .o, h(n) = +oo, pour tout
h fixé il existe ng tel que pour tout n > ng on a

T(nA,o0) < 7(nA,h(n)) < 7(nA,h),

et on en déduit que 7(nA, h(n))/H?1(nA) converge p.s. et dans L' vers v, (). On note alors
plus simplement v(7) = v (¥), et v = v((0, ..., 0,1)).

Malheureusement, dans le cas de directions non rationnelles, ou quand A ne contient pas I’ ori-
gine du graphe, nous ne pouvons pas appliquer directement les théoréemes sous-additifs. En effet,
les théoremes sous-additifs a parametres multiples classiques (voir par exemple [1], [43], [44] et
[53]) sont énoncés dans le cadre suivant : la famille de variables sous-additive est indexée par des
sous-ensembles d’un mé&me espace, qui est dans notre cas un hyperplan, et la loi des variables doit
étre invariante par un groupe de transformations laissant stable cet espace. Ces deux conditions
ne sont pas réunies si 0 ¢ A ou si la direction considérée n’est pas rationnelle. Néanmoins, nous
pouvons quand méme montrer simplement la convergence de I’espérance de la variable 7 renor-
malisée, méme pour des directions non rationnelles ou si 0 ¢ A, et I’indépendance de la limite,
toujours notée v/(v), par rapport a la forme précise de A une fois ¥ fixé et par rapport a la fonction
de hauteur h. La démonstration est présentée en détail dans le chapitre 5. L’idée est la suivante.
Nous considérons deux hyperrectangles non dégénérés A et A’ orthogonaux a un méme vecteur
unitaire v, deux fonctions de hauteur h et i’ et deux entiers N et n tels que N est trés grand
devant n. Nous suivons alors la méme démarche que celle des démonstrations des théorémes sous-
additifs en recouvrant N A par des translatés (7;,7 € I) de nA’, sauf une trés petite surface.
Ces (T;,i € I) ne sont pas des images de nA’ par des translations de vecteurs a coordonnées
entieres, donc 7(7T;, h'(n)) n’est pas égal en loi a 7(nA’, h'(n)). Cependant, nous pouvons & nou-
veau translater les T; sur une trés petite distance en les décollant de I’hyperplan dans lequel se
trouve N A pour obtenir des 7] qui sont des translatés par des vecteurs a coordonnées entieres de
nA’, donc tels que 7(77/, h'(n)) soit bien égal en loi a 7(nA’, h'(n)). Nous pouvons alors compa-
rer E[7(NA,h(N))] avec S ;cr E[7(T], h'(n))], ce qui nous permet d’obtenir la convergence de
E[r(NA, h(N))]/H¥1(NA) quand N tend vers I’infini, et I’égalité de la limite pour les deux
hyperrectangles A et A’ admettant un méme vecteur orthogonal ¥, et pour les deux fonctions de
hauteur h et h’. Nous utilisons ici de facon essentielle le fait que notre espace R? posséde une
dimension de plus que le sous-espace qui contient A et A’.

Pour prouver la convergence p.s. de 7(nA, h(n))/H(nA) vers v() dans toutes les direc-
tions sous des hypothéses supplémentaires sur F', nous utilisons un résultat de concentration de
la mesure. Puisque la suite des espérances de ces variables converge vers v(¥), si les variables
restent suffisamment proches de leur espérance on peut en déduire la convergence p.s. recherchée.
Ceci est fait en détail dans le chapitre 5. Pour obtenir le résultat de concentration, nous utili-
sons les travaux de Zhang [59] qui seront présentés dans le paragraphe 2.2.4. Les hypotheses de-
mandées sur F' ne sont pas optimales, et nous conjecturons qu’elles peuvent étre considérablement
allégées. Néanmoins, il faut noter que la convergence de I’espérance de la variable 7 renorma-
lisée, éventuellement couplée a des résultats de concentration, est suffisante pour obtenir tous les
résultats présentés dans cette thése. Nous ne nous restreindrons donc jamais au cas des directions
rationnelles ou au cas 0 € A.

La convergence de T renormalisé dans le cas des cylindres droits avait été montrée par Kesten
dans [41] dans le cas de la dimension trois, dans le cas plus général ou les dimensions de la base
du cylindre ne tendent pas vers 1’infini nécessairement a la méme vitesse. La démonstration dans
le cas des cylindres inclinés n’avait a notre connaissance pas été rédigée clairement auparavant,
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mais nous considérons cependant que ce résultat était connu, dans la mesure ou il se base sur les
mémes propriétés de sous-additivité. Boivin a d’ailleurs déja prouvé des résultats treés similaires
dans [11], nous y reviendrons au paragraphe 2.4.

En ce qui concerne la preuve du résultat énoncé dans le théoreme 2 sur la stricte positivité
de v(7¥), voici I’idée intuitive qui est derriere : pour que le flux puisse circuler sur des distances
infinies, il faut que la percolation définie sur le graphe par t'(e) = L{4(e)>0} pour toute aréte e soit
sur-critique, i.e., que nous supposions que F'(0) < 1— p.(d). Nous présentons ici un raisonnement
possible pour prouver ce résultat. Nous pouvons facilement prouver que v(¥) satisfait I'inégalité
triangulaire faible (voir le chapitre 5 de la thése pour un énoncé et une preuve de cette propriété).
On en déduit que pour tout vecteur unitaire ¥, v(7) = 0 si et seulement si v((0,...,0,1)) = 0
(résultat prouvé également dans le chapitre 5 de la theése). On est donc ramené a étudier uni-
quement le cas des cylindres droits. Zhang a prouvé dans [58] que sous la condition de moment
d’ordre 1 pour les capacités des arétes, le flux entre demi-cylindres dans un cylindre droit, renor-
malisé par la surface de la base du cylindre, converge presque sirement et dans L' vers 0 lorsque
F(0) = 1 — p.(d). La démonstration est faite en dimension 3 mais Zhang indique qu’elle se
généralise a la dimension d > 3. Nous reviendrons sur ce théoreme ultérieurement, car il est en
fait plus général que ce que nous en disons ici. C’est un résultat qui mérite d’étre présenté dans
son intégralité car 1’étude du cas critique F'(0) = 1 — p.(d) constitue une véritable avancée. Le
résultat était par ailleurs connu en dimension 2 via I’étude des temps d’atteinte. Par couplage, nous
en déduisons que v((0,...,0,1)) = 0 deés que F(0) > 1 — p.(d), ce qui généralise le résultat de
Kesten dans [41] qui prouvait ceci en dimension 3 sous une condition de moment plus forte des
que F(0) > 1 — p.(d). Dans le cas F(0) < 1 — p.(d), la positivité de v((0,...,0,1)) découle
par exemple du premier théoreme présenté dans le chapitre 4 de la these, qui dit en substance que
la probabilité que le flux renormalisé entre le sommet et la base d’un cylindre droit soit tres petit
décroit exponentiellement vite avec la surface de la base du cylindre. Puisque le flux entre demi-
cylindres est supérieur ou égal au flux entre le sommet et la base d’un cylindre, on en déduit le
résultat voulu. C’est une généralisation d’un résultat de Chayes et Chayes [20] obtenu dans le cas
ou les capacités des arétes suivent une loi de Bernoulli.

Il est a noter qu’ici nous considérons un cylindre dont une direction est privilégiée car elle
est donnée par la direction dans laquelle circule le flux, cependant toutes les autres directions sont
équivalentes. Cela signifie que nous faisons tendre vers I’infini tous les c6tés de la base du cylindre
a la méme vitesse, et que nous autorisons seulement la hauteur du cylindre a tendre vers I'infini a
une vitesse différente. Nous garderons cette approche tout au long de la theése, sauf dans le chapitre
5 ou nous étudierons des flux maximaux dans des ensembles plus généraux que des cylindres, donc
n’ayant a priori aucune direction privilégiée : nous ferons alors grandir les dimensions du domaine
vers I’infini de fagcon isotrope. Nous ne nous sommes pas intéressés au cas ou les différents cotés
du cylindre grandissent a des vitesses deux a deux potentiellement distinctes. C’est par ailleurs
une question tres intéressante, et les résultats de Kesten [41] et Zhang [58], [59] sur la variable
¢ (définie en (1.1)) que nous allons présenter dans les paragraphes suivants se placent dans ce
cadre. Dans le premier de ces deux articles, un résultat de convergence pour la variable 7 dans des
cylindres droits dont les dimensions ne tendent pas vers I’infini a la méme vitesse est également
démontré. Comme nous le verrons a I’énoncé des résultats obtenus sur la variable ¢ par Kesten
et Zhang dans le cas de vitesses d’expansion du cylindre différentes dans chaque direction, le
probleme semble dans ce contexte plus difficile, et la condition a imposer sur la fonction de hauteur
du cylindre étudié est alors moins évidente, et probablement pas encore optimale.

2.2.2. Loi des grands nombres pour la variable ¢ dans des cylindres plats. Par “cylindres
plats” nous entendons ici que la fonction de hauteur satisfait la condition :
h(n)

lim —= = 0.
n—oo N,
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Si h est une telle fonction de hauteur, pour tout hyperrectangle non dégénéré A, les variables
7(nA, h(n))/H¥1(nA) et ¢(nA, h(n))/H41(nA) ont le méme comportement asymptotique.
En effet, il est d’une part évident que 7(nA, h(n)) > ¢(nA, h(n)). Réciproquement, si £(n) est
un ensemble d’arétes qui sépare la base du sommet de cyl(nA, h(n)), et G'(nA) est ’ensemble
des arétes qui se trouvent dans un voisinage de taille ¢ > 2d des parois verticales cyl(0(nA), h(n))
du cylindre, alors £(n) U G'(nA) sépare les deux demi-cylindres dans cyl(nA, h(n)), donc

T(nA,h(n)) < ¢(nA, h(n)) + V(G (nA)).

Puisque le cardinal de I’ensemble G’(nA) est de I’ordre de n%~2h(n), donc négligeable devant
nd=1 d’apres I’hypothese faite sur la fonction h, on en déduit que les résultats de convergence
obtenus pour 7(nA, h(n))/H? 1 (nA) restent vrais pour ¢p(nA,h(n))/H?"1(nA), ie., on a le
théoréme suivant :

THEOREME 3. On suppose que F admet un moment d’ordre 1, i.e.,

/ xdF(x) < o0.
[0,+00[

Alors pour toute fonction de hauteur h : N — R satisfaisant
lim h(n) = 400 et lim — =0,
n— o0 n—oo N

pour tout hyperrectangle non dégénéré A de vecteur normal unitaire U, on a

_ El[p(nA,h(n)]
lim — ————= = v(7).
n—oo  HiI=1l(nA)
De plus, s’il existe un réel M tel que toutes les coordonnées de MU soient rationnelles, si [’origine
du graphe 0 est inclue dans A, et toujours sous une condition de moment d’ordre 1 pour la loi des
capacités, on a
. ®(nA,h(n
lim

n—oo HA— 1(nA
Sans aucune restriction sur v et A, si F(0) < 1 — p.(d) et si la loi des capacités des arétes admet
un moment exponentiel, i.e.,

;) = v(?) p.s. et dans L* .

3y >0 e dF(z) < oo,
[0,400]

_ ¢p(nAh(n)
nILH;o HITmA) v(7)

alors

D-S.

Les suites (¢(nA,h(n))/H4 (nA),n € N) et (1(nA, h(n))/H (nA),n € N) sont en
fait exponentiellement équivalentes sous la condition d’existence d’un moment exponentiel pour
la loi des capacités. Ce résultat sera montré dans le chapitre 5 de la thése en utilisant précisément
la relation entre 7(nA, h(n)) et ¢(nA, h(n)) via ’ensemble G'(nA) décrit ci-dessus.

2.2.3. Loi des grands nombres pour la variable ¢ dans des cylindres droits, premier résultat.
Nous présentons maintenant le résultat de I’article qui a été le fondement de cette these. 11 s’agit
de l’article de Kesten [41]. En substance, Kesten établit qu’en dimension trois, sous certaines
conditions sur F' et h, le flux maximal entre le sommet et la base d’un cylindre droit a le méme
comportement asymptotique que le flux maximal entre le bord du demi-cylindre supérieur et le
bord du demi-cylindre inférieur, c’est-a-dire qu’une fois renormalisé par la surface de la base du
cylindre il converge presque stirement vers v/((0, 0, 1)). Nous allons noter D(k, [, m) le cylindre

D(k,1,m) = [0,K] x [0,1] x [0,m],
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de sommet T'(k,l,m) = [0,k] x [0,{] x {m} et de base B(k,l,m) = [0,k] x [0,{] x {0}, et
¢(D(k,1,m)) le flux maximal entre T'(k, [, m) et B(k,l,m) dans D(k,1,m). Voici le théoréme
tel qu’il a été énoncé par Kesten en 1987 :

THEOREME 4 (Kesten). On se place en dimension trois. Si F(0) < po pour un certain py >
1/27 fixé, et si F' admet un moment exponentiel :

v >0 / e dF(z) < oo,
[0,+00]

si m = m(k,1) tend vers Uinfini quand k et | tendent vers l'infini avec k > 1 de telle sorte qu’il
existe un § > 0 tel que
lim k= logm(k,1) = 0,

k,l—o0
alors Dk
k:llim W = 1((0,0,1))  p.s. et dans L* .

De plus, si F(0) > 1 — p.(d) et F' admet un moment d’ordre 6, il existe une constante C =
C(F) < oo telle que si m = m(k,l) tend vers Uinfini quand k et | tendent vers Uinfini avec k > 1
de telle sorte que
lim inf mk, L)
k,l—o00 log(kl)
alors pour tous k, 1 suffisamment grands on a

¢(D(k,l,m)) =0  p.s.

> O,

Kesten souligne Iui-méme dans [41] que les hypotheses requises dans ce théoréme ne sont
probablement pas optimales. Il conjecture que le premier résultat doit rester vrai des que F'(0) <
1 — pc(d), que la loi des capacités des arétes admet un moment d’ordre deux, et que

lim (k1) tlogm(k,l) = 0.

k,l—o0

Il indique également que dans le cas ou le rapport /[ reste loin de 0 et +o00, la condition sur la
hauteur m de la boite peut étre améliorée, sans toutefois obtenir la condition espérée. Il présente
comme problémes ouverts la généralisation de ce théoréme en dimension plus grande que trois et
I’étude des déviations inférieures dans le cas F'(0) < po pour déterminer entre autres si elles sont
bien d’ordre surfacique, ainsi que 1’étude du cas critique F'(0) = 1 — p.(d). Nous verrons que
Zhang a répondu a certaines de ces questions dans [58] et [59] et que nous répondons a d’autres
dans cette these.

Compte tenu de I’importance du théoréme 4 pour I’ensemble de notre travail, nous souhaitons
donner ici un apercu des idées utilisées dans sa preuve pour le cas F'(0) < pg (le cas sur-critique
F(0) > 1 — pc(d) sera généralisé par Zhang et nous présenterons son travail dans le paragraphe
suivant). Tout d’abord Kesten utilise son hypothése F'(0) < pg pour contrdler avec grande pro-
babilité le nombre d’arétes dans un ensemble de coupure de capacité presque minimale séparant
le sommet de la base du cylindre. Grace a ce contrdle, il contraint son ensemble de coupure a
rester dans un sous-cylindre de hauteur proportionnelle a k£ a I’intérieur du cylindre initial, quitte a
rajouter quelques arétes a I’ensemble en question (et donc augmenter un peu sa capacité). Quitte a
faire rétrécir un peu la base du cylindre, il contraint également cet ensemble de coupure a avoir peu
d’arétes qui touchent les parois verticales du cylindre. Via la dualité aréte - plaquette, il considere
son ensemble de coupure comme une surface constituée de plaquettes. Il obtient un contrdle sur le
nombre de plaquettes qui intersectent les parois verticales du cylindre, donc en fait sur la longueur
des courbes qui constituent I’intersection de la surface de coupure avec les parois du cylindre. Il
déduit de ceci, et du contrdle sur la hauteur de la sous-boite dans laquelle se trouve 1’ensemble
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de coupure, une majoration du nombre de conditions aux bords possibles, c’est-a-dire d’inter-
sections possibles de la surface de coupure avec les parois verticales du cylindre. Par ailleurs, il
montre qu’un ensemble de coupure qui a des conditions aux bords données peut se recoller avec
un ensemble de coupure dans une boite voisine qui aurait des conditions aux bords symétriques
du premier par rapport a la face commune des deux boites. Finalement, le graphe étant invariant
par une telle symétrie, la probabilité pour un ensemble de coupure d’avoir I’une ou I’autre de ces
conditions aux bords est la méme. En considérant un ensemble de coupure de conditions aux bords
de probabilité maximale par rapport a toutes les conditions aux bords possibles, Kesten se ramene
a un objet quasiment sous-additif (via 1’utilisation de symétries), qu’il peut donc comparer a la
variable 7. Grace au contr6le obtenu précédemment sur le nombre de conditions aux bords pos-
sibles, cette comparaison lui apporte suffisamment d’informations pour en déduire des propriétés
sur ¢ lui-méme dans un cylindre de dimensions (kg, ly, mg) données. Plus précisément, si on note
g la fonction qui a (k, 1, m) associe P[¢p(D(k,l,m)) < (v — €)kl] pour un € > 0 fixé, Kesten
montre ainsi que g(ko, lo, mo) est petit. Il prouve également que g satisfait une inégalité fonction-
nelle, qui implique un contrdle de la valeur de g(k, [, m) par la valeur de g(ko, lo, mg) pour tout
triplet (k, [, m) dans un certain domaine fixé par (ko, lg, mo). En itérant 1’usage de I’inégalité fonc-
tionnelle plusieurs fois a partir du triplet (ko, lo, m0), Kesten obtient que g(k, [, m) est petit pour
tout triplet (k, [, m) suffisamment grand satisfaisant les conditions demandées dans le théoréme 4.
Puisque ¢ est majorée par 7 dans un méme cylindre, Kesten en déduit la loi des grands nombres
annoncée.

Dans cet article, Kesten obtient donc une majoration de la probabilité que ¢(D(k,1,m))/kl
soit anormalement petit. Comme il I’annonce lui-méme, il n’a pas la bonne vitesse des déviations
inférieures pour cette variable, puisqu’il n’obtient pas des déviations surfaciques (voir chapitre
5 de la these). Nous avons essayé d’améliorer sa preuve pour la réutiliser dans 1’étude de ces
déviations inférieures, mais nous n’y sommes pas parvenu.

2.2.4. Cas critique et contrdle du cardinal d’un ensemble de coupure minimal. Comme nous
I’avons déja évoqué brievement, Zhang a étudié dans [58] le comportement du flux maximal dans
un cylindre dans le cas critique, i.e., ['(0) = 1 — p.(d), ot p.(d) désigne toujours le parametre
critique pour la percolation de Bernoulli par arétes en dimension d. Nous conservons les notations
introduites précédemment, et nous notons 7(D(k, [, 00)) le flux maximal entre le bord du demi-
cylindre supérieur [0, k] x [0, ] x]0, +oo[ et le bord du demi-cylindre inférieur [0, k] x [0,1]x] —
00, 0] dans D(k, 1, c0). Zhang prouve le résultat suivant :

THEOREME 5 (Zhang). Soit d = 3. Supposons que F(0) = 1 — p.(3) et que la loi des
capacités des arétes admette un moment d’ordre un, i.e.,

/ xdF(x) < o0.
[0,+00[

Alors pour toutl > 0 on a

e A0 Lm)
k,m—o0 kl
pour tout k > 0 ona
e SOOI
l,m—oo ki
“ D(k,l
b ODELm)
k,l,m—o0 kl

o k,l, m tendent vers 'infini dans la derniére équation sans aucune condition sur leur vitesse
respective. De plus,

: T(D(k,l,OO)) . 1
klllinoo il =0 p.s. etdans L~ .



2. FLUX MAXIMAL : DEFINITION ET ETAT DE L’ ART 29

Une premiere remarque importante a faire est que la preuve fonctionne quelle que soit la
dimension d > 3, comme Zhang le souligne lui-méme dans [58]. Zhang a choisi d’énoncer le
résultat en dimension 3 probablement car dans ce cadre il répond a une des questions posées par
Kesten dans [41]. Par ailleurs, la démonstration de ce théoréme repose sur des résultats complexes.
Voici comment Zhang a présenté 1’esprit de cette preuve pour la variable ¢(D(k, 1, m)) dans [58] :
dans le cas ou les capacités des arétes suivent une loi de Bernoulli, le flux maximal entre le sommet
et la base du cylindre D(k, [, m) est égal au nombre maximal de chemins ouverts disjoints entre
cette base et ce sommet a I’intérieur du cylindre. Si I’aréte initiale d’un tel chemin est fixée en un
point précis du sommet du cylindre, le théoréme 1.1 de [7] établit que la probabilité d’existence de
ce chemin tend vers zéro quand m tend vers I’infini. Ainsi, si le nombre de tels chemins possédait
une certaine propriété de stationnarité, un théoréme ergodique standard permettrait d’en déduire le
résultat cherché. Cependant, une telle propriété n’a pas pu étre prouvée pour le nombre de chemins
décrits ci-dessus, ¢’est pourquoi il faut utiliser un processus intermédiaire qui est lui stationnaire,
et de la convergence duquel on peut déduire la convergence vers 0 du flux maximal ¢(D(k, [, m))
dans le cylindre. Soulignons ici le fait que la démonstration du théoreme 5 utilise le théoréme
1.1 de [7] qui est un résultat de percolation difficile, ainsi que le théoréeme ergodique de Birkhoff.
L’étude du cas critique est effectivement trés complexe. Ce résultat de Zhang permet donc de
généraliser le théoreme de convergence de ¢(D(k,l,m)) prouvé par Kesten au cas critique, et
nous I’avons déja utilisé pour montrer que v((0, ...,0,1)) = 0 dans le cas F'(0) = 1 — p.(d). Par
couplage, on déduit immédiatement de ce théoréme les mémes résultats de convergence pour toute
fonction de répartition des capacités F' vérifiant F/(0) > 1 — p.(d).

En 2007, donc pendant la réalisation de cette these, Zhang a réussi dans [S9] & obtenir un
contrdle sur le nombre d’arétes dans un ensemble de coupure minimal en dimension d > 2 sous
une condition beaucoup plus faible et pertinente que celle de Kesten sur I’atome de la loi en
0 : il s’est ramené a la condition F'(0) < 1 — p.(d). Il énonce son résultat pour deux types
d’ensembles de coupure, un ensemble qui sépare un cylindre de I’infini, et un ensemble qui
sépare le sommet de la base d’un cylindre a I’intérieur de celui-ci. Il explique lui-méme que son
résultat peut étre généralisé a d’autres cas d’ensembles de coupure, et nous nous servirons de
ces généralisations possibles dans les chapitres 5 et 7 de cette these. Nous allons cependant nous
contenter ici d’énoncer les résultats présentés par Zhang dans son article. Nous avons besoin pour
cela de quelques notations. Définissons le cylindre D(E, m) pour ke Rfl[l par

. d—1
D(k,m) = ][0, k] x [0,m].
i=1
Nous supposons ici que les coordonnées de k sont ordonnées par ordre croissant, i.e.,
0<k < ..<kgq.

Soit ¢(k,m) le flux maximal entre le sommet [[¢=}[0, k;] x {m} et la base [[¢=}[0, k;] x {0}
de ce cylindre, et soit £; un ensemble de coupure de capacit€é minimale correspondant a ce
flux, de nombre d’arétes minimal - s’il y en a plusieurs, on en sélectionne un par un algorithme
déterministe. Soit o(k, m) le flux maximal entre le cylindre D(k, m) et I'infini dans R~ D(k, m).
On étend ici la définition du flux maximal entre deux ensembles au cas ou I'un de ces ensembles
est a I’infini, en considérant I’ensemble de coupure minimale correspondant via une généralisation
aux graphes infinis du théoréme du flux maximal - coupure minimale comme celle présentée par
Garet dans [30], section 6. De méme, soit £, un ensemble de coupure de capacité minimale corres-
pondant a ce flux, de nombre d’arétes minimal, sélectionné par un algorithme déterministe s’il y en
a plusieurs. On note card(G) le cardinal d’un ensemble G. Zhang a montré le théoréme suivant :
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THEOREME 6 (Zhang). On suppose que F(0) < 1 — p.(d) et que F' admet un moment expo-
nentiel :

v >0 / e dF(z) < 0.
[0,+00]

Alors il existe des constantes 3 = 3(F,d), lo = lo(F,d) et C; = C;(F, 3,d), i = 1,2, telles que
- pour tout ly < m < ki, pour toutn > B[ ki, on a

P(card(&,) > n) < Cyexp(—Can),

- pour tout lg < k1, pour toute hauteur m telle que logm < Hf;ll ki, pour tout n > (3 H?;ll k;,

ona

P(card(Ey) > n) < Crexp(—Can).

Ce théoreme est treés important pour I’ensemble de notre travail, car sans lui plusieurs de nos
théorémes n’auraient ét€ prouvés que sous la condition F'(0) < pg proposée par Kesten dans [41] :
le résultat sur les déviations inférieures des flux maximaux dans des cylindres (chapitre 5) et la loi
des grands nombres pour le flux maximal renormalisé dans un domaine de R? (chapitre 7). Ce
théoreme, en permettant de substituer la condition F'(0) < 1 — p.(d) a la condition F'(0) < po
dans le théoréme 4, comble le fossé existant auparavant entre le régime F'(0) < po (donc F'(0) trés
petit), et le régime F'(0) > 1 — p.(d). Sous une condition de moment exponentiel pour la loi des
capacités, Zhang généralise dans [59] le théoreme 4 de Kesten en établissant le résultat suivant :

THEOREME 7 (Zhang). On suppose que F admet un moment exponentiel, i.e.

Jdv>0 / T dF(z) < 0.
[0,400[

Si m(k) tend vers Uinfini quand les k; tendent vers Uinfini de telle sorte qu’il existe § €]0, 1] tel
que

loem < max (k!0
g _Kzéd_l(z )

alors -
k
lim w = v((0,...,0,1))  p.s. etdans L' .
kiseeka—1,m—o0 TT2, Ky

De plus, cette limite est strictement positive si et seulement si F'(0) < 1 — p.(d).

Nous verrons dans le chapitre 5 de la thése que dans le cas ou les c6tés de la base du cy-
lindre tendent vers I’infini a la méme vitesse, nous obtenons comme conséquence de 1’étude des
déviations inférieures de ¢(nA, h(n)) une amélioration de la condition nécessaire sur la fonc-
tion de hauteur du cylindre pour avoir ce résultat de loi des grands nombres : sous les mémes
hypotheses sur F/, si

. logh(n)
A = 0
alors pour tout hyperrectangle A non dégénéré de la forme A = [ [as;, b;] x {c} pour des

réels a;, b; et ¢, p(nA, h(n))/H 1 (nA) converge presque siirement vers v((0, ...,0,1)) quand
n tend vers I’infini. L’hypothese de hauteur est ici pertinente, puisque si la loi des capacités des
arétes admet un atome en zéro, dans un cylindre dont la fonction de hauteur serait de 1’ordre de
exp(kn?~1) pour une constante k grande, la limite du flux maximal entre le sommet et la base
du cylindre quand ses dimensions tendent vers 1’infini est nulle presque stirement (ceci fait 1’objet
d’une remarque plus détaillée dans le chapitre 3 de la these).

La démonstration que Zhang donne du théoréme 7 dans [59] dans le cas F'(0) < 1 — p.(d)
(le cas F(0) > 1 — p.(d) ayant déja été traité dans [58]) suit dans ses grandes lignes celle que
Kesten avait donnée du théoreme 4, a principalement trois différences pres. D une part il utilise
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le théoréme 6 pour évaluer le nombre d’arétes dans un ensemble de coupure minimale a la place
d’une estimée utilisant la propriété que F'(0) < pp, c’est ainsi qu’il améliore 1’hypothese sur
F(0). Ensuite, une fois ce contrdle établi, il utilise un résultat de concentration de la mesure
pour concentrer la loi de (ﬁ(E, m) (qui ne dépend donc que d’un nombre donné d’arétes avec
grande probabilité) autour de son espérance. Ainsi, grace a une utilisation simple du lemme de
Borel-Cantelli, il n’a plus qu’a prouver la convergence de E(¢(k,m))/ 14} ki, ce qui est moins
complexe. Nous utiliserons des résultats de concentration similaires dans les chapitres 5 et 6 de la
theése. Finalement, il introduit une variable sous-additive en définissant I’espérance conditionnelle
de (b(/;;, m) sachant une certaine condition au bord sur I’ensemble de coupure correspondant, ce en
quoi il suit les idées de Kesten en décrivant les conditions aux bords possibles pour les ensembles
de coupure, mais il utilise cette description de facon plus efficace en mettant en évidence la famille
sous-additive sous-jacente de fagon claire, ce qui simplifie la démonstration.

Intéressons-nous a présent a la démonstration que Zhang a faite du théoréme 6, qui est un
résultat majeur pour I’étude du flux maximal en percolation de premier passage. Zhang détaille
complétement sa démonstration pour 1’étude de card(&,), et ensuite en déduit le résultat sur
card(&,), nous allons donc suivre sa démarche et essayer de présenter son étude de card(&y).
Il considére £, un ensemble de coupure minimal pour le flux entre D(E, m) et I'infini dans
R D(E ,m), de nombre d’arétes minimal, sélectionné par un algorithme déterministe si plusieurs
tels ensembles de coupure existent. Il contréle le nombre d’arétes de £, qui ont une capacité a va-
leurs dans |0, €] en choisissant un ¢ suffisamment petit. Il controle également le nombre d’arétes
de &, qui ont une capacité supérieure ou égale a £ grice a un contrdle de la capacité totale de I’en-
semble de coupure, chacune de ces arétes contribuant pour une valeur supérieure ou égale a € a
cette capacité totale. La partie difficile de la preuve est de controler le nombre d’arétes de £, de ca-
pacité nulle. Zhang considére alors une nouvelle famille de capacités sur les arétes, (#'(e), e € E?),
ol t'(e) = t(e) pour toutes les arétes sauf celles de &, pour lesquelles il définit ¢'(e) = 0. Zhang
contrdle donc le nombre d’arétes dont la capacité a été modifiée par cette transformation. Pour
cette nouvelle famille de capacités (#'(e), e € E?), &, est de capacité nulle. C’est donc aussi le cas
pour la famille de capacités (t(e), e € EY) définie par t(e) = 1 {#/(e)>0}- S’il existe un ensemble
de coupure de capacité nulle pour cette famille de capacités dont on arrive a contrdler le nombre
d’arétes, alors on sait que cet ensemble sera un ensemble de coupure de capacité minimale dont on
contrdle le nombre d’arétes dans le modele initial, ce qui achevera la démonstration. Zhang s’est
donc ramené a étudier le nombre d’arétes dans un ensemble de coupure de capacité nulle dans le
modele de percolation classique de parameétre p > p.(d), conditionné a ’existence d’un ensemble
de coupure de capacité nulle. La capacité des arétes a I’intérieur de D(E, m) pour cette percola-
tion n’ayant aucune importance, Zhang les considére comme ouvertes, et il regarde le bord de la
composante connexe ouverte de D(E ,m). Ce bord peut étre trés enchevétré. Pour le lisser, Zhang
utilise un changement d’échelle : il définit des blocs de taille mésoscopique (c’est-a-dire grande
devant 1 mais petite devant la taille du systeéme D(E ,m)) et regarde tous ceux qui contiennent une
partie du bord de la composante connexe ouverte de D(E ,m). Parmi ceux-ci, il garde les blocs qui
sont la frontiere extérieure de cet ensemble de blocs, ainsi que certains blocs plus a I’intérieur qu’il
définit proprement, de telle sorte qu’il est slir de trouver un ensemble de coupure de capacité nulle a
I’intérieur des blocs qu’il a conservé ; les blocs intérieurs” qu’il a dli garder correspondent aux re-
plis de I’ensemble de coupure vu a I’échelle mésoscopique, cette échelle ne permet pas d’éliminer
tous les replis mais simplement comme on va le voir d’en contrdler la longueur. Finalement, Zhang
montre qu’en régime de percolation sur-critique, tous ces blocs vérifient une propriété qui arrive
avec tres petite probabilité - en un sens ils contiennent tous des frontieres d’arétes fermées de taille
mésoscopique - , donc avec grande probabilité il n’y a pas trop de tels blocs. Ainsi Zhang réussit
a contrdler le nombre de blocs dans lesquels un ensemble de coupure minimale est inclus, et donc
le nombre d’arétes qui composent cet ensemble de coupure.
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2.3. Flux maximal entre un ensemble convexe borné et I’infini en dimension deux. Nous
présentons dans ce paragraphe un résultat prouvé par Garet dans [30] en 2006. Ce résultat est
antérieur a I’article de Zhang [59], que nous avons néanmoins choisi de présenter avant dans
la mesure ou il répond directement a une question importante posée par Kesten dans [41]. Le
théoreme 6 fait également le lien entre le flux maximal gzﬁ(lZ, m) entre le sommet et la base du
cylindre D(k, m) et le flux maximal o (k, m) entre D(k, m) et infini dans R? . D(k, m). Kesten
avait travaillé sur la premiere de ces deux variables, Garet s’est quant a lui intéressé a la deuxieme.
1l a montré dans le cas de la dimension deux que le flux maximal o(n.A) dans R?~\.n A entre I’infini
et nA oll A est un ensemble convexe borné de R? contenant 0 dans son intérieur, renormalisé par
n, converge quand n tend vers I’infini vers une constante non aléatoire, qui est donnée sous forme
d’intégrale. Pour A un ensemble de R?, nous allons noter 9* A ’ensemble des points = de la
frontiere 0A de A en lesquels A admet un unique vecteur normal extérieur unitaire U4 (z) défini
au sens mesure (voir [19]). Si A est un convexe, I’ensemble 0* A est aussi égal a I’ensemble des
points z de O A en lesquels A admet un unique vecteur normal extérieur unitaire au sens classique,
et ce vecteur est ¥4 (x). Voici le théoreme exact :

THEOREME 8 (Garet). Soit d = 2. On suppose que F(0) < 1 — p.(2) = 1/2 et que F admet
un moment exponentiel :

dv>0 / e dF(z) < oo.
[0,00]
Alors pour tout ensemble convexe borné A C R? contenant 0 dans son intérieur, on a
A
lim o(nd) = / v(Ta(x))dHY(z) = Z(A) >0  p.s.
*A

n—00 n
De plus, pour tout ¢ > 0, il existe des constantes C1, Co > 0 dépendant de € et F telles que

p {a(nA)
nZ(A)
Une premiere remarque a faire est que puisque ce résultat est prouvé en dimension 2, via la

dualité et I’invariance du graphe par une rotation d’angle 7 /2, la constante v/() définie en terme

de flux est égale a la constante 1 (%) qui est la limite du temps d’atteinte entre deux points 0 et
renormalisé par ||z||2, quand z tend vers Iinfini de telle sorte que la droite (0x) est dirigée par ¥.

Nous allons ici utiliser librement les termes de flux maximaux et de temps d’atteinte a la fois pour

toujours utiliser celui qui s’adapte le mieux a la situation.

Pour prouver le théor¢me 8, Garet commence par approcher 1’ensemble convexe A a la fois
par Iintérieur et par I’extérieur par des polygones de telle sorte que Z(A) soit trés peu changé.
Ainsi, il se raméne a prouver le théoreme 8 uniquement pour des polygones. Si A est un polygone,
Z(A) est plus simplement égal a la somme sur les faces de A de la longueur de la face multipliée
par v(¥) ol ¥ est orthogonal a la face. Garet considere une partition de R? par les demi-droites
D; = [0, s;[ ou s; parcourt I’ensemble des sommets de A. Sur chacune de ces demi-droites, il
choisit tout d’abord le point x; = n(1 +n)s; pour un n > 0 : ¢’est un point en dehors de n A, mais
tres proche de 9(nA). Avec une grande probabilité, il trouve un chemin entre x; et x;11 qui ne
pénétre pas dans nA et qui ait un temps d’atteinte trés proche de n||s;+1 — s;||2v(¥;) pour n assez
grand, ol ¥; désigne un vecteur unitaire orthogonal a (s;s;4+1). Il peut alors majorer la capacité
d’un ensemble de coupure pour o(nA) par la somme des temps d’atteinte de ces chemins, et donc
obtenir les déviations supérieures recherchées. Pour étudier la probabilité que o(nA) soit plus petit
que nZ(A), Garet considere un ensemble de coupure de capacité minimale, vue comme un chemin
autour de nA de temps de passage minimal via la dualité. En se fixant un point de départ sur ce
chemin, Garet définit pour tout 7 le point y; qui est le dernier point d’intersection du chemin avec
la demi-droite D;. Si B est le polygone formé pas les y;, alors Garet montre que Z(B) > nZ(A).
Si o(nA) est plus petit que nZ(A), donc que Z(B), cela signifie qu’il existe au moins un 7 tel que

Vn >0 ¢l —e, 1+ 5[} < Cyexp(—Can).
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le temps d’atteinte entre y; et y;+1 soit plus petit que ||y;+1 — v;||2v(@;) ot @; désigne un vecteur
unitaire orthogonal a (y;y;+1). Finalement, en utilisant le fait que les demi-droites D; s’éloignent
assez rapidement les unes des autres quand on s’éloigne de n A, Garet controle la probabilité qu’un
tel couple de points (y;, yi+1) € D; x D;y1 ~ (nA) existe, ce qui achéve la démonstration.

Notons au passage que 1’objectif de Garet dans cet article était la démonstration d’une loi des
grands nombres, et non 1’étude des grandes déviations de o(nA), il n’a donc pas cherché a obtenir
la bonne vitesse des grandes déviations par au-dessus. Une autre remarque, qui est d’importance,
est qu’il conjecture dans [30] que le théoreme reste vrai en dimension d. En fait, le passage a une
dimension plus grande est délicat pour la raison suivante : si on consideére une surface de coupure
qui sépare un polygone convexe nA de I’infini en dimension d > 3, que I’on intersecte cette
surface avec les morceaux d’hyperplans P; qui sont définis par I’origine du réseau et les arétes du
polygone A, la trace de la surface sur ces portions d’hyperplans est en fait trés compliquée. En
dimension deux, cette trace est constituée de points, mais dés la dimension trois apparaissent des
formes beaucoup plus difficilement manipulables. Nous nous appuierons sur la méme spécificité
de la dimension deux dans nos travaux du chapitre 6, qui ne sont eux non plus pas transposables
facilement a une dimension d > 3. Le chapitre 7 de la these présentera des techniques pour 1’étude
du flux maximal dans un domaine de R? qui devraient pouvoir s’adapter pour généraliser la loi des
grands nombres de Garet a une dimension d > 3.

Nous voulons encore souligner le fait que derriere le théoréme 8 se cache un principe varia-
tionnel. En effet, au cours de la démonstration, Garet prouve en utilisant 1’inégalité triangulaire
sur v = p que pour tous polygones A et B tels que A C B et A convexe, on a Z(A) < Z(B).
Cette propriété est d’ailleurs essentielle dans la preuve. Via I’approximation polyédrale présentée
par Garet, on en déduit que pour tout ensemble convexe borné A C R?, Z(A) est aussi égal a
I'infimum de Z(B) sur tous les polygones B contenant A, c’est-a-dire tous les polygones B qui
séparent A de I’infini. Si cette formulation a 1’air quelque peu artificielle ici, elle prendra tout son
sens a I’énoncé des résultats qui seront prouvés dans les chapitres 6 et 7 de la these.

2.4. Autres axes de recherche. Nous évoquons dans ce paragraphe d’autres travaux portant
sur des problémes de flux maximaux dans des graphes. Les directions prises par la recherche dans
ce domaine sont multiples, c’est pourquoi nous ne pouvons pas étre exhaustifs. Nous souhaitons
néanmoins évoquer ici les approches de Boivin [11] et Aldous [3], [4]. Boivin s’est intéressé dans
[11] & une généralisation du modele de percolation de premier passage dans Z3 dans laquelle
I’hypothese pour la famille des capacités des arétes d’€tre i.i.d. est relachée puisqu’il considere
une famille stationnaire et ergodique. Il étudie la capacité minimale de surfaces de plaquettes dont
le bord est fixé le long d’une courbe C incluse dans un plan P, comme par exemple une surface de
coupure pour le flux maximal 7, et il montre que la convergence p.s. de cette capacité minimale
renormalisée a lieu et est uniforme par rapport a la direction de P sous une condition de moment
sur la loi des capacités qui dépend de la courbure de C : moment d’ordre strictement plus grand
que 3/2 si C est un cercle, et strictement plus grand que 2 si C est le bord d’un rectangle.

Aldous a étudié récemment dans [3] un autre probléme de flux maximal. Il considére le tore
N x N, des capacités aléatoires (c(e)) i.i.d. sur I’ensemble des arétes du tore. Il suppose que le
réseau transmet un flux ay entre toute paire de sites ; le flux moyen par aréte étant alors de I’ordre
de N3ay, il considére un flux renormalisé p = N3ax qu’il fixe égal 2 1. Si on note f(e) la quantité
de flux qui traverse 1’aréte e suivant le courant f réalisant le flux p, le coiit de f est défini comme
étant 3", f(e)?c(e). Le cotit Cy aléatoire associé au flux renormalisé p = 1 est alors I'infimum du
colt des courants qui réalisent le flux. Aldous prouve que si les capacités des arétes sont bornées, et
si la quantité maximale de flux qui peut traverser une aréte est elle aussi bornée uniformément sur
les arétes, alors la limite de E[Cy]/N? quand N tend vers Iinfini existe p.s. et est une constante.
Dans [4], pour une méme définition du cofit mais un graphe différent, il présente un algorithme
pour calculer cette limite. Le probleme majeur auquel il est confronté dans I’étude de ce modele est
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qu’il n’y a pas de sous-additivité sous-jacente, il doit donc utiliser d’autres techniques. Il s’ inspire
de la méthode de la cavité ("cavity method” en anglais) pour surmonter cette difficulté.

3. Contributions

Cette these a été entiecrement dévolue a I’étude du flux maximal dans le modele de percolation
de premier passage dans le graphe (Z? E?) en dimension d > 2. Nous nous sommes donné trois
objectifs : étudier les grandes déviations par au-dessus et par en dessous pour le flux maximal dans
des cas ot la loi des grands nombres pour ce flux était connue, prouver si possible les principes
de grande déviation correspondant pour mieux décrire le comportement du flux, et étendre la loi
des grands nombres au flux maximal dans des cylindres inclinés ou dans des sous-ensembles de
R? plus généraux. Nous présentons ici les principales contributions de cette these a I’étude du
flux maximal en percolation de premier passage. Nous donnerons pour chaque chapitre 1’énoncé
précis des principaux résultats démontrés, puis nous essaierons de présenter succinctement les
idées utilisées dans les preuves.

3.1. Partie 1 : Déviations supérieures pour les flux maximaux dans des cylindres.

3.1.1. Chapitre 2 : la variable ¢ dans des cylindres droits. On considére un cylindre droit
(B(n)) de la forme [0, n[¢~1x[0, h(n)| pour une fonction de hauteur % qui tend vers I’infini quand
n tend vers I’infini. Grace aux travaux de Kesten [41] et de Zhang [59], on sait que le flux maximal
entre le sommet [0, n[?~! x {h(n)} et la base [0,n[*"1x{0} du cylindre, noté ¢(B(n)), renorma-
lisé par n?~! converge presque sirement vers v = v((0,...,0,1)). Nous cherchons 2 évaluer la
probabilité que le flux soit anormalement grand. Nous prouvons dans le chapitre 2 que cette pro-
babilité décroit exponentiellement vite avec le volume du cylindre. De plus, nous démontrons un
principe de grande déviation pour ce flux renormalisé, ce qui signifie en un certain sens que nous
arrivons a déterminer la probabilité que le flux renormalisé appartienne a un intervalle inclus dans
Jv, +00]. Voici I’énoncé du théoréme obtenu :

THEOREME 9. Soit ¢(B(n)) le flux maximal entre le sommet [0,n[*"*x{h(n)} et la base
[0, n[*"1x{0} du cylindre B(n) = [0,n[*"1x[0,h(n)]. On suppose que la fonction de hauteur
h : N — N satisfait la condition

h

lim () =
n—oo logn

Alors pour tout X\ € R, la limite

P(A) = lim

n—oo nd—lh(n)

existe dans R™T U {+o0} et est indépendante de h. De plus, 1) est convexe sur RT, finie et continue
sur 'ensemble {\ | F([\, +o00[) > 0}. Si F' admet un moment d’ordre 1, i.e.,

/ xdF(z) < oo,
[0,400]

alors 1 est nulle sur [0, v]. Si F' admet un moment exponentiel, i.e.,

log P[¢(B(n)) > An®]

360 >0 / 2 dF (z) < o0,
[0,400]
alors 1) est strictement positive sur |v, +00| et de plus la suite

satisfait un principe de grande déviation de vitesse n®~'h(n) et gouverné par la bonne fonction
de taux 1.
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Lallure de la fonction de taux 1 est donnée par la figure 7.

P(A)
peut étre infini
au-dela d’une certaine valeur

F1G. 7. Allure de la fonction de taux 2.

Ce théoreme a été énoncé et prouvé dans le cas de cylindres a base carrée uniquement pour
simplifier les notations, mais il demeure valide pour des cylindres droits de base rectangulaire, et
la fonction ) est indépendante du rectangle [[={ [na;, nb;] x {nc}, a;, b;, ¢ € R, qui forme la base
du cylindre. De méme, il reste valide dans les cylindres fermés [0, n]?~1 x [0, h(n)]. La positivité
de 1) sur Jv, +0o0o[ ne requiert en fait pas de condition sur h autre que lim,,_,o, h(n) = +o0, ceci
sera clairement énoncé dans le chapitre 3.

Essayons de comprendre pourquoi ce résultat est naturel. Il est évident que si toutes les arétes
du cylindre ont une capacité anormalement grande, alors elles laisseront circuler un flux anorma-
lement grand. Le nombre d’arétes dans le cylindre est de I’ordre du volume n9~1h(n) du cylindre,
donc cette probabilité est au moins de I’ordre de exp(—cn?~'h(n)) pour une constante c positive,
des que les arétes n’ont pas une capacité constante. Réciproquement, pour que le flux renormalisé
soit anormalement grand, on peut envisager deux causes : soit il y a quelques chemins d’arétes de
capacité énorme de I’ordre de n%~! entre le sommet et la base du cylindre, soit il y a de I’ordre
de n?~! chemins d’arétes de capacité légérement anormalement élevée. Sous une condition sur la
queue de la distribution des capacités des arétes (existence d’un moment exponentiel), on s attend
a ce que le deuxieme phénomene soit le plus probable. Chaque chemin entre la base et le sommet
du cylindre étant composé d’au moins h(n) arétes, il faudrait alors qu’une proportion strictement
positive des arétes du cylindre aient une capacité anormalement grande pour permettre d’aug-
menter le flux renormalisé. Ce raisonnement intuitif nous laisse penser que la probabilité que le
flux renormalisé soit anormalement grand ne peut pas étre plus grande que ¢} exp(—chn?1h(n))
pour des constantes ¢ données, et donc que les déviations supérieures sont d’ordre volumique.
Ce résultat est prouvé ici, lorsque nous montrons que la fonction de taux du principe de grande
déviation satisfait par le flux renormalisé est strictement positive sur v, +00].

La démonstration de cette positivité est basée sur le théoreme de Cramér dans R, appliqué a
la variable 7 définie dans des cylindres droits de taille mésoscopique, c’est-a-dire de taille grande
devant 1 mais petite devant la taille n du systeme étudié. Pour prouver le principe de grande
déviation lui-méme, nous devons décrire comment 1’eau circule a travers le cylindre, en particulier
la facon dont elle entre et sort du cylindre. Si on impose des conditions sur la fagon dont 1’eau
entre et sort par les extrémités du cylindre, on peut superposer verticalement des cylindres en
garantissant que ’eau les traverse tous sans que le flux maximal ne diminue trop du fait de cet
empilement. Gréce 2 cela, en utilisant I’invariance du graphe par la symétrie d’hyperplan R?~1 x
{h(n)} et une discrétisation des valeurs prises par le flux maximal, nous montrons I’existence de la
fonction de taux du principe de grandes déviations. Cette preuve d’existence est la partie difficile
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de la démonstration, puisque les techniques utilisées ensuite pour prouver le principe de grande
déviation lui-méme sont classiques.

3.1.2. Chapitre 3 : une généralisation de I’étude des déviations supérieures des flux maximaux
dans des cylindres. Le but de ce chapitre est d’étendre les résultats obtenus dans le chapitre 2 au
cas de la variable 7, et au cas de la variable ¢ dans des cylindres penchés. Nous considérons le
cylindre cyl(nA, h(n)) de base un hyperrectangle A non dégénéré de vecteur normal unitaire ¥’ et
de fonction de hauteur 4. Nous savons que E[7(nA, h(n))]/H?~!(nA) converge vers la constante
V(%) quand n tend vers I’infini, et que 7(nA, h(n))/H? 1 (nA) converge p.s. vers la méme limite
sous certaines conditions sur ', ou sur ¥ et A. Contrairement a la variable ¢(B(n)) du chapitre
précédent, nous montrons que 7(nA, h(n)) n’a pas forcément des déviations supérieures d’ordre
volumique dés que la loi des capacités des ar€tes a un moment exponentiel. Nous prouvons le
résultat suivant :

THEOREME 10. Soit A un hyperrectangle non dégénéré, v un des deux vecteurs unitaires
orthogonal a A, et h : N — R une fonction vérifiant lim,, o h(n) = +oo.
- Si la capacité des arétes est bornée, alors pour tout X > v(¥) on a

. -1 _
Jim oo AT () log P[r(nA, h(n)) > XHY 1 (nA)] > 0;

- Si la capacité des arétes suit la loi exponentielle de paramétre 1, alors il existe no(d, A, h), et
pour tout \ > v(0) il existe une constante D = D(\, d) telle que pour tout n. > ny on a

Plr(nA, h(n)) > AH " (nA)] > exp(—DHI 1 (nA));

- Si la loi des capacités des arétes admet des moments exponentiels de tous ordres, i.e.,
Vy >0 / e dF(z) < 400,
[0,4-00]
alors pour tout A > v(v) on a

: 1 d—1
Nous montrons également que la probabilité que le flux maximal ¢(nA, h(n)) dans le méme
cylindre cyl(nA, h(n)) soit plus grand que v(%)H? ! (nA) décroit exponentiellement vite avec le
volume du cylindre :

THEOREME 11. Soit A un hyperrectangle non dégénéré, U un des deux vecteurs unitaires
orthogonal a A, et h : N — RY une fonction vérifiant lim,,_.o, h(n) = +oo. Si la loi des
capacités des arétes admet un moment exponentiel, i.e.,

3y >0 / e dF(z) < 400,
[0,4-00]

alors pour tout A > v(v) on a

. —1 d—
lﬂgfmlogmgﬂmﬁl,h(n)) > A\HTHnA)] > 0.

Une remarque sur la portée de ce deuxieme théoreme s’impose : dans le cas ou h(n) est
négligeable devant n ou dans le cas des cylindres droits, () étant la limite presque stre de
p(nA, h(n))/H41(nA) sous certaines conditions, ce résultat montre que les grandes déviations
par au-dessus pour le flux maximal ¢(nA, h(n)) renormalisé sont d’ordre volumique. Nous sou-

lignons ici le fait que pour les autres fonctions de hauteur h, v(¥) n’est a priori pas la limite du
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flux renormalisé, donc nous n’avons ici qu’une information partielle. Des compléments seront ap-
portés a cette étude dans le cas de la dimension deux (voir le chapitre 6) et dans le cas ot h(n) est
proportionnel a n (c’est un cas particulier de 1’étude du chapitre 7). Par ailleurs ce résultat, méme
partiel, nous sera utile dans le chapitre 7.

Les démonstrations des deux théoremes énoncés ici sont basées sur une adaptation de la tech-
nique utilisée dans le chapitre 2 pour montrer le résultat analogue dans le cas des cylindres droits
pour ¢(B(n)) (découpage en sous-cylindres de taille mésoscopique et utilisation du théoreme de
Cramér dans R). La principale différence est que le défaut de sous-additivité pour les flux maxi-
maux dans le cas des cylindres penchés crée quelques complications techniques.

Prenons un instant pour essayer de comprendre la différence de comportement entre les va-
riables ¢(nA, h(n)) et 7(nA, h(n)). Dans le cas du flux maximal 7(nA, h(n)), la distance entre
les zones d’entrée et de sortie de I’eau a la surface du cylindre étant nulle, il suffit d’'un nombre
constant d’arétes (et non h(n) arétes) pour former un chemin qui véhicule du flux entre le demi-
cylindre inférieur et le demi-cylindre supérieur. Si la queue de distribution de la loi des capacités
des arétes est trop lourde, par exemple dans le cas ol la capacité des arétes suit la loi exponentielle,
nous en déduisons que la probabilité que 7(nA, h(n)) soit anormalement grand est au moins de
I’ordre de exp(—cn®~!) pour une constante c. Par ailleurs, puisqu’il existe un ensemble de cou-
pure contenant de ’ordre de n?~! arétes (imaginons une surface de coupure plate), nous savons
que la probabilité que le flux soit anormalement grand décroit au moins exponentiellement vite
avec n%~1, donc nous obtenons que les déviations supérieures sont exactement d’ordre surfacique.
Par contre, si les capacités des arétes sont bornées, il n’y a pas assez de chemins trés courts entre
les deux demi-cylindres pour influencer 7(n.A, h(n))/H? ! (nA), donc les déviations supérieures
ne sont pas d’ordre surfacique. Néanmoins, en ce qui concerne le flux 7(nA, h(n)), I’eau peut
entrer et sortir du cylindre par ses faces verticales cyl(9(nA), h(n)). Ceci implique qu’il suffit que
les arétes qui se trouvent a une distance plus petite que Cn de nA pour une constante C' aient une
capacité anormalement grande pour que 7(nA, h(n))/H? ! (nA) soit anormalement grand. Nous
savons donc que la probabilité que 7(nA, h(n)) soit anormalement grand est au moins d’ordre
exp(—c'n9~t min(n, h(n))) pour une constante ¢. La vitesse de décroissance que nous obtenons
pour les déviations supérieures de 7(n A, h(n)) dans le cas des capacités bornées est donc la bonne,
et elle differe de celle pour ¢(nA, h(n) des que h(n)/n n’est pas borné. Heuristiquement, nous
pouvons lier ceci au fait qu’une surface de coupure pour 7(nA, h(n)) a ses bords localisés le long
de O(nA), et donc elle n’explore qu’une partie du cylindre de hauteur de I’ordre de n, alors qu’une
surface de coupure pour ¢(nA, h(n)) n’est pas localisée du tout. Ceci n’est qu'une heuristique
car il est en fait difficile d’étudier la localisation d’un ensemble de coupure minimal, nous avons
essayé vainement de le faire en utilisant les résultats de Dobrushin [25] et Gielis et Grimmett [31].
Finalement, nous étudions le cas ou la loi des capacités des arétes admet des moments exponentiels
de tous ordres pour montrer que des régimes intermédiaires peuvent exister.

Les techniques utilisées pour montrer 1’existence de la fonction 1) dans le cas de la variable
¢»(B(n)) dans des cylindres droits ne peuvent pas étre adaptées facilement a 7(nA, h(n)) car les
surfaces par lesquelles I’eau entre et sort sur le bord du cylindre n’ont alors pas du tout les mémes
propriétés de symétrie par rapport au graphe, les cylindres ne s’empilent donc pas convenablement
pour transmettre du flux. Ces techniques ne peuvent pas non plus étre adaptées a des cylindres
inclinés, car alors le graphe n’est pas symétrique par rapport aux hyperplans définis par les faces
du cylindre. Aucun principe de grandes déviations par au-dessus n’a donc pu étre montré dans ce
chapitre pour généraliser celui obtenu au chapitre précédent.

3.2. Partie 2 : Déviations inférieures pour les flux maximaux dans des cylindres.

3.2.1. Chapitre 4 : un résultat partiel. Nous souhaitons évaluer la probabilité que le flux
maximal ¢(B(n)) entre le sommet et la base d’un cylindre droit B(n) = [0,n]%"1 x [0, h(n)] soit
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anormalement petit. Nous prouvons ici un résultat partiel, a savoir que sous certaines conditions
sur F, la probabilité que le flux ¢(B(n)) dans le cylindre B(n) soit plus petit que en®~! pour un &
assez petit décroit exponentiellement vite avec n%~! quand n tend vers I’infini. Plus précisément,
nous montrons le résultat suivant :

THEOREME 12. On suppose que F(0) < 1 — p.(d). Alors il existe une constante €9 > 0,
dépendant seulement de d et F, et une constante C > 0, dépendant seulement de d, telles que
pour toute fonction h : N — N vérifiant

lim 2820 _

n—oo nd—1
ona

—1
Ve < g lim inf logP[p(B(n)) <en® '] > C > 0.

oo pd—1

Voici I’idée intuitive de ce théoreéme : nous savons que s’il existe une couche plate horizontale
d’épaisseur constante dans le cylindre a I'intérieur de laquelle les arétes ont toutes une capacité
anormalement petite, le flux maximal ¢(B(n)) sera anormalement petit. Nous en déduisons que
la probabilité que ¢(B(n)) soit anormalement petit est supérieure ou égale a exp(—cn~!) pour
une constante ¢ > 0. Nous souhaitons montrer que les grandes déviations par en dessous pour
¢(B(n))/n%"" sont d’ordre surfacique, c’est-a-dire que la vitesse décrite ci-dessus est la bonne.
Le résultat que nous montrons ici est incomplet (voir le chapitre 5 pour le résultat complet), mais
il conforte notre intuition que les déviations étudiées sont bien d’ordre surfacique. De plus, il
montre que la constante v((0, ..., 0, 1)) est strictement positive des que F'(0) < 1 — p.(d), puisque
7(B(n)) > ¢(B(n)). Par ailleurs, la condition F'(0) < 1 — p.(d) est pertinente, puisque nous
savons que si F'(0) > 1 — p.(d) alors v = v((0, ...,0,1)) = 0.

Nous utilisons dans la preuve du théoreme 12 une technique de changement d’échelle : nous
regardons des blocs de taille mésoscopique dans le systeéme, dans lesquels nous considérons un
événement arrivant avec tres grande probabilité. Cet événement doit €tre choisi avec soin pour que
sa réalisation dans un grand nombre de blocs assure la circulation d’un flux important a travers
le cylindre. Le théoreme 12 est une généralisation d’un résultat de Chayes et Chayes [20], obtenu
pour des capacités de loi de Bernoulli et dans des cylindres dont la fonction de hauteur est soumise
a une contrainte plus forte.

3.2.2. Chapitre 5 : le résultat complet. Tout le chapitre 5 de la thése présente un travail réalisé
en collaboration avec Raphaél Rossignol, actuellement maitre de conférences a I’université Paris
XL

Nous prouvons dans ce chapitre que les déviations inférieures pour les flux maximaux renor-
malisés 7(nA, h(n))/HY 1 (nA) et ¢(nA, h(n))/H 1 (nA), dans les cas ot nous savons déja
que les espérances de ces variables renormalisées convergent, sont bien d’ordre surfacique comme
nous 1’avions prédit au chapitre précédent. Nous montrons de plus que ces variables satisfont
des principes de grande déviation par en dessous. Il est difficile de résumer tout ceci en un seul
théoréme, c’est pourquoi nous donnons ici plusieurs énoncés. Le premier concerne la variable
7(nA, h(n)) dans des cylindres quelconques :

THEOREME 13. On suppose que F(0) < 1 — p.(d) et que F' admet un moment exponentiel :
dv>0 / e dF(z) < o0.
[0,+00]

Alors pour tout € > 0 il existe une constante C1(g, F,d) > 0 telle que pour toute fonction de
hauteur h : N — R* vérifiant lim,,_,o, h(n) = +oo, pour tout vecteur unitaire v, pour tout
hyperrectangle A non dégénéré orthogonal a v, on a

log P[r(nA, h(n)) < (v(7) —e)H¥ 1 (nA)] > Ci(e, F,d) > 0.

lim inf

-1
oo HA-1(nA)
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De plus si on suppose que F(0) < 1 — p.(d) et que F admet des moments exponentiels de tous
ordres :

Vy >0, / e’ dF(z) < 00,
[0,400[
pour tous tels h, U et A, la suite
7(nA, h(n))
Hi=1(nA) neN

satisfait un principe de grande déviation de vitesse H~1(nA) gouverné par la bonne fonction de
taux Jy qui dépend uniquement de U, F et d et non de A ou h. Cette fonction est convexe sur RT,
infinie sur [0, 0|71 [U]v(7), 400 ot 6 = inf{\|P(t(e) < A) > 0}, nulle en v(¥), et si de plus
01Tl < v(0) cette fonction est finie sur |3||V||1, v(V)], continue et strictement décroissante sur
[0]|1T||1, v(V)] et strictement positive sur [6]|V]|1, v(V)].

L’expression de Jy, en termes de limite d’une suite, est donnée dans le chapitre 5, et la figure
8 présente 1’allure de cette fonction.

Tz(A)
peut étre infini
+00 |- = =< / D e il +oo
| - A
6[1711 v(7)

FIG. 8. Allure de la fonction de taux 7.

Le deuxieme résultat que nous présentons est un corollaire du premier, il concerne la variable
#(nA, h(n)) dans des cylindres plats :

COROLLAIRE 3.1. On suppose que F(0) < 1—p.(d) et que F admet un moment exponentiel :
v >0 / e dF(z) < oo.
[0,+00[

Alors pour tout € > 0 il existe une constante Co(e, F,d) > 0 telle que pour toute fonction h :
N — R* vérifiant lim,, .o h(n) = 400 et

) n
lim Q =0,
n—oo N
pour tout vecteur unitaire U, pour tout hyperrectangle A non dégénéré orthogonal a v, on a

linnliorolbegP[qﬁ(nA,h(n)) < (@) — Y (nA)] > Cole, Fod) > 0.

De plus si on suppose que F(0) < 1 — p.(d) et que F' admet des moments exponentiels de tous
ordres :

Vy >0, / e dF(x) < oo,
[0,400[

pour tous tels h, U et A, la suite
P(nA, h(n))
Hi—1(nA) neN
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satisfait un principe de grande déviation de vitesse HY~1(nA) gouverné par la bonne fonction de
taux Jy (la méme que dans le théoréme 13).

Le troisieme théoréme concerne la variable ¢(nA, h(n)) dans des cylindres droits :

THEOREME 14. On suppose que F'(0) < 1 — p(d) et que F' admet un moment exponentiel :
v >0 / e dF (z) < 00.
(0,400

Alors pour toute fonction h : N — R felle que lim,,_o, h(n) = +oo et
lim log h(n)

n—oo qpd—1

= 0’

pour tout hyperrectangle A non dégénéré de la forme H?;ll [ai, bi] x {c} pour des réels a;, b;, ¢,

la suite
(W) neN

satisfait un principe de grande déviation de vitesse H%~1 (nA) gouverné par la bonne fonction de
taux Jz avec U = (0, ..., 0, 1) (la fonction Tz est la méme que dans le théoréme 13). En particulier,
cela implique que pour tout € > 0 il existe une constante Cs(e, F,d) > 0 telle que

lim inf Hd—l(lnA) log Plé(nA, h(n)) < (v(5) — e)H (nA)] > Cs(e, Fod) > 0.

En fait, I’idée intuitive qui nous fait comprendre que les grandes déviations par en dessous sont
d’ordre surfacique nous donne aussi la clef pour les étudier : il n’est pas nécessaire de comprendre
comment le courant circule a travers tout le cylindre, il suffit de regarder comment se comporte
la couche des arétes qui limitent le flux maximal, c’est-a-dire un ensemble de coupure de capa-
cité minimale dans le cylindre, qu’il s’agisse de I’étude de ¢(nA, h(n)) ou 7(nA, h(n)). En effet,
ce sont ces arétes qui vont jouer un role déterminant dans les déviations inférieures pour le flux
maximal. Grace au travail de Zhang [59], sous une condition de moment exponentielle pour la loi
des capacités des arétes, nous avons un contrdle sur le nombre d’arétes dans un tel ensemble de
coupure : avec trés grande probabilité, ce nombre est de ’ordre de H?~!(nA), la surface de la
base du cylindre. Nous pouvons alors utiliser un résultat de concentration de la mesure tiré de [54]
pour obtenir une inégalité de concentration pour nos flux maximaux ¢(nA, h(n)) et 7(nA, h(n))
autour de leur espérance. Dans les cas oul nous savons que E(¢(nA4, h(n))/H? 1 (nA)) (respecti-
vement B(7(nA, h(n))/H? 1 (nA))) converge, nous en déduisons que les grandes déviations par
en dessous sont bien d’ordre surfacique comme prévu. C’est le cas des cylindres droits et des cy-
lindres inclinés plats (i.e. h(n) négligeable devant n) pour la variable ¢(nA, h(n)), et de tous les
cylindres pour la variable 7(nA, h(n)).

Tout I’enjeu de la preuve des principes de grandes déviations est de prouver 1’existence de
la fonction de taux Jz, comme dans le cas du principe de grande déviation par au-dessus pour
¢(B(n)) dans les cylindres droits. Grice a la quasi sous-additivité de 7(nA, h(n)), nous montrons
que la limite

lim Hdl(lnA) log P <T(nA, hn)) < </\ _ %) Hdl(nA)>
existe et ne dépend que de v et de A, par une technique analogue a celle utilisée pour montrer
la convergence E(7(nA, h(n))/H4~1(nA) vers une limite ne dépendant que de #,. La valeur de
cette limite sera, a une régularisation pres, celle de J3(\). Le terme en 1/y/n, qui parait tres
artificiel, est un terme correctif essentiel qui permet d’obtenir une quantité sous-additive, car la
famille 7(nA, h(n)) est presque sous-additive mais pas tout a fait. Le principe de grande déviation
satisfait par 7(nA, h(n))/H 1 (nA) est ensuite obtenu par des méthodes classiques, en utilisant



3. CONTRIBUTIONS 41

les estimées de déviations supérieures prouvées dans le chapitre 3. Le principe de grande déviation
satisfait par ¢p(nA, h(n))/H? 1 (nA) dans le cas out h(n) est négligeable devant n est un corollaire
du précédent, car les deux suites en question sont alors exponentiellement tendues.

Dans le cas de ¢(nA, h(n)) dans des cylindres droits, ’enjeu de la preuve du principe de
grande déviation est de montrer que J3(\) est aussi égal a la limite :

lim Hdl(lnA)log]P’ <¢(nA, hn)) < ()\ - %)) .

Quitte a réduire un peu les dimensions du cylindre, grace au controle de Zhang sur le nombre
d’arétes dans un ensemble de coupure, on peut supposer qu’'un ensemble de coupure de ca-
pacité minimale ne contient pas trop d’arétes qui intersectent le bord du cylindre, c’est-a-dire
qu’on controle la longueur de sa trace sur le bord du cylindre. Nous imposons une condition aux
bords fixée parmi I’ensemble des traces possibles et nous utilisons I’invariance du graphe par les
symétries d’hyperplans paralleles aux hyperplans des coordonnées pour créer artificiellement une
variable proche de ¢(nA, h(n)) qui soit sous-additive, comme dans les travaux de Kesten [41] et
de Zhang [59]. Nous pouvons alors comparer le comportement de 7(nA, h(n)) avec celui de cette
variable auxiliaire. Nous contrdlons finalement le nombre de traces possibles de I’ensemble de
coupure sur le bord du cylindre, ce qui permet de comparer la variable auxiliaire a ¢p(nA, h(n)),
et donc de conclure. La démonstration du principe de grande déviation par en dessous pour
(p(nA, h(n))/H (nA),n € N) est alors la méme que pour (7(nA, h(n))/H " (nA),n € N).

Ce principe de grande déviation pour ¢(nA, h(n)) dans des cylindres droits, couplé avec les
estimées de déviations supérieures pour ¢(nA, h(n)) dans des cylindres droits et avec le lemme
de Borel-Cantelli, nous redonne le résultat de convergence de ¢(nA, h(n))/H* 1 (nA) vers v =
v((0,...,0,1)) énoncé dans [59], a la différence prés que nous ne considérons que le cas ot tous les
cOtés de la base de notre cylindre tendent vers I’infini a la méme vitesse. Dans ce cas, comme nous
I’avions annoncé en présentant les résultats de Kesten [41] et Zhang [59], nous avons amélioré la
condition imposée a la fonction h, puisque nous demandons seulement que

. log h(n
lim gdi(l) =0.
n—+oo nY%—
Cette condition de hauteur est pertinente, comme nous 1’expliquerons dans une remarque du cha-

pitre 5.

3.3. Partie 3 - chapitre 6 : Cas de la dimension deux. Le résultat de loi des grands nombres
et le principe de grande déviation par en dessous présentés ici sont le fruit d’une nouvelle collabo-
ration avec Raphaé&l Rossignol.

Nous nous placons dans toute cette partie dans le cas d = 2. Comme nous 1’avons expliqué
précédemment, le flux maximal est en général mieux compris en dimension deux. Ceci s’explique
par le fait que, via la dualité, le flux maximal correspond en fait a un temps d’atteinte dans le graphe
dual, si on considere les variables aléatoires associées aux arétes duales comme des temps de
passage. Cependant, les objets d’étude “’naturels” dans les deux cas ne sont pas toujours les mémes.
En particulier, il est naturel suivant notre approche de regarder le flux maximal entre le sommet et la
base d’un cylindre incliné, mais le probleme correspondant en termes de temps de passage n’avait
pas été étudié. Nous nous concentrons donc sur cette étude dans ce chapitre. Nous obtenons en fait
un résultat triple. Nous prouvons d’abord une loi des grands nombres pour ¢p(nA, h(n))/nl(A),
ot [(A) > 0 est la longueur du segment A, sous certaines conditions (abstraites) sur la fonction
hauteur h. Puis, dans un cas ou cette loi des grands nombres est vérifiée, nous prouvons que les
déviations inférieures du flux maximal sont d’ordre n et nous montrons le principe de grande
déviation correspondant. Finalement, nous montrons que les déviations supérieures sont d’ordre
nh(n). Nous utilisons la notation vy = v((cosf,sin)) pour tout angle 6. Voici les théoremes
exacts démontrés dans le chapitre 6 :
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THEOREME 15. On suppose que F'(0) < 1—p.(2) = 1/2 et que F admet un moment d’ordre
24 epourune >0:

de>0 / 2* T dF(z) < 0o.
[0,+00]

Pour toute fonction h : N — R™ telle que lim,, ., h(n) = 400 et lim,, . log h(n)/n = 0, pour
tout segment A de longueur [(A) > 0 orthogonal au vecteur de coordonnées (cos6,sin 6) pour
0 € [0, [, on définit

D — limsup {e — arctan <2h(”)> .0 + arctan (2h(n) )}

“ 2h(n) 2h(n)
. n n
D = hnnilo%f {9— arctan (nl(A)> ,0 + arctan (nl(A))} .
Alors on a o(nA. hn)
n n vy ~

limsup ————> = inf{ ——|h e D} .S.
et

lim inf ¢nd, hin)) = inf {Zg 16 e D} D-S.

n—oo nl(A) cos(0 — 0)

On obtient donc une condition nécessaire et suffisante (a savoir 1’égalité des valeurs de la
limite supérieure et de la limite inférieure) pour que ¢(nA, h(n))/nl(A) converge p.s. quand n
tend vers ’infini, et on connait une expression de sa limite sous la forme d’un infimum. Lorsque
cette limite existe, nous la noterons 7y j,.

COROLLAIRE 3.2. Sous les hypothéses du théoréme 15, s’il existe o € [0, 7/2] tel que
2h(n)

im
n—oo nl(A)

= tana € [0, +o0],

alors o(n A h(n)
n n vy -
lim ———~ —inf{—20 _|fe 0—04,9—1—04} .S .
n—oco  nl(A) {cos(é? —0) | | | P

THEOREME 16. On suppose que F(0) < 1 — p.(2) = 1/2 et que F admet un moment
exponentiel :

dv >0 / e dF () < oo.
[0,+00]
Soit A un segment de longueur [(A) > 0, orthogonal au vecteur (cos0,sin6) et h : N — RT une
fonction de hauteur vérifiant lim,,_,o, h(n) = 400 et lim,_,« log h(n)/n = 0 telle que
. 2h(n)
im
n—oo nl(A)

(W) neN

satisfait un principe de grande déviation de vitesse nl(A), gouverné par la bonne fonction de taux
KC. En définissant

= tan«

existe dans [0, +00]. Alors la suite

S, = inf{\|[P(t(e) <A) >0} x _ inf [ cos ] + [sind|
felo—a,0+a] cos(f —0)

)

nous pouvons énoncer les propriétés suivantes vérifiées par la fonction K : elle est infinie sur
[0, 8¢ 1 [U]na,n, +00], finie sur |09 1, Mo 1), strictement positive sur [0 n, Mo n| Si dg.n < Ng,n, nulle
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en 1y, et strictement décroissante la ou elle est finie, i.e., si K (N\) < o0, alors pour tout £ > 0 on
alkC(A—¢e) > K(N).

La fonction /C (qui dépend de 8 et h) est définie dans le chapitre 6 a I’aide d’une optimisation
sur les fonctions Zy définies dans le chapitre 5. L’allure de K est donnée dans la figure 9, son
comportement est moins bien connu que celui de ¢ et J3, en particulier nous ne savons pas si elle
est convexe ou continue.

K

peut étre infini
400 [== =< /

N

.
N\ A

d6,n n6,h

F1G. 9. Allure de la fonction de taux .

THEOREME 17. On suppose que F(0) < 1 — p.(2) = 1/2 et que F' admet un moment
exponentiel :

dv>0 / e dF(z) < 00.
[0,+00]

Soit A un segment de longueur [(A) > 0, orthogonal au vecteur (cos 6,sinf) et h : N — R* une
fonction de hauteur vérifiant lim,, o, h(n) = 400 et lim,,_, o log h(n)/n = 0 telle que

. &(nA,h(n))
1[“ _—
b nl(A) "16,h
existe p.s. Alors pour tout X\ > 1y p, on a
liminf —————log P[p(nA, h(n)) > Ani(A)] > 0.

n—oo nl(A)h(n)

Bien qu’il ne soit pas satisfaisant de n’obtenir des résultats qu’en dimension deux, cette étude a
le mérite de montrer le lien et les différences entre le comportement de ¢(nA, h(n)) et le compor-
tement de 7(nA, h(n)) en fonction du comportement asymptotique de la hauteur 4(n) du cylindre
par rapport a sa base : méme comportement quand h(n)/n tend vers 0, mais comportements ma-
nifestement différents dans des cas trés simples, par exemple pour des capacités déterministes
t(e) = 1 et des cylindres carrés h(n) = n inclinés dans la direction # = 7v/3. De plus, la forme de
na,1, est 1a méme que celle de la limite Z(A) du théoréme 8 de Garet [30] vu en termes de principe
variationnel comme nous I’avons expliqué dans la partie 2.3. Ici, I’expression sous la forme d’un
infimum est indispensable.

La démonstration des théoremes 15 et 16 est trés spécifique a la dimension deux, car elle
s’appuie de facon essentielle sur la remarque suivante : un ensemble de coupure minimal (i.e. sans
aréte inutile) pour ¢(nA, h(n)) en dimension deux s’appuie sur chacune des deux faces verticales
cyl(9(nA), h(n)) du cylindre exactement une fois. Une propriété similaire avait déja été utilisée
par Garet dans [30]. Cela vient du passage au graphe dual : un ensemble de coupure correspond
alors a un chemin entre les deux faces verticales de la boite duale, et quitte a enlever des arétes
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inutiles on sait qu’on peut supposer que ce chemin ne touche les faces verticales qu’en ses deux
extrémités. Nous pouvons donc décrire les bords d’un ensemble de coupure par deux points ou
encore un point (sur un des bords) et une direction (la direction dans laquelle est le deuxiéme
point vu du premier), et nous notons génériquement ~ une telle condition aux bords. Un ensemble
de coupure dans le cylindre avec condition aux bords x a grossierement le méme comportement
que la variable 7 dans un cylindre qui serait incliné dans la direction donnée par . Par ailleurs,
plus la direction donnée par « est différente de 1’orientation du cylindre initial, plus un ensemble
de coupure de conditions aux bords x va devoir contenir d’arétes : si le cylindre initial a une
base de longueur nl(A) et est orienté dans la direction donnée par 6, un ensemble de coupure de
condition aux bords « définissant une direction § contiendra au moins nl(A)/ cos(6 — ) arétes.
L’ensemble de coupure de capacité minimale typique pour ¢(nA, h(n)) va donc étre orienté dans
une direction 6 qui minimise le rapport du flux asymptotique par unité de surface dans la direction
0, a savoir v((cos 0, sin 0)), divisé par cos(0 — 6). Bien siir, cette optimisation ne peut se faire que
parmi les conditions aux bords possibles dans le cylindre. Celles-ci sont parfaitement décrites griace
au rapport h(n)/n. Suivant le comportement asymptotique de h(n)/n, plusieurs comportements
possibles de ¢p(nA, h(n))/(nl(A)) sont observables : si h(n)/n tend vers 0, les seules conditions
aux bords possibles asymptotiquement sont celles qui sont orientées dans la méme direction que
le cylindre (i.e. @ = 6), donc ¢(nA, h(n))/(nl(A)) a le méme comportement asymptotique que
la variable 7(nA, h(n))/(nl(A)). Si h(n)/n tend vers infini, toutes les conditions aux bords
sont possibles dans le cylindre, et I’ensemble de coupure va s’orienter dans la direction optimale
pour le probléme d’optimisation décrit ci-dessus. Pour des régimes intermédiaires de h(n)/n, on
peut voir apparaitre toutes les limites possibles comprises entre les deux cas extrémes énoncés
précédemment. Si h(n)/n ne converge pas quand n tend vers I’infini, alors ¢(nA, h(n))/n peut
ne pas converger non plus dés que le minimum du probléme d’optimisation décrit ci-dessus n’est
pas stable quand n varie.

L’idée intuitive de la démonstration de la loi des grands nombres est expliquée ci-dessus, mais
il faut aussi utiliser un argument plus technique pour la mener a bien. Grace a un résultat de concen-
tration tiré de [13] et un argument de type Borel-Cantelli, nous montrons qu’il suffit de prouver la
convergence de E(¢p(nA, h(n)))/(nl(A)) pour obtenir la convergence de ¢(nA, h(n))/(nl(A)).
Ensuite, nous ramenons 1’étude de E(¢(nA, h(n))) a celle du minimum sur les conditions aux
bords possibles x de E(¢"(nA, h(n))), ot ¢*(nA, h(n)) désigne la capacité minimale d’un en-
semble de coupure dans le cylindre dont les bords sont donnés par la condition «. C’est la variable
¢"(nA, h(n)) que nous pouvons comparer avec la capacité d’un ensemble de coupure qui sépare
le demi-cylindre inférieur du demi-cylindre supérieur dans un cylindre orienté dans la direction
donnée par la condition aux bords , pour montrer que le comportement de ces deux variables
est grossierement le méme. La démonstration du théoréme 16 utilise les mémes techniques que la
précédente ainsi que des méthodes classiques de grandes déviations.

La démonstration du théoreme 17 est quant a elle calquée sur celles de la partie 1 de la
theése. La seule adaptation a faire ici est la prise en compte du fait qu’il existe une direction pri-
vilégiée pour les ensembles de coupure dans le cylindre, i.e., la direction 6 qui optimise le rap-
port v((cos 6, sin )/ cos(6 — 6) dans la loi des grands nombres. C’est donc dans cette direction
que nous divisons notre cylindre en différentes couches pour obtenir des sous-cylindres de taille
mésoscopique. Cependant, nous ne sommes pas capables d’adapter les techniques utilisées dans
les cylindres droits - méme dans le cas de la dimension deux - pour obtenir un principe de grande
déviation par au-dessus pour ¢(nA, h(n)) dans des cylindres inclinés.

3.4. Partie 4 - chapitre 7 : Flux maximal dans un domaine de R¢. Le travail présenté dans
toute cette section résulte d’une collaboration avec Raphaél Cerf.
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Nous nous placons a nouveau dans le cas général d > 2. Nous souhaitons a présent étudier le
flux maximal dans un ouvert connexe borné 2 de R?, de bord I de classe C* par morceaux, entre
des sous-ensembles ouverts disjoints de I' notés I'" et I'2. Nous avons expliqué précédemment
pourquoi nous considérions un domaine 2 fixé et le graphe renormalisé (ZZ,EZ) de pas 1/n
dans cette étude, et nous avons défini une approximation discrete du systéme, que nous avons
notée (Qy,,,, 'L, T2). Soit donc ¢,, le flux maximal entre I'} et I'2 dans ,, pour le modele
standard de percolation de premier passage dans (ZZ, E?). Nous prouvons dans ce chapitre que
sous certaines conditions sur le systtme (Q,T,T1,T?) et sur F, le flux renormalisé ¢, /n%!
converge presque slirement vers une constante strictement positive qui dépend du systéme et de
F'. De plus, ses déviations inférieures sont d’ordre surfacique et ses déviations supérieures sont
d’ordre volumique. Nous devons introduire quelques définitions pour énoncer les théoremes. Si
F C R% le périmetre de F dans Q est par définition égal a

sup {/f div f(x)dﬁd(x), fecz(, B0, 1))}

ou C*(€2, B(0, 1)) désigne I’ensemble des fonction de classe C* et a support compact inclus dans
Q etavaleurs dans B(0, 1), la boule de centre 0 et de rayon 1 dans R¢. Pour tout ensemble F C R¢,
on note OF la frontiere de F, et 0* F sa frontiere réduite (voir [19] pour une définition précise de
ces termes). En tout point z de 9*F, I’ensemble F admet un vecteur extérieur orthogonal unitaire
U7 (z) au sens donné dans la théorie de la mesure (voir toujours [19]). Pour tout F C RY de
périmetre fini dans €2, on définit

To(F) = [ w(@r@)int (@) + (05 () dH ()
9% F [200* (FNQ)

4 / V(o (x))dH ().
ILNo* (Q~F)

Si le périmetre de F dans €2 est infini, on pose Zg(F) = +00. On dit qu’un ensemble est polyédral
si son bord est inclus dans une union finie d’hyperplans. On dit que deux hypersurfaces S et So
de classe C!' par morceaux sont transverses si, en tout point = de leur intersections, aucun des
vecteurs orthogonaux aux hypersufaces C' dans lesquelles est inclus S; en z n’est colinéaire a

o
’un des vecteurs orthogonaux aux hypersufaces C! dans lesquelles est inclus Sy en 2. On note F
’intérieur de F C R<. Nous pouvons maintenant énoncer précisément les résultats du chapitre 7 :

THEOREME 18. On suppose que F(0) < 1 — p.(d) et que F admet un moment exponentiel,
ie.,

Jdv>0 / e dF(z) < 00.
[0,400[
On définit la constante ¢pq < oo par
¢o = inf {Io(F)|F C R} .

Alors pour tout A < ¢q on a

1
lim sup —— log P[¢,, < a1 <o,
n

n—oo

THEOREME 19. On suppose que F(0) < 1 — p.(d) et que I admet un moment exponentiel :

dy>0 / e dF(z) < 00.
[0,4-00]
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On suppose que la distance euclidienne entre T'' et T'? est strictement positive. On définit la
constante ¢q < o0 par

. P C R%, P est polyédral , OP est transverse a T
¢q = inf ¢ Zo(P) o

TTcP,T2CcRIP
Alors pour tout A > %ona

1
lim sup — log P[¢,, > a1 < 0.
n

n—oo
THEOREME 20. On suppose que S) est un domaine de Lipschitz, et que T est inclus dans une
union finie d’hypersurfaces de classe C' qui sont deux a deux transverses. On suppose aussi que
' et T2 sont des ouverts dans T' dont le bord relatif dans T est de mesure H%~! nulle, et que la
distance euclidienne entre T'! est T'? est strictement positive. Alors

o = da.
Side plus F'(0) < 1 — p(d) et F' admet un moment d’ordre 1 :

/ xdF(z) < oo,
[0,+00[
cette constante est strictement positive.

On déduit immédiatement des trois théorémes précédents le corollaire suivant :

COROLLAIRE 3.3. On suppose que F(0) < 1—p.(d) et que F admet un moment exponentiel :
dv>0 / e dF (z) < 00.
[0,+00]

Si le systeme (2, T, 'Y, T'?) satisfait toutes les hypothéses demandées dans le théoreme 20, alors

= ¢ ps.,

bo = inf {Io(F)|F c Q} c]0,00|.

Soulignons le fait que les résultats qui sont obtenus ici sont donc valables dans des cylindres
inclinés, ¢’est-a-dire que nous avons montré la convergence p.s. de la variable ¢(nA, h(n)) dans
un cylindre incliné dans le modgle de percolation de premier passage sur le graphe (Z¢, E%) dans le
cas particulier ou h(n)/n est constant. Notre approche a été ici d’utiliser des outils géométriques
pour ramener notre étude a celle - déja en partie menée - de flux maximaux dans des cylindres
inclinés. o

Les constantes ¢q et ¢ ont des expressions tres similaires, et sous les conditions du théoreme
20 elles sont égales. En fait, pour tout F C R?, 1’ensemble

OFNQUT2NIFNQ))UTINIQ~F))

est une surface de coupure continue entre I'! et I'? dans €, dans le sens o tout chemin reliant un
point de I'! 4 I'2 qui est inclus dans €2 intersecte nécessairement cet ensemble. Dans le cas ot
(o]

M cF et 2 CcRIF
cet ensemble est plus simplement égal a OF N 2. Par ailleurs, v(¥) est la valeur moyenne du
flux qui peut traverser une surface unitaire dans la direction ¥ par seconde, donc Zg(F) peut
s’interpréter comme la capacité de la surface de coupure continue décrite ci-dessus (et définie par
F). Les constantes ¢q et % sont alors les capacités minimales que peuvent avoir des surfaces de
coupures qui appartiennent a certaines familles de telles surfaces. Nous retrouvons ici la méme
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expression pour Zq(F) que dans le résultat de Garet [30], a ceci prés que notre probléme présente
des bords I',I'', I'? dont nous devons tenir compte, et nous obtenons un principe variationnel en
dimension d.

Intéressons-nous dans un premier temps a la démonstration du théoréme 18. Pour arriver a
nos fins, nous allons tout d’abord essayer de localiser un ensemble de coupure de capacité mini-
male dans 2. Nous utilisons le controle de Zhang [59] sur le nombre d’arétes dans un ensemble
de coupure minimal pour plonger la surface de coupure minimale dans un ensemble compact de
surfaces, duquel on peut extraire un recouvrement fini. Nous n’avons donc qu’un nombre fini de
voisinages de surfaces a observer pour étre siirs d’y trouver notre surface de coupure minimale.
Ensuite, nous utilisons le théoreme de recouvrement de Vitali pour recouvrir chacune de ces sur-
faces par des boules suffisamment petites pour que la surface soit localement presque plate. Dans
chacune des boules qui recouvrent la surface dont est proche notre surface de coupure, celle-ci est
donc presque plate aussi, et apres avoir réussi a aplanir ses irrégularités, nous pouvons voir notre
surface de coupure intersectée avec la boule comme une surface de coupure dans un petit cylindre
incliné dans cette boule. Si le flux ¢,, est plus petit que ¢on?~!, cela implique que le flux maximal
dans un des petits cylindres obtenus est anormalement petit. Nous pouvons donc finalement utiliser
les estimées de déviations inférieures pour 7(A, h) dans un cylindre incliné cyl(A, h), obtenues
dans le chapitre 5, pour conclure la preuve du théoréeme 18.

Regardons a présent le théoreme 19. Nous remarquons tout de suite que la condition

d(rt,T? > 0

est pertinente pour obtenir des déviations supérieures d’ordre volumique, puisque nous montrons
dans le chapitre 2 que les déviations supérieures de la variable 7, pour laquelle cette condition
n’est pas satisfaite, ne sont pas nécessairement de cet ordre. Le plan de la démonstration est le
suivant. Nous montrons d’abord que ;53 est bien fini, en construisant un ensemble polyédral ayant
les propriétés demandées dans la définition de cette constante. Nous considérons ensuite un en-
semble polyédral P satisfaisant également ces propriétés et dont la capacité est quasiment mini-
male, c’est-a-dire que Eg; est tres proche de Zo (P). Nous recouvrons le bord 0P de cet ensemble
dans un voisinage de €2 par des hyperrectangles, a 1’exception d’une petite partie de la surface
de mesure H% ! inférieure 2 ¢, et nous considérons des cylindres ayant pour base ces hyperrec-
tangles. Si ¢,, est plus grand que %nd_l, cela implique que soit il existe au moins un cylindre
dans lequel circule un flux anormalement grand, soit le flux qui traverse la petite surface oubliée
dans le recouvrement par les cylindres est tres grand. Nous montrons ainsi que la probabilité que
¢, soit plus grand que %nd” tend vers 0. Pour obtenir la vitesse de décroissance annoncée pour
les déviations supérieures, il faut d’une part utiliser les estimées de déviations supérieures pour
®(A, h) par rapport a v(¥) dans les cylindres inclinés obtenues au chapitre 3, et d’autre part effec-
tuer un travail supplémentaire d’optimisation en ce qui concerne le choix des arétes qui servent a
relier les cylindres entre eux pour former un ensemble de coupure dans (2, tout entier.

Le théoréme 20 est de nature purement géométrique. Il s’agit de montrer que I’infimum des
capacités des surfaces de coupure peut étre approché par des surfaces polyédrales, transverses
au bord de €, et qui ne se collent pas a I'! et I'2. Cette étude peut paraitre artificielle, mais elle
est nécessaire car les objets limites naturels ne sont pas les mémes dans I’étude des déviations
inférieures et dans celle des déviations supérieures. L’ approximation polyédrale était d’ailleurs
aussi utilisée par Garet dans [30], mais elle est ici beaucoup plus difficile a montrer car nous nous
plagcons en dimension d > 2, et dans un sous-ensemble €2 de R4 qui a des conditions aux bords,
les I' pour i = 1,2, et ce sont ces conditions au bords qui rendent I’étude géométrique si difficile.
Il s’y ajoute finalement la démonstration de la stricte positivité de ¢q, qui utilise de la géométrie
différentielle.
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4. Questions ouvertes

Cette these est loin de répondre a toutes les questions que 1’on peut se poser sur le comporte-
ment du flux maximal dans le mode¢le de percolation de premier passage. Qu’en est-il de cylindres,
ou plus généralement de domaines, dont les dimensions tendent vers 1’infini de facon anisotrope ?
Peut-on montrer un principe de grande déviation par au-dessus pour le flux maximal ¢ dans des cy-
lindres inclinés, ou pour le flux maximal 7 dans ces cylindres ? Qu’en est-il d’éventuels principes
de grande déviation pour le flux maximal a travers un domaine de R?? Peut-on localiser I’en-
semble de coupure correspondant a un flux maximal, et décrire le courant qui le réalise ? Quelle
influence une inhomogénéité spatiale de la loi des capacités des arétes aurait-elle ? Quel serait
le comportement de ¢q sous I’effet d’une déformation du domaine 2 ? Voici quelques pistes qui
méritent probablement d’étre explorées a 1’avenir.



Part 1

Upper large deviations for maximal flows in
cylinders






CHAPTER 2

Upper large deviations for the maximal flow from the top to the
bottom of a straight cylinder

We consider the standard first passage percolation in Z? for d > 2 and we denote by ¢,,4-1 h(n)
the maximal flow through the cylinder 0, n]9~!x]0, h(n)] from its bottom to its top. Kesten
proved a law of large numbers for the maximal flow in dimension three: under some assump-
tions, ¢nd717h(n)/nd_1 converges towards a constant v. We look now at the probability that
¢nd—17h(n)/ n4=1 is greater than v + ¢ for some ¢ > 0, and we show under some assumptions
that this probability decays exponentially fast with the volume n?~'h(n) of the cylinder. More-
over, we prove a large deviation principle for the sequence (¢,,4—1 h(n) /n¢=t n € N).
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1. Definitions and main results

We will use generally the notations introduced in [40] and [41] but some changes will be done,
for example to obtain independent objects. Let d > 2. We consider the graph (Z¢, E?) having
for vertices Z% and for edges E? the set of all the pairs of nearest neighbours for the standard
L' norm. With each edge e in E? we associate a random variable ¢(e) with values in RT. We
suppose that the family (¢(e), e € E) is independent and identically distributed, with a common
distribution function F". More formally, we take the product measure IP on Q = ] cga[0, co[, and
we write its expectation E. We interpret ¢(e) as the capacity of the edge e; it means that ¢(e) is the
maximal amount of fluid that can go through the edge e per unit of time. For a given realisation
(t(e), e € E?) we denote by % = ¢ the maximal flow through the box

. d—1
B(k,m) = []10, ki) x]0,m],

=1
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where k = (ki ..., kg_1) € Z9L, from its bottom

d—1
Fy = [0, k] x {0}
i=1
to its top
d—1
i=1

Let us define this quantity properly. We recall that E? is the set of the edges of the graph. An
edge e € E can be written e = (x,y), where z, y € Z% are the endpoints of e. The edges of
E? are unoriented, hence (z,y) = (y,x). We will say that e = (z,7) is included in a subset A
of R? (e C A) if the segment joining x to  (except possibly its extremities) is included in A.
Now we define E? as the set of all the oriented edges, i.e., an element € in E¢ is an ordered pair of
vertices. We denote an element & € E¢ by {(x,y)), where z, y € Z¢ are the endpoints of € and the
edge is oriented from 2 towards y. We consider now the set S of all pairs of functions (g, 0), with
g :E% — Rt and o : B¢ — E such that o((z,)) € {({z,)), ((y, z))}, satisfying

e for each edge e in B we have
0 < gle) < ie),
e for each vertex v in B \. F},, (remember that Fp N B = ()) we have
Y gle) = > gle).
e€B:o(e)=((v,)) e€B:o(e)=((-,v))

A couple (g,0) € S is a possible stream in B: g(e) is the amount of fluid that goes through
the edge e, and o(e) gives the direction in which the fluid goes through e. The first condition on
(g,0) expresses only the fact that the amount of fluid that can go through an edge is bounded by

its capacity. The second one is a balance equation: it means that there is no loss of fluid in the
cylinder. With each possible stream we associate the corresponding flow

flow(g,0) = > 9w 0)) Lo(tuen=(uv)) ~ 90U V) Lo(Guen)=((o,) -
UEBNFy, , vE€EFm : {u,v)€E?
This is the amount of fluid that crosses the cylinder B if the fluid respects the stream (g, 0). The
maximal flow through the cylinder B from its bottom to its top is the supremum of this quantity
over all possible choices of streams in &

08 = p,, = sup{flow(g.0) : (9.0) € 5}.

If p = flow(g, 0) we say that the stream (g, o) realizes the flow ¢ 5.
Kesten proved in 1987 the following law of large numbers for the maximal flow in dimension
3 (see [41]):

THEOREM 1. We consider a cylinder B((k,1), m) such that limy>;_..o m(k,l) = oo in such
a way that for some 6 > 0 we have
1 k.1
im Y m(k, )

E>l—o0 k19 =0
There exists a positive py with the following property: If F satisfies F'(0) < po and |, [0,00] e dF (z)

is finite for some positive 0, then there exists a constant v(F') < oo such that
k1) ,m

lim =v with probability one and in L.
kil—ooo Kkl

Actually, the constant v(F') is defined as the limit of another object under weaker assumptions
on F' (see [41] and (2.1) in the next section), and we rely on this definition to state the following
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result. We are now interested in the deviations of the rescaled flow from its typical behaviour. We
will show two results in dimensions d > 2. The first one states the existence of a limit, and some
of its properties.

THEOREM 2. Let ¢y, . n)h(n) be the maximal flow through the cylinder B((n, ...,n), h(n)),
where the function h : N — N satisfies

i M) _
n—oo Inn
For every X in R™, the limit
. 1 d—1
¢(A) = nh—>nolo _ndflh(n) InP [(z)(n,...,n),h(n) > An }

exists and is independent of h. Moreover 1) is convex on R, finite and continuous on the set
{ A F([\, +o0]) >0} Iff[o oo TAF (2) is finite, then 1) vanishes on [0, v], where v is defined
in(2.1). Iff[o oo e dF (z) is finite for some positive 0, then v is positive on Jv, +00].

We say that a sequence (X,,,n € N) of random variables with values in D C R satisfies a
large deviation principle with speed v(n) and governed by the rate function Z if and only if

e for any closed subset 7 C D, we have
1

lim su
n—»oop v (n)

InP[X, € F] < —i%fZ,
e for any open subset O C D, we have
1
liminf — InP[X,, € O] > —inf7.
n—oo y(n) o
Now, with the help of the function 1, we can state the following large deviation principle for the
rescaled flow:
THEOREM 3. Let h : N — N be such that
h(n)

lim —% = o0
n—oo Inn

If there exists a positive 0 such that

/ 2 dF (z) < o0,
[0,+00]

P(n,....n),h(n)
nd_l neN

satisfies a large deviation principle, with speed n~'h(n), and governed by the good rate function

.

then the sequence

REMARK 1. When the capacity ¢ of an edge is bounded, we do not need the condition

the results hold under the weaker condition

lim h(n) = 4o00.

n—oo
Actually, the role of the condition lim,,,~ h(n)/Inn = +oo is not fully understood yet. For
example, when ¢ is equal in law to the absolute value of a Gaussian variable this condition
can also be replaced by lim,, . h(n) = +oo. Unfortunately we could not find satisfying
sufficient conditions (in particular on the moments of the law of ¢) to get rid of the condition
lim,, o0 A(n)/Inn = +oo.
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A special aspect of the proof of theorem 2 is the use of a discrete version of the model. Indeed,
we are confronted with a combinatorial problem: we need to look at boundary conditions for
streams to glue together streams in different cylinders, but when the capacity of an edge takes
its values in R™ we cannot count the number of possible boundary conditions. Our strategy is to
consider a discrete approximation of the capacity of the edges and the corresponding maximal flow.
We work with these objects. To handle the boundary conditions, we use a technique introduced by
Chow and Zhang [21]. We finally compare the real maximal flow to this approximation.

2. Max-flow min-cut theorem

It is difficult to work with the expression of the maximal flow that we have seen in the previous
part, this is the reason why we will use the max-flow min-cut theorem to express the maximal flow
differently. First we need some definitions. A path on a graph (Z¢ for example) from vg to v,, is
a sequence (vo, €1, V1, ..., €y, Uy ) Of vertices vy, ..., vy, alternating with edges ey, ..., e, such that
v;—1 and v; are neighbours in the graph, joined by the edge e;, for ¢ in {1,...,n}. Two paths are
said disjoint if they have no common edge. A set E of edges of B(/z, m) is said to separate Fj
from F,, in B(k, m) if there is no path from Fy to F,,, in B(k,m) ~ E. We call E an (Fy, F},,)-cut
if E separates Fy from F),, in B (1_5, m) and if no proper subset of F does. With each set F of edges
we associate the variable

V(E) = t(e).

ecE
The max-flow min-cut theorem (see [12]) states that

¢p = min{ V(E) | E is an (Fy, Fy,) — cut in B }.

REMARK 2. In the special case where ¢(e) belongs to {0, 1}, let us consider the graph obtained
from the initial graph (not necessarily Z%) by removing all the edges e with ¢(e) = 0. Menger’s
theorem (see [12]) states that the minimal number of edges in B(E, m) that have to be removed
from this graph to disconnect Fy from F},, is exactly the maximal number of disjoint paths that
connect Fy to F),. By the max-flow min-cut theorem, it follows immediately that the maximal
flow in the initial graph through B from Fj to F;,, is exactly the maximal number of disjoint open
paths from Fj to F;,,, where a path is open if and only if the capacity of all its edges is one. Such
a set of ¢p disjoint open paths from Fj to F},, corresponds obviously to a stream (g,0):

e g(e) = { 1 if e belongs to one of these paths

0 otherwise,

((x,y)) if e= (x,y) is crossed from z toy by one of these paths
e ole) =1 ({y,x)) if e=(x,y) is crossed from y to x by one of these paths

o(e) otherwise ,
where 6 is some determined orientation (6({z,vy)) € {((x,y)), ({(y,z))}) which does not matter.
The stream (g, o) realizes the maximal flow ¢ (whatever 6).

We come back to the general case. We will also need the definition of a cut over a hyper-
rectangle. Let S = H?;ll]ki, l;] be a hyper-rectangle, with k; < l;, k;, l; in Z. We say that a set
E of edges in S x R separates —oo from +o0 over S if there exists no path in (S x R) \ E from
S x{=N}toS x {+N} for some N > 0. Similarly, we call E a cut over S if E separates —oo
from o0 over S, but no proper subset of E does. Let (S x R) be the inner vertex boundary
of the cylinder S x R

I"(SxR) ={reSxR|Iy¢SxR, (z,y) cEl}.
We define the corresponding set of edges

E(0™(S x R)) = {{z,y)|z,y € o™(S x R)}.
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We say that an edge e is vertical if e = (z,x + (0, ...,0,1)); e is said horizontal otherwise. We
denote by (*) the condition on E
(%) ENE(O™(S xR)) C {eeE|eisvertical, e C R x [0,1]},
which means in a way to say that the boundary of F is fixed on the perimeter of the rectangle
S x {0}. We define the variable T by
7(S) = inf { V(E) | E is a cut over S and E satisfies (x)}.
For simplicity, we denote by 7,4—1 the variable 7(]0, k]~1). If S;, S are two disjoint hyper-
rectangles having a common side (so S7 U S2 is an hyper-rectangle too), then we have
T(Sl U SQ) < T(Sl) —|—7‘(SQ) .

Indeed if E; (respectively Es) is a cut over S (respectively Sy) satisfying (x) for Sp (respectively
Ss) then E and Es are both pinned at the boundary between S; x {0} and Sy x {0} because they
both satisfy (x), so they can be glued together and £ U E5 separates —oo from +oo over S7 U S.
By a subadditive argument (see [1]), the following limit exists almost surely

. Tpd—1
2.1) v(F) = klirgom,
where we know that v(F') is a constant almost surely thanks to Kolmogorov’s 0 — 1 law. We will

G 99

denote it by ¥ when no doubt about F' is possible. This is the “v” in theorems 1 and 2.

3. Proof of Theorem 2

We take h : N — N such that
lim h(n) = 4o00.

n—oo
We will see during the proof where we need the stronger condition
h
lim ﬂ =+
n—oo Inn

We will need to describe how the fluid goes in and out of a cylinder in order to glue together two
cylinders without loosing any flow. The problem is that we need too much information to describe
this precisely. The feature of the proof is to consider a discrete approximation of the capacity of
the edges (see section 3.1), to work with this discrete model (sections 3.2, 3.3 and 3.4) and then to
compare it to the original one (section 3.5). The method used to prove the existence of the limit
was developed in [21]. We study then the properties of ¢ as in [19].

3.1. Discrete version. Let k& € N (we will choose it later). We associate with (t(e), e € Z%)

a new family of independent and identically distributed variables (t*(e), e € Z¢) by setting
1

X 7

and we denote by ¢* the maximal flow corresponding to these new variables.

Let us consider for a brief moment the graph G obtained by replacing each edge e by p edges
€1, ..., €p, Where p = kt¥(e). In this new graph the capacity of each edge is simply one. The remark
2 also holds for G: the maximal flow ¢ for G from Fj to Fnyin B = B((n,...,n),h(n)) is
exactly the maximal number of disjoint paths connecting Fp to Fj,(,,) in G. We have seen that we

Ve € E¢ t*(e) = |kt(e)]

can associate with each such family of ¢ p disjoint paths in B a stream (g, 0) in G that realizes gbg.
Actually, we can always reduce to the case where 6(€1) = o(€é2) if the edges €; and é; are replacing
in G the same edge (x,y) € EY. Indeed, if for such edges ¢; and & we have §(¢;) = (&) = 1
and o(€1) # o(ez2), we know that there exists a path /1 (respectively lp) from Fp to Fj,,) going
through e; (respectively e2) and crossing this edge from x to y (respectively from y to x). We
can create two new disjoint paths in G, [, which is equal to /; from Fj to z and to lo from x to
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Fi(n)» and [, which is equal to [ from Fj to y and to I3 from y to Fy,(,,), that can replace /; and
l5 in the set of ¢ disjoint paths (see figure 1). The corresponding stream (¢’, 0') is equal to (g, 0)
except in €1 and é; where we have §'(€1) = ¢’(€2) = 0 and 0'(€1) = d'(é2) = 6({z,y)). Then we

Fr(n)

il
. lg
s,

_:lb

Fo

FIGURE 1. Description of paths in G

just have to deal with the case g(€;) = 1 and g(e2) = 0. The definition of ¢ is arbitrary, we can
change the orientation of 6(€3) to have o(é2) = 6(€2) = o(€1). We obtain thus a stream such that
6(¢1) = 0(&,) if the edges &; and &, are replacing in G the same edge (z,y) € E¢ . Moreover we
can assume that each path of a family of ¢p disjoint open paths has only its first vertex in Fy and
its last vertex in Fj,(,,), otherwise we can restrict the path to obtain such a path. Thanks to a good
choice of 0, we can thus suppose that if € C B has one endpoint z in F},(,,) (respectively Fp) and
one endpoint y not in Fy,, (respectively Fp) then o(€) = ((y, x)) (respectively o(€) = ((z,y))),
and if € has both endpoints in Fj,,, then g(€) = 0.

Coming back to the graph Z¢, we remark that the maximal flow ¢% between F and Fyn) in
B is equal to ¢ /k, and it can be realized by the stream (g, o) defined as follows. Let e be an edge
of E<. If there is no edge in G associated with e, we set g(e) = 0 and o(e) = 6(e). Otherwise, we

define _
ole) = 3 19
en~e

where the sum is over the edges ¢ that replace e in G, and o(e) = o(€) for some edge € associated
with e (recall that if €; ~ e and €3 ~ e then o(€1) = o(€2)). We will call such a stream, built from
the graph G, a discrete stream. A discrete stream has three particular properties: g takes its values
in N/k, o({z,y)) = ((x,y)) as soon as we have z € [y andy € B (y ¢ Fp) ory € Fy(,) and
x € B\ Fj(y), and g(e) = 0 if e has both endpoints in Fj, ).
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Let A be in R™. For a discrete stream (g, 0) and h € Z we define the truncated projection of g
on the vertical edges that intersect the hyper-plane {(x1, ..., z4) € R?| x4 = h + 1/2} by

Vo e 247010, n" " m(g,2) = g (@, k), (m h+ 1)) A (e +1)

Thanks to the properties of discrete streams, we can state the following lemma:

LEMMA 1 (Junction of two boxes). We consider the cylinders
By =]0,n]7"1x]0, h(n)] and By =]0,n]¢ "1 x]h(n),2h(n)].
If there exist a discrete stream (g1, 01) in By and a discrete stream (ga, 02) in B such that
flow(g1,01) > And—1 and flow(ga, 02) > And—1
and
YV € Zdilﬁ}o,n]dfl WQ&Z)_1<91,Z’) = W}i‘iz)(gg,x),
then ¢l]§1u By = And=1,
Proof :
To prove this lemma, we consider two cases:

(1) if for all e = {(z,h(n) — 1), (z,h(n))) with z € Z41N]0,n]?! we have gi(e) <
An%—1, then we can define the following discrete stream (giot, Otot):

g1(e) if e C By
® giot(e) = { g2(e) if e C By
0 otherwise,,
01 (e> if e C By
® opt(e) = | o2(e) if e C By
o(e) otherwise ,

where 0 is still some arbitrarily determined orientation. We can check that (g, 010t ) 1S
a discrete stream thanks to the properties of (g1, 01) and (g2, 02), in particular if e; =
((z,h(n)—1), (x,h(n))) and e3 = ((z, h(n)), (z, h(n)+1)) with z €]0,n]%"!, we have
g(e1) = g(e2), g(e) = 0 for all others edges e = ((x, h(n)),), o(e1) = ({(z, h(n) —
1), (z,h(n)))) and o(e2) = ({(x, h(n)), (z,h(n) + 1))), hence the balance equation
is sdatisﬁed. Moreover flow(giot, 0tot) = flow(gi,01) = flow(ga,02) so ¢’f31u32 >
And=1,

(2) Suppose there exists an edge ¢ = ((x, h(n) — 1), (z, h(n))) such that g;(e) > An?~L.
The discrete stream (g1, 071) corresponds to k X flow(gy,01) disjoint paths from Fy
to Fy(ny in By for the modified graph G. The inequality g1(e) > An?=1 implies that
at least ¢ = [An?"'k] of these paths, that we will denote by I, ...,1;, go out of By
through e. The equality W})L‘&Z),l(glw) = WQ&Z) (g2, ) implies that go(f) > And~!
where f = ((x,h(n)), (z,h(n) + 1)). By the same argument, we can find at least g
disjoint paths 7], ..., l; from Fj, () to Fyp () in Bg for G, all going in By through the edge
f. Now we can glue together these ¢ paths 1, ..., 1, in By with the ¢ paths [, ..., lf] in
Bj because e and f are adjacent. This way we obtain ¢ disjoint paths from Fy to Fop )
in By U By for G, and by considering the corresponding discrete flow (giot, 01o¢) in the
initial graph we obtain ¢]j§1u B, = flow(giot; 0tot) = [And='K] /k.

|
We define the boundary conditions of the discrete stream (g, 0) in B((n, ...,n), h(n)) as

" (g) = (I"(9),15"(9))
= (70" (g ), € 27010, 71) (w4 (9,),0 € 20010, ) )
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The number N )lf ,, of possible boundary conditions for discrete streams satisfies

Nf, < (B([n®t +1) + 1)2"#1 .

3.2. Existence of the limit for ¢ﬁ’;,1 h(n)* In this section, we will prove the existence of the

limit appearing in the theorem 2 with ¢* instead of ¢. We denote P(n,...,n),h(n) BY Ppa—1 p(n), and
we define
po= sup{ A F([0,A) <1}.

We will prove the following result:

THEOREM 4. For every pair (h,(xn,n € N)) with h : N — N a function such that
lim,, 400 A(n) = +00 and (Xn)nen a non-decreasing sequence of integers tending to infinity,
satisfying

i Xn Inn _
n—+oo  h(n)

2.2)

)

forevery X in RT ~ {u} (or in RT if p is infinite), the limit

: 1 n _
YA Ry (xn)) = nEr—&I-loo _m InP [¢i§71,h(n) > An? 1]

exists. Moreover 1) is independent of such a pair (h, (xn)), i.. if (h, (xn)) and (', (x,)) satisfy
all the previous conditions, then (X, h, (xn)) = V(N B, (x},)) for all X in RT ~ {u} (or in RY).
We will thus denote this limit by 1(\).

We now prove theorem 4 by considering different cases.
e A > 1 : Then

VEEN, YneN  P¢ki i, > '] =0,

so for every sequence () we have

. ]- Xn — -
Y\ h, (X)) = lim —771111}}”[ idfl,h(n) > a7 = oo = P(N).

e A < p:Wetake N,n € Nwithn < N and let N = nm + r be the Euclidean algorithm.
We consider two functions h, h : N — N, with lim,, .o h(n) = lim, . h(n) = 400, and let
h(N) = h(n)m + 7 be the Euclidean algorithm. We take £ € N which will be chosen later. We

want to compare qﬁfv T and (b,];‘dfl’h(n).

The idea is to divide B((N, ..., N), h(N)) into m%1 boxes which are disjoint translates of
B((n,...,n), h(N)), then to cut again B((n,...,n), h(N)) into m disjoint translates of the ele-
mentary box B((n,...,n),h(n)) and to use here the lemma of junction (see figure 2). We define

two quantities that will allow us to deal with the edges belonging to the part of qﬁ’;V a1 (N that

does not enter in any translate of d)ﬁ a1 p(n)" On one hand, by the definition of p, A < p implies
that F'([0, A]) < 1, so there exists a positive 7 such that

F([0,A+n]) <1, de., p(n) = Ptle) > A+n] > 0.
It follows that there exists kg such that
Yk > ko IP’tk(e)z)\—k—} > p(n) > 0.

On the other hand, if we define
Y = max{p € N|P[t(e) > pk] > 0} A ([\kn® '] +1)
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h(N)

h(n) I

FIGURE 2. Comparison between ¢ and ¢F

Nd—=1}(N) nd=1 h(n)

then we have
pr = Plt(e) = k] > 0.
Let k > ko in N. For iy, ...,i4—1 in {0, ... m} we define

By . [[ )]0, ()]

and
m—1

Bpa-1yy = B(N,.. N),A(N)~ | Biia s -

1150e8d—1=0

REMARK 3. It is easy (and very useful) to see that if C;x]0, h], i = 1,2 are two cylinders
with disjoint bases C;, Cy C R?! having a common side and with maximal flows ¢;, i = 1,2,
the maximal flow through (Cy U C)x]0, h] is at least ¢1 + ¢2.

We deduce from this remark that if for every i1, ..., ig—1 in {0, ..., m—1} we have czS%_l ” >
T yenes ig—1
An?~1 and if all the vertical edges e in B,,s-1 satisfy t(e) > (A + 1), we have
k d—1
Na-1 () > AN

By independence we obtain

m—1

Pl )>ANd—1} > I eleh,

D] 5eees ig—1
U150y8d—1=0

> )\nd—1] y p(n)(d—l)Nd*QTﬁ(N)

md—1

P {¢:d71ﬁ(]\,) > )\nd_l} X p(n)(d—l)Nd*2r%(N) ‘

v
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k
We study next <Z>n 1%

Wy We define for j in {0, ..., (m — 1)}

Bj =10,n]""x]jh(n), (j + 1)h(n)]

and

m

m—1
B- = B((n,...,n),A(N))~ |J Bj.
j=0

The probability of the boundary conditions I € {0,1/k, 2/, ..., (|An®t| +1)/k}*"""" in B is
the probability that there exists a discrete stream (g, 0) in B satisfying II*"(g) = II. Remember
that every discrete stream (g, 0) must satisfy the balance equation, so once we know that such
a discrete stream exists, flow(g, o) is just given by the projection of g on the vertical edges that
intersect the hyper-plane {(z1, ..., 74) € R?| 24 = h(n)—1/2}, so II*"(g) contains enough infor-
mation to know if flow(g, o) is bigger than An~! or not. We denote by I1} ,, = (11§, |, 115 | ,)
one of the boundary conditions of highest probability in B((n, ...,n), h(n)) which corresponds to
a discrete stream (g, o) such that flow(g,0) > An?~! and we define (Hlf\n)* = (H’f\’n,Q, H§7n71).
The model is invariant under reflections in the coordinates hyperplanes or translates of these hy-
perplanes, so by symmetry we have P[IT§ ] = P[(IT} )*]. Using the lemma of junction (lemma
1), we know that if 7 7

e we can define a discrete stream in B, with boundary conditions TI§ _,

we can define a discrete stream in B} with boundary conditions (H’}\ )5

we can define a discrete stream in B, with boundary conditions H’f\ s

and all the vertical edges e in B~ satisfy t(e) > ik,

k d—1
~ > .
then qﬁnd*l,h(N) > An
REMARK 4. It is not sufficient to impose here that all the vertical edges e in Bfﬁ satisfy
t(e) > A, because the amount of fluid that goes out of B;?L _, atits top through one fixed edge f
can exceed \ - we have no information about H’}\ ,, - and we cannot accept to lose fluid at the exit
of f, unless it exceeds An?~1. This is the reason why we introduced ;.

Now by independence we obtain

k d—1 ko™ a=1y
(2.3) IP{ i 2 A } > Pk, " <,
whence

_ md—1m d—177, d—1 _1\Nd—2,7

@) B[, 2 AN > B[ g () DN,
Let IT be the set of all the boundary conditions corresponding to a discrete stream (g, o) such that
flow(g,0) > An%~!. We have seen that a maximal flow ¢* is always realized by a discrete stream,
so we have

=
<
3
59
L
=
2
\Y
>
S
U
=
IA

P l U H]

> P[]

IIeIl

N;\f,n x P [H])i,n] ’

IN

IN

where we remember that NV /’\‘3 ,, 18 the number of possible boundary conditions for discrete streams.
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To obtain later a result independent of &, we need to consider two sequences (k,,n € N)
and (%n,n € N) such that lim,,_,~ k,, = lim,, k, = +0o. We want to get rid of N f,n‘ We
remember that i

N < (b (M0 +1) + 1)
Under the condition
In(k,n)

(2.5) nt0  h(n)

we have

(2.6) hffl sup InP [ﬁbﬁﬁﬂjh(n) = )\ndil} < limsup InP [H]inn] '

1 1
) nd_lh(n) n—00 nd_lh(n)
Consider (2.4) again. This equation is satisfied f0~r every k > ko, so it is true for k,, with a

fixed n not too small. We need to compare t*» with t*~ but the relation is simple only if ky is
divisible by k,,. That is the reason why from now on we will consider only sequences (ky,n € N)
and (k,,n € N) such that

vneN  k, =20  and k, = 2Xn

where (xn,n € N) and (Xn,n € N) are non-decreasing sequences of integers. Of course the

condition limy, 0 kn, = limy, 4 o0 by, = F00 implies limy, 400 Xn = limy 400 Xn = +00. In

that case for large N we have Xn > xn, SO EN is divisible by k,, and then thy > thn whence

kN kn
2.7) ¢Nd*1,%(N) 2 d)Nd*l,H(N) ‘
We use (2.4) with k = k,, = 2X» and (2.7) to obtain for n and N large enough
7CJN d—1
Na-1}(N) I ¢Nd*1,H(N) 2 AN }
1~ P {(ﬁkn SNt
NAa=1h(N) N4=1,h(N)
mi—1im nd—lmd—1y d — 1)N92ph(N
T g )+ e Ty, o DN AN
NAa=1h(N) ’ NA=1p(N) NAa=1h(N)

We send first N to +oo and then n to +00; this gives us with the help of (2.6)

) _
liminf —— InP {gﬁkN - > ANH}
N—oo Nd-1p(N) Nd=1 h(N)

> lim sup InP [H];”n]

n—oo nd_ 1 h(n)

> limsup InP {‘bﬁzfl,h(n) > )\nd_l} .

n—oo n41h(n)

By considering the case h = h and kn, = En = 2X»_under the condition (2.5) on h and (k) - i.e.,
the condition (2.2) on h and (x,,) -, we obtain the existence of the limit

. 1 n _
PR (xn) = lim ——— P [625" ) > A1

For general h, h, y and Y we obtain that ¢)()\) is independent of the pair (h, (x,)) satisfying (2.2),
so theorem 4 is proved.
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REMARK 5. Thanks to this independence, we can prove some properties of {bv by studying the
behaviour of the limit involved in theorem 4 for specific choices of pairs (A, (xn))-

Moreover, still in the case A < u, we have immediately that for n sufficiently large
k d—1 all the vertical edges e in B((n,...,n),h(n))
n > >
P [¢nd_1,h(n) =z An } 2 P { satisfy t(e) > (A +n)

n?=1h(n)

p(n) ,

Vv

thus _
¥(A) < —Inp(n) < +oo.
If the capacity ¢ of an edge is bounded by a constant M, we can simply define

Vo € 2700005t w9, 2) = g (2, h), (z,h + 1))

without truncating g because g is already bounded by M. Then the number of possible boundary
conditions N* satisfies

NE < (kL
so we can replace the hypothesis (2.5) by

Ink,

2.8) lim 0.

2 B

REMARK 6. We don’t study the case A = p for the moment, it is more adapted to study it
with the continuity of 1.

3.3. Convexity of ). Let \; < Ay < 1, and a €]0, 1[. We want to show that
(2.9) P (ad + (1 —a)Ag) < app(A1) + (1 — a)h(ra).

We know that ¢ does not depend on the couple (h, (x,)) satisfying (2.2), so we can take h(n) = n
to simplify the notations and we will take an adapted (x,, ). First we fix &k in N, we will make it vary
later. We fix n, m in N, and take N = nm. We set u = |am?~!|. We keep the same notations
as in the previous section for B;, ;. ., 1,...,4g—1 in {0,...,m — 1}. We use the lexicographic
order to order { (i1, ...,74—1), i; € {0,...,m —1}, 1 < j < (d — 1)} and use this to rename these
cylinders (B;,1 < j < m?1). On the event
(Vi€ (L mul, o > M b0 {5 € {(ut 1), om®}, ¢ > 20

we have (see remark 3)

qﬁlfvd_l N> (u)\lnd_l + (md_1 — u))\Qnd_1>

d-1(_Y u
N (md_l ALt (1 B md_1> )\2)

Né1 (Oé)\l + (1 — Oé))\Q)

v

Y

because A1 < A9, so
P¢ha-1 y =N (ad + (1 - @)Ag) |

> P¢hay > Mnt 1] X P[gha sy > dont ™

As in the previous section (see (2.3)), we have

Plofi v >an? Y] > P[0, ]" =12

—Uu
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SO

1
~a P Gra1y = N + (1 — a)ro)]

2”;3;1( P[]+ (1—m )mP[HAM]).

We make now k vary, k,, = 2X» with ( , (xn)) satisfying the condition (2.2) (for example y,, =
Lnl/ 2]), and we use the property Nd LN > (Z)?\);;L,l y for large N; we send first IV to +oo and

then n to +00. We proved in the previous section that

P[] = =9\,

limsup ————
nﬂoop ndilh( )

so we obtain (2.9).

3.4. Continuity of w We want to show that 1/1 is continuous on [0, ] when g is finite or on
[0, +00[ when y is infinite (remember that ¢ is infinite on Jp, +00[). The function ¢ is convex
and finite on [0, z2[, so 1) is continuous on ]0, [ We assume then that 0 < z: $(0) = 0 and 1) is
non-negative on R, so ¢ is right continuous at 0. We assume then that 0 < p < +oc. The only
point which remains to study is the left continuity of 1/1 at ;. Remember that we did not define @b
at i, we will do it now. We set

Notice that g,, can be null. We remark that

all the vertical edges e in B((n,...,n),h(n))

_ > und=1] =
P {¢nd L p(n) = HT ] P satisfy t(e) = p

_ qLLd—lh(n) :

SO

1 d—1
i~y B Put gy 2 im ] = —Ing,

is finite as soon as g, > 0. Unfortunately, the existence of an atom for the law of ¢(e) at u does
not imply the existence of an atom for the law of t*(e) at 11, so we can have qu > 0 and
i~y 1 84 2 1] = e
This is the reason why we did not study (1) previously. We define (for every pair (h, (x»)) as in
theorem 4) N
1/)(:“) = —In du »
which can eventually be infinite.

Now we want to check that zZ is left continuous at u (if ¢, = 0 we will show that lim {/; (A) =
400 when A < pand A — p). The idea of the proof is simple: if the flow in a cylinder
is big, it must be big in each horizontal section of this cylinder. We fix ¢ > 0, and we take
h(n), kn —n—too +00, ky, = 2X satisfying the condition (2.5). We define foriin {0, ..., (h(n)—
D}

C; =10,n]tx]i,i 4 1]
and we denote by ¢1, ..., t,4—1 the capacities of the n?~! vertical edges in Cy. We have
[h(n)—l -‘
P Oy 2 (=] < P ) Gzt

1=0
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<P [d’ a-171 = (,“ - 5)nd71}h(n) ’

and we know that
kn
iy = Zt < th

so we have

nd—l

h(n)
P[0y 2 (n—e)n’ 1] <P [Z (tj —n) > 6nd_1} :

j=1
For every positive p we obtain

P [¢k7b . > (u— €)nd_1] < epend*h(n)E[ep(t—u)]ndflh(n).

nd=1 h(n
This expectation is well defined, because (¢t — ) < 0. Let » > 0. Since

li p(t—p)] —
p—1>r-i{100 ]E[e ] q,u, ’

then there exists pg such that
Vp>po  E[TH) < (qut).

It follows that
1

d—1
mlnp[éf’nd La = (=] < pos+In (g + ),

SO

(p—¢) = —poe —In(gu+n),
whence N

lim ¢p(p =) = —In(gu+n).
This is true for every positive 7, so

lim (=€) > lim —In(gu +7) = ~Ingy = d(p).
If g, = 0, we have the desired equality. Otherwise, we remark that for every positive € we have
P[QS?]?LZ—l’h(n) > (u— 5)nd_1]
> P [all the vertical edges e in B((n, ...,n), h(n)) satisfy t* (e) > (u — E)]

]nd’lh(n)

Vv

P [tk”(e) >pu—e

Now for k,, sufficiently large we have
Pl (e) > p—e] > P{t(e) zu—%} > g,
thus N N
Ve>0  ¢(p—¢) < —Ingy = P(p).
This ends the proof of the continuity of ) on [0, i (or [0, +o0o[ if p is infinite). We deduce
immediately from this continuity that ¢ is good.

3.5. Existence of the limit for ¢, a1 (,,). We come back to the existence of the limit involv-
ing ¢ in theorem 2. We consider three cases.
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e )\ > 1 : Then
VneN  Pgua-1 g =Mt =0,
so the limit involved in theorem 2 exists and satisfies

v = i - ram ey

P [$a-1 iy = ATt = +o0 = ().
e A = 1 : As we saw by studying the continuity of {/;, we have

: 1 - "
Qp(/,é) = hm —mlnp [¢nd—17h(n) Z ,LLnd 1] = _IHQM = /l/}(l'l’)

n—0o0

by definition of ().
e )\ < u: We will compare ¢’:L§,1 hn) with ¢nd717h(n). We fix £ € N. We know that

t(e) > tF(e) so Pra—1 hn) = ¢I:Ld_l,h(n)' For a set of edges E, we denote by V¥(E) the quantity
S ec t*(e). Thanks to the max-flow min-cut theorem we obtain

¢I:Ld—1,h(n) = min{ V¥(E) | E is an (Fo, Fryn)) — cut }.
Let Ep be an (Fp, Fj(,))-cut realizing this minimum (it may depend on k). Then

Fra—t iy = V*(Eo)

= > t"e)

ecFEy
| Eo
> 3 t(e) - =21
> Yt - -
ecFEy

> min{ V(E)| E is an (Fo, Fy(n)) — cut } — 2dnd1h(kn)

h
> G-t p(n) — 2dnd_1(:).
We fix A > 0, and we make now k vary. We take k,, = 2X» (with (), ) a non-decreasing sequence
of integers such that lim,,_, o xn = +00) satisfying with h the condition (2.5). If the sequence
(ky,) satisfies also the condition
h
(2.10) NGO

n—oo

=0

then we have for every X' < ) the existence of ng € N such that
h(n)
ko
We deduce that under the condition (2.10) we have for all n > ng

i h(n) Prd—1 p(n) i h(n)

Yn > ng A — > ).

We conclude thanks to the hypothesis (2.5) that
Y(A) = limsup (O) > liminf (0) > $(X)

where
1

ST

P [a-1 ) > Ant ]
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Sending ) to A, thanks to the continuity of 1; in [0, u[, we obtain the existence of the limit
. 1 d—1 -
¢@m:1m———?mmwwwmzm | = o).

Moreover we know that this limit is independent of h satisfying lim,,_, o h(n) = -+o0 and such
that there exists a non-decreasing sequence of integers (xn), lim,— 400 Xn = +00 for which
the pair (h, (2X")) satisfies (2.5) and (2.10): we denote it by ¢(\). It is finally obvious that the
existence of such a sequence () is equivalent to the condition

(let X, = [2Inh(n)/In2| for example). This ends the proof of the existence of the limit ¢ in
theorem 2, and we have ¢ = J so the properties proved for J still hold for .
If the capacity ¢ of an edge is bounded, we can replace the condition (2.5) by (2.8); in that
case, as soon as
lim h(n) = +o0

n—oo

we can find a sequence (k,) = (2X") satisfying (2.8) and (2.10), so the limit exists.

3.6. The function ¢ vanishes on [0, v(F")]. This could be proved easily thanks to theorem 1
in dimension three and with the hypothesis on F' required in theorem 1, but we prefer to prove it
directly in the general case without theorem 1.

We suppose now that E[¢] is finite. We suppose that » > 0 (otherwise there is nothing to
prove), and we take A = v — ¢, with a positive . Remark 5 holds for i too: we know that 1)
is independent of A satisfying lim,,_,~ h(n)/Inn = 400 so we can make a specific choice of
function h and study the corresponding limit to show a general result on . We take h — oo such
that
(2.11) lim M =0 and lim M = 400

n—oo N n—oo Inn

We remember that

7.1 = 7(00,n]4 Y = inf { V(E) | E is a cut over ]0,n]*"! and E satisfies ()},

n
where (%) is defined at the end of the section 2. We define for S a hyper-rectangle the variable

7(S,k) = inf{ V(E) | E is a cut over S, E satisfies (x) and E C Sx| —k, k] },
and

Tpd-1p = 7(]0, n]d_l, k).
We define the set of edges F' as
F = {(z,y)|z € B, y¢ Band (z,y) € R x [1,h(n)]}.
This is the set of the edges through which some fluid could escape from B somewhere else than
at its bottom or at its top. We denote by |F| the cardinality of F, |F| = 2(d — 1)n%"2h(n). We
consider the larger cylinder
B' =]~ 1Ln+1""x]0, h(n)],
and we define
7-(,n+2)d—1,h(n) =T (] —1,n+ 1]d_17 h(n)) .
We finally define the set of edges
F' = {e e B'\ B|eis vertical, e € R"1 x [0,1]}

of cardinality |F’'| = 2(d — 1)(n + 1)?=2 (see figure 3 in dimension two). We remark that if
E is an (Fy, Fy(n))-cut in B((n, ...,n), h(n)), the set of edges £ U F' U I’ contains a cut over
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,,ﬁ;,,

t,._.: _,-_uﬂ _,. _L H _.F.

- lii!!i;l&l?lili!'v.!l&lIlIlTlT!leil.I\\

i i i
| | | | |

—Hd- -k -d--kF-d-—k-d-—F-d-—k-d--F-d-—k-d-—-F--d-—F—
| | | | |

I : edges of F’

: edges of F'

:a (Fo, Fyny)-cut Ein B

—

FIGURE 3. Comparison between ¢ and 7 in dimension two

] —1,n+ 191 s0

Tlns2)d— () — Pud-1am) < D te)+ D t(e).

] — 1,n + 1]97! satisfying the condition (x) for S

ecF’

ecF
P
)\} n

We obtain for M > E|[t]

g

h(n) — Ppa-—1 ,h(n)

[F|+[F

nd—1
T
N

¢nd—1,h(n)
We remark that T(/n+2)d_17h(n) is equal in law to 7(,, 4 9yi-1 (), SO

>N > P

¢nd—17h(n)
nd—1

MH

|

h(n) — Ppa—1 ,h(n)

F|+F

F|+|F
mm<A+Mllzt
n

T(n+2)d—1
nd—l

21-(@

> A

¢nd—1,h(n)
nd—1

|

P
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P T(n42)41,h(n) ~ Pnd=1h(n) M )
" [F| +F] g
_(p [T i} [# ]
21 (P{ nd-1 SVT3 +P[‘F‘+’F" ee%}pt(e)ZMJ>

for n sufficiently large, thanks to (2.11) and the fact that 7(,, 1 9)a-1 j(n) = T(n42)a-1. We know
that M > E[t] and limy,— oo (7(, 4 2)a-1/ n4=1) = v almost surely, so

. ¢nd_1,h(n)
i, I {nd—l A =1,
which leads to
¥(A) = 0.

To conclude that ¢)(7) = 0 we need only to check that ¢ is left continuous at v, i.e., to be sure that
v < p. Suppose that v > p, then P[t > v] = 0, so E[t] < v, and we can find a positive € such
that E[t] < v — e. Now if we denote by (¢;,7 = 1,...,n%"!) the capacities of the vertical edges in
10, )91 x]0, 1], we have

d—1 ~
Tod—1 not
P ”dlzz/—e}g]P’ Zlglllzy—el—>0.
nd— nd— n—oo

This is absurd because (7,41 /n%~ 1) converges toward v almost surely. We conclude that v <
and that ¢(v) = 0.

3.7. The function 1) is positive on |v(F'), +o0o[. We suppose that there exists a positive
such that f[o oo 9% dF (x) is finite. The proof is based on the Cramér theorem in R.
Let A = v + ¢, for a positive €. We fix k, N € N, we will choose them later. We define

h(N)
“ = { o J |
Just as in the study of the continuity of 1, by cutting B((N, ..., N), h(IV)) into horizontal sections
of height 2k, we have
P[éxa-t vy > (v+e) N
<P [(ZSNd—l,Zk > (v+ E)Ndfl]u =P [qﬁg(k) > (v+ g)Ndfl]u ,
where B(k) =]0, N*!]x] — k, k] because ¢ ya-1 5, and ¢ are equal in law. Now E[7(S, k)] is
subadditive in the sense that for disjoint hyper-rectangles S7 and S5 having a common side, we
have
T(Sl U SQ,k) < T(Sl,k) +7—(82,k) .

Moreover E[7(S, k)] is non-negative and finite (because E[t] < c0), so by a classical subadditive
argument we have the existence of

and we know that
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The sequence (v, k € N) is non-increasing in & and non-negative, so it converges; we denote by
vits limit: 7 = limy_, o, v;, = infy, v4. By the same subadditive argument, we have

. E[r,a-1] . E[7r,a-1]
am =g = v o= b
We obtain
v = infinf L[Tnd_l’k] = infinf L[Tnd_l’k] =v
— % n gpd1 T Sy pdt T

thus we can choose kg such that vy, < v + /4. Then we choose n such that

Fli < Uy + o
ng_l ko 2 3

and we fix N = ngm, with m € N. We have

m—1 d—1
DBlhy) < TNi-1gg < D, T (H]ijWOa(ij""l)nO],kO) :

i1yid—1=0 \j=1
The variables (T(H?;Hijno, (i; + 1)nol, ko),0 < i1,...,iq—1 < m — 1) are independent and
identically distributed, with the same law as 7, a1 ko' Their common expectation is

0 )

€\, d-1
E[Tng—1’k0] < (Vko + 5) ng .

Moreover for some positive § we know that E[e?] is finite so

d—1
0T 41 n -~ d—1
E {e ng ,ko} < E eezi£1 t; < E [eet} L) < 00,

where (£;,1 <4 < nd~1) are still the capacities of the vertical edges in ]0, 7]~ *x]0, 1]. We can
thus apply the Cramér theorem in R (see [26]), which states the existence of a negative constant
¢(no, ko, €) such that

o Lot (T, G+ Dnoloke) s
lim ——InP|—— Z ) > Vo~
m—oo Mmo— mv - . - ny 4
01yeenstg—1=0 0
= ¢(no, ko, €) .
It follows that for u = L%J
1 d—1
m InP [qud—l,h(N) > (v+e)N ]
u 3€\ Ard—1
= Wlnp{%(kw > (v + N
a1 [ 1wl (I himo. G + Unal, ko) 3 |
S NETR(N) md—1 P —a d—1 = Vho T
( ) m [m 1, .,id,1:0 no J
k
c(no, ko, €) <0,

m—0e0 2k0ng_1

so 1(A) > 0. This ends the proof of theorem 2.

REMARK 7. The existence of a positive @ satisfying E[e?!] < oo is probably not a necessary
condition to have the positivity of the function 1) on |v, +00[. However, a condition on the mo-
ments of ¢ is necessary. Indeed, if the tail of the distribution of ¢ is too big, the probability to have
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a vertical path of edges with big capacities (bigger than An?~1) is large, thus the probability to
have ¢,,a-1 () = And=1 cannot decay exponentially fast in n4~1h(n).

4. Proof of Theorem 3

This is an adaptation of the proof of a large deviation principle in [19]. We take h such that
h(n)/Inn — oo (we can do this again without loss of generality because v is independent of h)
and we suppose that there exists a positive ¢ such that E[eet] is finite. We define

B = inf{v|P[tle) <v] >0}.
We remark that ¢, . ) n(n)/ n9=1 takes its values in [3, +0o[. We have to prove that
e for any closed subset F C |3, +00[, we have
O(n,...;n),h(n)

. I <
117ILnsup T Th(n) InP { A1 cF infa,
e for any open subset O C [(3, +oc[, we have

JE— A S AL A A S > - .
hnmlnf W Th(n) InP { ) €eO| > 1%f¢

By definition of 3, for all positive 7, we have
sp(n) = Plt(e) <B+n] > 0.

4.1. Upper bound. Let F be a closed subset of [3, +oc[, and a = inf F. Clearly

¢nd_1,h(n) ¢nd_1,h(n)

SO

. gbnd*l,hn .
1171111_>sot<1>p () lnIP’{ nd—l( Ler| < —1(a) = —11}1_f¢

because 1 is non-decreasing on R*.
4.2. Lower bound. We shall prove the following local lower bound:

(2.12)
Va € [B4oof, Ve >0 Timinf——o—InP| 20 oo ooy > —y(a)
) ) n—oc pd—1p(n) nd—1 ) = :

If (2.12) holds, we have the desired lower bound. Indeed, if O is an open subset of 3, +o00|, for
every « in O there exists a positive € such that o — e, a + £[C O, whence

liminf — & 1P V”dlh(”) c (’)}

n—oo nd=1h(n) nd-1
> liminf ndllh(n) InP {(bn;dl’];(n) €la—e,a+ 5[}
> —Y(a).
By taking the supremum over « in O, we obtain
1inni>ioréfMInP {W € O} > —infe.

To prove (2.12), we have to consider again different cases.
e o > v : When ¢)(«) = 400, the result is obvious. For a finite ¢)(«) we have (o + €) >
() because the function 1) is convex on [v, +00[, 1(r) = 0 and 9 is positive on |v, +00[ so 9
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is increasing on [v, +00] (or infinite). Now

gbnd*l,h(n)

P
nd—1

€la—e,a+e[| > P

SO
¢nd*1,h(n)
nd*l

- 1
hnnigéf T Th(n) InP {

e 3 < a < v:Inourcylinder B = B((n,...,n),h(n)) we will isolate a smaller cylinder of

€la—e,a+ 5[} > —Y(a).

h'(n)

FIGURE 4. Control of the flow

adequate proportions in which we will impose that the rescaled flow is around its typical value v,
and we will control the amount of fluid that can circulate outside it (see figure 4). For that purpose,
we consider a function A’ such that

B B
h':N—N, ¥ <h, lim (n) = 0 and lim (n) = 400 (then lim h'(n) = +00).

n—oo n n—oo Inn n—00

We define the constants

UZ(?:g)dllak‘ZLan,O<n§

the set B’ and the corresponding event A
B' = B((k,...,k),h(n)), A = {¢p > (v—n)k® '}

Fori € N, 0 < i < (|h(n)/h (n)] — 1), we finally define the sets B;, P; and Q; and the
corresponding events A;, F; and F;, and the global events £ and F as follows

B; = B' n (R™'x]ik/(n), (i + 1) (n)]) ,

c
4 Y

P, = (BN B)N(Z%" x {% +ih’(n)}),

d—1

Qi =J ([o, kP x {k + %} x [0, k)41 x]ik/ (n), (i + 1)h’(n)]) ;
j=1
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A = {¢Bz < (V_}_n)kdil}?
all the (n?=1 — k4=1) vertical edges e of B~ B’
B = | | ,
that intersect P; satisfy t(e) < [+

E = mE’L7
P all the (d — 1)k (n)k?=2 horizontal edges e
L that intersect Q; satisfy t(e) < 3 +n ’
F=\F.

Fix ng € N such that

h'(n) e lon|d=t | e
Vn > ng (d—-1)(B+n) - < 3 and - v gg.
On one hand, on the event A, we have for n > ny

|on |91

¢p > n (v~ M= 1+ At (1 T )

> pd! (Vvdfl + 8(1 — ¥t — 2% _ E)

d—l(

> n"(a—eg).

Here the term Bn?=!(1 — [vn|9~!/n9=1) is the minimal amount of fluid that crosses B . B’ from
its bottom to its top because the capacity of an edge cannot be smaller than 3, by definition of [3.
On the other hand, if for some 4 in {0, ..., (L%J — 1)} the event A; N E; N F; occurs then we
have

. [vn) ! [on) ! Lon ] (n)
Vn > ng ¢B§nd1<(1/+77) —a T +B+n)(1- d T +(d—1)w

< dfl( 98 1 9% E)
=n o+ 8+ 4+8

< n¥ L a+e).

‘We obtain then that

1
Vn > ng P{ﬁ@g e}a—s,a—i—e[} P
n

AV

AN (L}AmEmF,»)]

o))

Y

PE] x P[F] x P

Now we know that

PIE] = so(n) " V)
and
PF] = syn) N TGO,
SO 1 1
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Moreover we have

PIAN(U;A4;)] > P[A] —P[N;AS
h(n)
J

> P[4] - P[Ag)'
Pra-1 n(n) D1 () bl

>P kd_71>l/—7’]}—]?{kdil>l/+77 s

which leads, thanks to our previous study about ¥, to
) 1

We conclude that

1 -

lim InP Oni=t h(m) €la—c,a+el| > 0= —¢(a).

n—oco nd—1p(n) nd—1

This ends the proof of the lower bound.






CHAPTER 3

Upper large deviations for maximal flows through a cylinder: other
cases

We consider the standard first passage percolation in Z¢ for d > 2 and we study the maximal
flow from the upper half part to the lower half part (respectively from the top to the bottom) of
a cylinder whose basis is a hyperrectangle of sidelength proportional to n and whose height is
h(n) for a certain height function h. We denote this maximal flow by 7, (respectively ¢,). We
emphasize the fact that the cylinder may be tilted. We look at the probability that these flows,
rescaled by the surface of the basis of the cylinder, are greater than v(¥) 4 ¢ for some positive
e, where v(7) is the limit of the expectation of the rescaled variable 7,, when n goes to infinity.
On one hand, we prove that the speed of decay of this probability in the case of the variable 7,
depends on the tail of the distribution of the capacities of the edges: it can decays exponentially
fast with n?~1, or with n?~! min(n, h(n)), or at an intermediate regime. On the other hand, we
prove that this probability in the case of the variable ¢,, decays exponentially fast with the volume
of the cylinder as soon as the law of the capacity of the edges admits one exponential moment;
the importance of this result is however limited by the fact that v(¢) is not in general the almost
sure limit of the rescaled maximal flow ¢,,, but it is the case at least when the height h(n) of the
cylinder is negligible compared to n under some conditions on the law of the capacities.
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2.3. Capacities of exponential law 83
2.4. Capacities with exponential moments of all orders 83
3. Partial result concerning the upper large deviations for ¢(n.A4, h(n))/H?~!(nA)
through a tilted cylinder 85

1. Definitions and main results

Let d > 2. We consider the graph (Z¢, E?) having for vertices Z¢ and for edges E?, the set
of pairs of nearest neighbours for the standard L' norm. With each edge e in E¢ we associate a
random variable ¢(e) with values in RT. We suppose that the family (¢(e), e € EY) is independent
and identically distributed, with a common distribution function F: this is the standard model of
first passage percolation on the graph (Z% E?). We interpret ¢(e) as the capacity of the edge e; it
means that ¢(e) is the maximal amount of fluid that can go through the edge e per unit of time.

The maximal flow ¢(F; — Fy in C) from F} to Fy in C, for C' C R? (or by commodity the
corresponding graph C'NZ%) can be defined properly this way. We will say that an edge ¢ = (z, )
belongs to a subset A of RY, which we denote by e € A, if the segment joining  to y (eventually



76 CHAPITRE 3. UPPER LARGE DEVIATIONS FOR MAXIMAL FLOWS THROUGH A CYLINDER: OTHER CASES

excluding these points) is included in A. We define E< as the set of all the oriented edges, i.e., an
element € in E is an ordered pair of vertices which are nearest neighbours. We denote an element
¢ € E4by ((z,y)), where z, y € Z< are the endpoints of & and the edge is oriented from x towards
y. We consider the set S of all pairs of functions (g, 0), with g : E? — Rt and 0 : E¢ — E? such

that o((z,y)) € {{(z,y)), {(y,x))}, satisfying:

e for each edge e in C we have
0 < g(e) < t(e),

e for each vertex v in C' \ (F} U F3) we have

> gle) = > gle),

ecC:o(e)=({v,")) ecC:o(e)=({-,v))

where the notation o(e) = ((v,.)) (respectively o(e) = ((.,v))) means that there exists y € Z?
such that e = (v,y) and o(e) = ((v,y)) (respectively o(e) = ({y,v))). A couple (g,0) € Sisa
possible stream in C' from F} to Fy: g(e) is the amount of fluid that goes through the edge e, and
o(e) gives the direction in which the fluid goes through e. The two conditions on (g, 0) express
only the fact that the amount of fluid that can go through an edge is bounded by its capacity, and
that there is no loss of fluid in the graph. With each possible stream we associate the corresponding
flow

flow(g,0) = > 9w ) Lo tu,on)=((u0)) — 9 V) Lo((uw))=((v,u)) -
u€F, ,v¢C : (u)EEL
This is the amount of fluid that crosses C' from F} to F5 if the fluid respects the stream (g, 0). The
maximal flow through C from F} to F3 is the supremum of this quantity over all possible choices
of streams
¢(Fy — Fyin C) = sup{flow(g,0)|(g,0) € S}.

The maximal flow ¢(F; — Fbin C) can be expressed differently thanks to the max-flow
min-cut theorem (see [12]). We need some definitions to state this result. A path on the graph
Z4 from vy to vy, is a sequence (v, €1, V1, ..., Em, Um) Of vertices vy, ..., vy, alternating with
edges ey, ..., e, such that v;_; and v; are neighbours in the graph, joined by the edge e;, for ¢
in{1,...,m}. A set E of edges in C is said to cut F} from F; in C if there is no path from F} to
Fyin C ~\ E. We call E an (Fy, Fy)-cut if E cuts F} from F» in C and if no proper subset of E
does. With each set E/ of edges we associate its capacity which is the variable

V(E) = Z t(e).
eck
The max-flow min-cut theorem states that

O(F1 — Fyin C) = min{ V(E) | Eisa (F, Fz)-cut } .

We need now some geometric definitions. For a subset X of R?, we denote by H*(X) the s-
dimensional Hausdorff measure of X (we will use s = d—1 and s = d —2). The r-neighbourhood
V;(X,r) of X for the distance d;, that can be the Euclidean distance if i = 2 or the L*°-distance
if ¢ = o0, is defined by

Vi(X,r) = {y € R!|di(y, X) <r}.
If X is a subset of R? included in an hyperplane of R? and of co-dimension 1 (for example a non
degenerate hyperrectangle), we denote by hyp(X) the hyperplane spanned by X, and we denote
by cyl(X, h) the cylinder of basis X and of height 24 defined by

yl(X,h) = {x+ti|z e X, te[-hh]},

where ¥ is one of the two unit vectors orthogonal to hyp(X).
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Let A be a non degenerate hyperrectangle, i.e., a box of dimension d — 1 in R%. All hy-
perrectangles will be supposed to be closed in R%. We denote by # one of the two unit vectors
orthogonal to hyp(A). For h a positive real number, we consider the cylinder cyl(A, h). The set
cyl(4, h) \ hyp(A) has two connected components, which we denote by C; (A, h) and Ca(A, h).
For i = 1,2, let A" be the set of the points in C;(A, h) N Z% which have a nearest neighbour in
7\ cyl(A, h):

Al = {z € Ci(A,R)NZY | Ty € 24\ cyl(A, ), (z,y) € B4},

Let T'(A, h) (respectively B(A, h)) be the top (respectively the bottom) of cyl(A, h), i.e.,

T(A,h) = {z € cyl(A,h) |y ¢ cyl(A, h), (z,y) € EYand (z,y) intersects A + h}
and

B(A,h) = {z € cyl(A, h)| 3y ¢ cyl(A, h), (z,y) € E? and (z,y) intersects A — hi} .
For a given realization (¢(e), e € E%) we define the variable 7(A, h) = 7(cyl(A, h), ) by

(A, h) = 7(cyl(A,h),T) = ¢(AP — Al in cyl(4, R)),
and the variable ¢(A, h) = ¢(cyl(A, h), V) by
B(A,h) = Bleyl(A,R),7) = G(B(A,h) — T(A,h)in cyl(4, b)),

where ¢(F; — Fy in C) is defined previously.

‘We recall that as soon as
/ rdF(z) < o0,
[0,+00[

for all function i : N — R™ such that lim,, ., h(n) = 400, the limit
. . E[r(nA,h(n))]
v(v) = nhllgo THEL(nd)
exists and depends only on F', d and ¥, one of the two unit vectors normal to A, and not on A and
h. Moreover, under assumptions on F', or on ¢ and A, we also know that

. 71(nA, h(n))
nh—>nolo Hd_l (nA)
(see the introduction of the thesis).
We will prove the following theorem:

= y(¥) as.andin L',

THEOREM 5. Let A be a non degenerate hyperrectangle, and U one of the two unit vectors
normal to A. Let h : N — R such that lim,,_.o, h(n) = +o0o. The upper large deviations of
7(nA, h(n))/H=Y(nA) depend on the tail of the distribution of the capacities. Indeed, we obtain
that:

i) if the law of the capacity of the edges has bounded support, then for every \ > v(vU) we have

. -1 T(nA, h(n))
G- Wt T () min (), ) 28T { HI1(nA)
the upper large deviations are then of volume order for height functions h such that h(n)/n is
bounded, and of order n® if lim,, .o h(n)/n = +oo.
ii) if the capacity of the edges follows the exponential law of parameter 1, then there exists
no(d, A, h), and for every \ > v(¥) there exists a positive constant D depending only on d and \
such that for all n > ng we have

(3.2) P [r(nA, h(n)) > NH* 1 (nA)] > exp(—DH* ' (nA)).

> A

> 0;
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iii) if the law of the capacity of the edges satisfies
Vy >0 /ewdF(x) < 00,
then for all A > v(¥) we have

) 1 T(nA, h(n))

We also prove the following partial result concerning the variable ¢:

2/\} = —0.

THEOREM 6. Let A be a non degenerate hyperrectangle in R?, of normal unit vector U, and
h : N — RY be a function satisfying lim,_,o, h(n) = +oc. We suppose that the law of the
capacities of the edges admits an exponential moment. Then for every A > v(¥), we have

lim sup log P[p(nA, h(n)) > AH* 1 (nA)] < 0.

1
n—00 Hd_l(nA)h(n)
REMARK 8. We recall the reader that the asymptotic behaviour of ¢(nA, h(n))/H = (nA)
for large n is not known in general. For straight cylinders, i.e., cylinders of basis A of the form
Ztll [ai, b;i] x {c} with real numbers a;, b; and ¢, we know thanks to the works of Kesten [41] and
Zhang [59] that ¢(nA, h(n))/H " (nA) converges a.s. towards v/((0,...,0,1)) when n goes to
infinity, and in this case the upper large deviations of ¢(nA, h(n))/H?(nA) have been studied
in the Chapter 2: they are of volume order, and we could even prove the corresponding large
deviation principle. For tilted cylinders, we don’t know the asymptotic behaviour of this variable
(see Chapter 4 and Chapter 5 for partial answers), but looking at the trivial case where t(e) = 1
for every edge e, we can easily see that 7(nA, h(n)) and ¢(nA, h(n)) do not have the same
behaviour for large n. However, in the case where lim,, ., h(n)/n = 0, we also know that
limy, oo #(nA, h(n))/H (nA) = v(¥) almost surely, at least under hypotheses on F, or on @
and A, so in this case we really study here the upper large deviations of the variable ¢(nA, h(n)).

REMARK 9. Even for the variable 7(nA, h(n)), when we know that v (%) is the almost sure
limit of the rescaled flow under some hypotheses on F' or on ¥ and A, we only investigated the
upper large deviations of the variable, and we did not prove the corresponding large deviation prin-
ciple. The idea used in Chapter 2 to prove a large deviation principle for the variable ¢(nA, h(n))
in straight cylinders is the following: we pile cylinders, and we let a large amount of flow cross
the cylinders one after each other, using the fact that the top of a cylinder, i.e. the area through
which the water goes out of this cylinder, is exactly the bottom of the cylinder above, i.e. the area
through which the water can go into that cylinder. We cannot use the same method to prove a large
deviation principle for 7(nA, h(n)), even in straight cylinders, because in this case we cannot glue
together the entire area through which the water goes out of a cylinder with the entire area through
which the water goes into the cylinder above. In the case of tilted cylinders we even loose the
symmetry of the graph with regard to the hyperplanes spanned by the faces of the cylinder. These
symmetries were of huge importance in the proof of the large deviation principle from above for
d(nA, h(n))/H41(nA) in Chapter 2.

2. Upper large deviations for the rescaled variable 7(nA, h(n))/H% "1 (nA)

2.1. Geometric construction. To study these upper large deviations, we will use exactly
the same idea as in the proof of the strict positivity of the rate function of the large deviation
principle we proved in Chapter 2. Thus the main tool is the Cramér Theorem in R. We will
consider two different scales on the graph, i.e., cylinders of two different sizes indexed by n
and N, with N very large compared to n. We want to divide the cylinder cyl(N A, h(N)) into
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images of cyl(nA, h(n)) by integer translations, and to compare the maximal flows through these
cylinders. In fact, we will first fill cyl(N A, h(N)) with translates of cyl(nA, h(n)) and then move
slightly these translates to obtain integer translates. The problem is that we want to obtain disjoint
small cylinders so that the associated flows are independent, therefore we need some extra space
between the different images of cyl(nA, h(n)) in order to move them separately and to obtain
disjoint cylinders. The sets of edges we will have to add in order to glue together the different
cutsets in the small cylinders to obtain a cutset in the big one are needed to correct the lack of
subadditivity of the maximal flow in the case of tilted cylinders, as explained in the introduction
of this thesis. The last remark we have to do before the beginning of the complete proof is that we
may not divide the entire cylinder cyl(IVA, h(IN)) into slabs, but a possibly smaller one, namely
cyl(NA, Mh(n)) for Mh(n) < h(N). Indeed, we will see that the upper large deviations of
T(N A, h(N)) are related to the behaviour of the edges of the cylinder that are "not too far” from
N A, because the cutset is pinned at the boundary of N A so he cannot explore regions too far away
from NAin cyl(NA, h(N)).

Let A > v(¥) and € > 0 such that A\ > v(¥) + 3e. We take an h as in theorem 5, a large N
(we will precise how large it is), and a smaller n. We define cyl'(nA, h(n)) as

cyl'(nA, h(n)) = {z+t¥|z € hyp(A), d(x,nA) < (/2 and t € [-h(n)—C(/2,h(n)+/2]}.
We fix an M = M (n, N) such that M (2h(n)+¢) < 2h(N). We divide cyl(NA, M (h(n)+(/2))
into slabs S;, i = 1, ..., M (n, N), of the form
Si ={z+ti|lxe NA, t e T}
where
7 = [=M(h(n) +¢/2) + (i = 1)(2h(n) + ), =M (h(n) + ¢/2) +i(2h(n) + ()]

(see Figure 1). By a euclidean division of the dimensions of .S;, we divide then each .S; into
m translates of cyl'(nA, h(n)), which we denote by S} ;, j = 1,...,m, plus a remaining part
S} m+1- Here m is smaller than M(n, N) = |HA"Y(NA)/HI1(nA)|. Each S} ; is a translate
of cyl'(nA, h(n)), which contains cyl(nA, h(n)), and so we denote by D; ; the corresponding
translate of cyl(nA,h(n)) by the same translation (D; ; C S; ;). See Figure 2 which illustrates
these definitions.

For all (4, j) there exists a vector i; j in R? such that ||@; j|lc < 1and B;j = D; j + ;; is
the image of cyl(nA, h(n)) by an integer translation, i.e., a translation whose vector has integer
coordinates; moreover we have B; ; C SZ(’]-, so the B; ; are disjoint. We define 7; = 7(.5;, ¥) and
7;; = 7(Bi,j, V). Now we denote by E the set of the edges which belong to £ C R? defined by

& ={z+ti|lze NA, d(z,0(NA)) <2Cand t € [-M(h(n)+ (/2), M(h(n) + (/2)]}.
We denote also by Ej ; the set of the edges which belong to & ; C R¢ defined by

Eoi = {z+1tT|z e NA, te T/In (U V(S ;,3¢) U 5§,m+1> ;
j=1

where
T = [=h(N) + (i — 1/2)(2h(n) 4 ¢) — 3¢, —=h(N) + (i — 1/2)(2h(n) + ¢) + 3¢]..

Foralli € {1,..., M(n, N)}, if we denote by F; ; a set of edges that cuts the lower half part from
the upper half part of the cylinder B; ;, then UL, F; ; U Ep; U Ey separates the lower half part
from the upper half part of cyl(N A, h(IN)). Thus we obtain that

Vie{l,..,M(n,N)}, T(NAR(N)) < Y 7i;+V(E1UEp,),
j=1
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2 cyl(NA,h(N))

2h(N) M (n, N)(2h(n) + ()

2h(n) +¢

FIGURE 1. cyl(NA,h(N)) and S;.

St Dy, Sttt

W e

FIGURE 2. The slab S;.

SO

P[r(NA, h(N)) ZXH' (N A)]

<P {Vi e{l,...,M(n,N)}, ZTiJ + V(E, UEQ7Z') > )\'Hd_l(NA)-I
j=1



2. UPPER LARGE DEVIATIONS FOR 7(N A, H(N)/HP~1(N A) 81

<P {\ﬁ e{l,.M ZT,J > (A —e)HE I(NA)-|

+P[V(E) > aHd_l(NA) /2]
P[3ie{l,...,M(n,N)}, V(Eo) > eH*H(NA)/2] .

We study the different probabilities appearing here separately.

o Let
a(N,n) =P {w e{l,..M ZT” A —e)HI™ I(NA)-I :
By independence of the families (7; j,7 = 1,...,m) for different ¢+ we have
M M(n,N)
®(N,n) =P Z YHI YN A)
[M(n,N,A) M(n,N)
< P Z T1,5 > ()\ — €)Hd_1(NA)
j=1
i M(n,N,A) G) M(n,N)
<P ; Z _ ™ >\N—¢
= | M(n,N,A) < HiI-Ll(nA) = J ’
L j=1

where we remember that
M(n,N,A) = [H*H(NA)/H (nA)],

and (ﬂsj ), j € N) is a family of independent and identically distributed variables with Tr(bj ) =
7(nA, h(n)) in law. We know that E(7(nA, h(n)))/H?~1(nA) converges to v(¥) when n goes to
infinity so there exists ng large enough to have for all n > ng

E(7(nA, h(n)))
S S ARV
Hi-1(nA) —
In the three cases presented in Theorem 5, the law of the capacity of the edges admits at least one
exponential moment, and by an easy comparison between 7(nA, h(n)) and the capacity of a fixed
flat cutset in cyl(nA, h(n)), we obtain that 7(nA, h(n)) admits an exponential moment. We can
then apply the Cramér theorem to obtain that for fixed n > ng and A there exists a constant ¢
(depending on the law of 7(nA, h(n)), A and €) such that
M(n,N,A) 7_T(Lj) '|
A (nA) >A—¢ J <c<0,

v(t)+e < A—e.

1
limsup—logP | ————
Neoo M(n, N, A) [M(n,N, 4 =

and so for all n > ng and \ there exists a constant ¢’ (depending on the law of 7(nA, h(n)), A and
¢) such that

. 1
G NP M, Ny HTT(NA)
o To study the two other terms, we can study more generally the behaviour of
I(n,N)
Y, N) =P | Y t(e;) > eHIT (N A)/2
i=1

loga(N,n) < ¢ <0.
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We know that there exists a positive constant C' depending on d, A and ¢ such that

d—1
(3.5) card(Ep ;) < C’< + Nd—2n>
and
(3.6) card(Ey) < CN%2M(n, N)h(n).

The values of I(n, N) we will consider are
lo(n,N) = C(N1n~ ' + N 2p) and [1(n,N) = CN2M(n,N)h(n).

The behaviour of the quantity (7, V) will depend on the law of the capacity we will consider.

2.2. Bounded capacities. We suppose that the capacity of the edges is bounded by a constant
K. Then as soon as

(3.7) 2Kl(n,N) < eH“Y(NA),
we know that y(n, N) = 0. It is obvious that there exists a ng such that for all fixed n > ny,
for all large N (how large depending on n), equation (3.7) is satisfied by lo(n, N). Moreover,
there exists a constant x(n, A,d, (, F) such that if M(n, N) < kN, then equation (3.7) is also
satisfied by l1(n, N) for all n. We choose M (n, N) to be as large as possible according to the
condition we have just mentioned, and the fact that M (n, N) < h(N)(h(n) 4+ ¢/2)~!; we define
Kk'(n) = (h(n) + ¢/2)~! and we choose
M(n,N) = min(k(n)N, ' (n)h(N)).

Thus, for a fixed n > ng, for all N large enough, we obtain that

P[V(E) > eH"H(NA)/2| + P[Fi€ {1,..,M(n,N)}, V(Ep:) > eHTH(NA)/2] =0
and then thanks to equation (3.4) we obtain that

. 1 o [TIVA (V)
WP TN A) min(N, h(N)) 8 | HII(NA)

so equation (3.1) is proved.

> A <0,

REMARK 10. The term min(n, h(n)) can seem strange in (3.1). We try here to explain
where it comes from. From the point of view of a minimal cutset, the heuristic is that a cutset
in cyl(nA, h(n)) separating the two half cylinders is pinned along the boundary of nA, so he
cannot explore domains of cyl(nA, h(n)) that are too far away from nA, i.e., at distance of order
larger than n. We think it is this point of view that gives the best intuitive idea of how things
work, but actually it is very difficult to study the position of a minimal cutset in the cylinder, so we
cannot use this idea to prove the dependence of upper large deviations in min(n, h(n)). From the
point of view of the maximal flow, we can also understand where this term min(h(n),n) comes
from. In fact, we can find of the order of n¢~! disjoint paths (i.e., with no common edge) that
cross cyl(nA, h(n)) from its upper half part to its lower half part using only the edges located at
distance smaller than Kn of nA for some constant K (thus all the edges of the box if h(n)/n is
bounded). If ~A(n)/n is bounded, we can consider paths that cross the cylinder from its top to its
bottom, and if h(n) > n, we can consider paths that form a part of a loop around a point of 9(nA)
- so they join two points of cyl(d(nA), Kn) that are on the same side of cyl(nA, h(n)) and that
are symmetric one to each other by the reflexion of axis the intersection of d(nA) with this side
(see figure 3 that shows these paths in dimension 2). Thus, if all the edges at distance smaller
that Kn of nA in the cylinder have a big capacity, then the variable 7(nA, h(n))/H* 1 (nA) is
abnormally big. The number of such edges is of order n?~! min(n, h(n)). We emphasize here
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cyl(nA, h(n))

~ n4~1 disjoint
paths

FIGURE 3. Disjoint paths near nA in dimension two.

the fact that ¢(nA, h(n)) does not have these properties, this is the reason why we expect for this
variable upper large deviations of volume order for all functions A.

2.3. Capacities of exponential law. The goal of this short study is to emphasize the fact that
the condition of having one exponential moment for the law of the capacity of the edges is not
sufficient to obtain the speed of decay that we have with bounded capacities. We will consider a
particular law, namely the exponential law of parameter 1, and show that we do not have upper
deviations of volume order in this case.

We suppose that the law of the capacity of the edges is the exponential law of parameter 1.
We know that E(exp(yt)) < oo for all v < 1. Let zp be a fixed point of the boundary 9(nA).
We know that there exists a path from the lower half cylinder (nA)g(") to the upper half cylinder

(nA);L(") in cyl(nA, h(n)) that is included in the neighbourhood of z( of diameter ¢ > 2d for
the euclidean distance, as soon as n > ng(d, A, h), where ng(d, A, h) is the infimum of the n
such that all the sidelengths of the cylinder cyl(nA, h(n)) are larger than ( (see figure 4). Thus

for all n > ng, every set of edges that cuts the upper half cylinder (nA)}f(n) from the lower half
cylinder (nA)g(n) in cyl(nA, h(n)) must contain one of the edges of this neighbourhood of x.
The number of such edges is at most K (d, (), where K is a constant depending only on d and (.
Thus the probability that all of them have a capacity bigger than AH~!(nA) for a A > v(?) is

greater than exp(— K \H?1(nA)). We obtain that for all n > ng(d, A4, h),
P [r(nA,h(n)) > NH* 1 (nA)] > exp(—KXH? ' (nA)).

2.4. Capacities with exponential moments of all orders. We suppose that the capacity of
the edges admits exponential moments of all order, i.e., for all § > 0 we have E(exp(6t(e))) < oc.
Then by a simple application of the Chebyshev inequality, we obtain that

(3.8) v(n,N) < exp {—H‘H(NA) (928 _ i, N);dg_li(;(j)(et(emﬂ .
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path of edges

nA

FIGURE 4. Path of edges included in a neighbourhood of z.

We want to be able to choose the term
Oz I(n,N)logE(exp(ft(e)))
2 HA-1(NA)
as big as we want. For a fixed R > 0, we can take § > 0 large enough to have 6 > 4R. If there

exists 1 such that for a fixed n > ny, for all N sufficiently large (how large depends on n), we
have

l(n,N)
HA=1(NA)
then for a fixed n > n;, for all large N, we would obtain

v(n,N) < exp (~RH" 1 (NA)) .
We consider now the values of ly(n, V) and I;(n, N). Looking at [ (n, N), we realize that we
have to impose a condition on M (n, N). Considering the result we want to prove, we can choose
M (n, N) satisfying, for each fixed n,

im MM g ad dm M(n,N) = 4o
N—oo N N—o0

(3.9) log E(e?¢)) < R

If h(N)/N does not converge towards 0, we thus consider a small cylinder inside the cylinder
cyl(N A, h(N)), but we impose that its height goes to infinity with N. Under this hypothesis, we
obtain that for all R, for every fixed n, for all large N, condition (3.9) is satisfied by /;(n, N).
Thus, for all fixed n, thanks to (3.6), we obtain that
1
3.10 li —_—
(3.10) imsup HIT(NA)
For all R, we can find a n; such that for all n > ny, for all large IV, the condition (3.9) is satisfied
by lo(n, N). Since our choice of M (n, N) implies that
. logM(n,N)
lim ———+~
N—oo Hdil (NA)
thanks to (3.5), we obtain that for all fixed n > nq,
(3.11)

logP [V (E1) > e H(NA)/2] = —cc.

=0,

lim sup

N Mlogp {HZ € {1, ...,M(’I’L, N)}, V(EO,Z) > EHd_l(NA)/Q] — —o.
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Combining (3.10), (3.11) and (3.4), since limyx_,oc M (n, N) = 400, we have proved (3.3). This
ends the proof of Theorem 5.

3. Partial result concerning the upper large deviations for ¢(nA, h(n))/H%~!(nA) through
a tilted cylinder

We have already written the main part of the proof of Theorem 6 in the previous section. We
keep all the notations introduced previously. The proof of Theorem 5 was based on the following
inequality:

m
Vie{l,..,M(n,N)}, T(NAR(N)) <> 7y + V(ELUEp,).

j=1
We recall that this inequality was obtained by noticing that if J; ; is a cutset that separates the
upper half part from the lower half part of B ;, then UL, F; ; U Eo; U Ey separates the upper
half part from the lower half part of cyl(/NVA, h(N)). Here we want to construct a cutset that
separates the bottom from the top of cyl(N A, h(IN)). We have no need to add the set of edges F1
in this context because we do not need to obtain a cutset that is pinned at (N A). Thus for all i,
UL, Fij U Ep,; cuts the top from the bottom of cyl(N A, h(NN)), and then we have

Vi € {1, ...,M(?’L, N)}, ¢(NA, h(N)) < iTiJ + V(Eo’z)
j=1

We obtain that for a fixed A > v(%), and € such that A > v(¥) + 3¢, we have by independence
Po(N A, h(N)) = XKL (N A)]

M(n,N) m
<P |: m {ZTZ'J‘ + V(E07Z') > )\Hd_l(NA)}
i=1 |j=1
M(n,N) [ m '|
< II (IP’ [Z Tij > (A — 5)Hd_1(NA)J +P[V(E;) > st—l(NA)}) :
i=1 j=1

We consider here the maximal M (n, N), i.e.,

Indeed, we do not need to make any restriction on M (n, N') because we do not have to consider
the set of edges F; whose cardinality depends on M (n, V).

From now on we suppose that the capacity of the edges admits an exponential moment. Thanks
to the application of the Cramér theorem we have already done to obtain (3.4), we know that for
all n > ng there exists a positive ¢’ (depending on the law of 7(nA, h(n)), A and ) such that

. 1

IOgP |:Z Ti,j > ()\ - 5)Hd_1(NA)
j=1

On the other hand, let & > 0 be such that E(exp(6t(e))) < oo. Thanks to equation (3.8),
obtained by the Chebyshev inequality, and (3.5), we have for this fixed 6:
[lo(n,N) -|
PV (Eo,) > eH" ' (NA)] < P { > t(e) > eHTH(NA)

i=1

< exp {—HH(NA) (05 _lo(n,N) logE(exp(Qt(e))))}

2 HI-T(NA)
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Since lp(n, N) < C(N9tn~1 + N92p), we know that there exists n; such that for all n > nj,
for all N large enough (how large depending on n), we have

lo(n, N)log E(exp(6t(e))) < Oe

HI-T(NA) =

and then

6
(3.13) P[V(Eo;) = eHT (N A)] < exp (fHd_l(NA)ZS) .
Combining equations (3.12) and (3.13), since M (n, N) is proportional to h(N) for a fixed n,
Theorem 6 is proved.



Part 2

Lower large deviations for maximal flows in
cylinders






CHAPTER 4

On the small maximal flows from the top to the bottom of a straight
cylinder

We consider the standard first passage percolation on Z?: with each edge of the lattice we
associate a random capacity. We are interested in the maximal flow through a cylinder in this
graph. Under some assumptions Kesten proved in 1987 a law of large numbers for the rescaled
flow. Chayes and Chayes established that the large deviations far away below its typical value are
of surface order, at least for the Bernoulli percolation and cylinders of certain height. Thanks to
another approach we extend here their result to higher cylinders, and we transport this result to the
model of first passage percolation.
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1. Definitions and main result

We use the notations introduced in [40] and [41]. Let d > 2. We consider the graph (Zd, Ed)
having for vertices Z¢ and for edges E? the set of the pairs of nearest neighbours for the standard
L' norm. With each edge e in E? we associate a random variable (e) with values in RT. We
suppose that the family (¢(e), e € E?) is independent and identically distributed, with a common
distribution function F'. More formally, we take the product measure P on 2 = [] cga[0, 00|, and
we write its expectation E. We interpret ¢(e) as the capacity of the edge e; it means that ¢(e) is the
maximal amount of fluid that can go through the edge e per unit of time. For a given realization
(t(e), e € EZ) we denote by ¢f; n = ¢B the maximal flow through the box

d—1
B(Eu m) = H [07 kl] X [Ovm] )
i=1
where k = (k1,...,kg_1) € Z41, from its bottom
d—1

Fy = JJI0, k] x {0}

1=1
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to its top
d—1

Fo = [0, k] x {m}.

i=1
Let us define this quantity properly. We remember that E? is the set of the edges of the graph.
An edge e € E? can be written e = (x, y), where z, y € Z? are the endpoints of e. We will say
that e = (x,%) belongs to a subset A of R? (¢ € A) if the segment joining = to y (eventually
excluding these points) is included in A. Now we define E as the set of all the oriented edges,
i.e. an element ¢ in E7 is an ordered pair of vertices. We denote an element & € E¢ by ((x,y)),
where z, y € Z¢ are the endpoints of ¢ and the edge is oriented from = towards yy. We consider
now the set S of all pairs of functions (g,0), with g : E? — R* and 0 : B¢ — E¢ such that

o((z,y)) € {((z,9)), ({y,2))}, satisfying
e for each edge e in B we have

0 < gle) < tle),
e for each vertex v in B ~\ F},, we have
o= Y g
e€B:o(e)=((v,")) e€B:o(e)=((-,v))
A couple (g,0) € S is a possible stream in B: g(e) is the amount of fluid that goes through the
edge e, and o(e) gives the direction in which the fluid goes through e. The two conditions on
(g,0) express only the fact that the amount of fluid that can go through an edge is bounded by its
capacity, and that there is no loss of fluid in the cylinder. With each possible stream we associate
the corresponding flow

flow(g,0) = > 9w V) Do) = ((u,0)
u¢ Fm , vEFm : (u,v)EEINB

— 9({u, V) Lo((uwh)=((v,u)) -

This is the amount of fluid that crosses the cylinder B if the fluid respects the stream (g, 0). The
maximal flow through the cylinder B is the supremum of this quantity over all possible choices of
stream

¢B = ¢, = sup flow(g,o).
(g,0)€S

We denote by p.(d) the critical value of the parameter of the Bernoulli percolation in dimen-
sion d. We will prove the following result:

THEOREM 7. We suppose that
F(0) < 1-pe(d).

There exist a positive constant £y, depending only on d and F', and a positive constant C, depend-
ing only on d, such that for any function h : N — N satisfying

we have

- 1 d—1
Ve < gg hnnllcgf —aT InP [¢(n,...,n),h(n) <en ] >C > 0.

The condition F'(0) < 1 — p, is necessary for this result to hold. Indeed, Yu Zhang (see [58])
proved in dimension 3 that for a function F’ satisfying

F0) =1-pc and / zdF(z) < o0
[0,4-00]
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we have
Ok1),m
k,l,m—o0 kl
The spirit of this result is not new, Chayes and Chayes proved in [20] (see Lemma 3.3) the
following theorem:

=0.

THEOREM 8. We suppose that the capacity t of each edge follows a Bernoulli law of parameter
p satisfying p > p.. Then there exist positive constants €, C such that
Ond—1

-----

for n sufficiently large.

To prove it they divide the cylinder into thin layers, compare each one of them to objects
of dimension 2 and use the results of [2]. Because of the passage in dimension 2, it seems to
us that this proof can only be extended to cylinders B((n,...,n), h(n)) with a height satisfying
lim,, oo Inh(n)/n = 0. This is the constraint we have in dimension 2, but not in higher di-
mensions. Actually the condition lim,, ., In h(n)/n?"t = 0 is the good one, in the sense that
in the model of Bernoulli percolation if h(n) = exp(kn?~!) for a constant k sufficiently large,
the maximal flow @(,,,... ) n(n) tends to 0 almost surely. Indeed if the n?=1 vertical edges of the
cylinder that intersect one fixed horizontal plane have all 0 for capacity then ¢, .. ») n(n) = 0. By
independence and translation invariance of the model, we obtain, for k large enough

P [0 #0] < 1= @™ 0.

The proof of Theorem 7 is based on the coarse graining techniques of Pisztora (see [49]).
Actually we don’t need estimates as strong as those of Pisztora for the renormalization scheme.
We will use a weaker version of these results as in [19]. Moreover we won’t use the general
stochastic domination inequality (see [49], [46]), it is sufficient here to use a partition of the space
into equivalence classes to get rid of problems of dependence between random variables, as we
will see in section 4.2.

We will first study two particular cases of this result in the model of Bernoulli percolation,
that will allow us to deal very simply with the proof of the main theorem in general first passage
percolation.

2. Max-flow min-cut theorem

The definition of the flow is not easy to deal with. The maximal flow ¢ can be expressed
differently thanks to the max-flow min-cut theorem (see [12]). We need some definitions.

A path on a graph (Z¢ for example) from vg to v,, is a sequence (v, €1, ..., €y, vy, ) Of vertices
Vg, ..., Un, alternating with edges ey, ..., e, such that v;_; and v; are neighbours in the graph, joined
by the edge e;, for i in {1, ...,n}. Two paths are said disjoint if they have no common edge.

A set E of edges of B(k,m) is said to separate F{) from F,, in B(k,m) if there is no path
from Fy to Fy,, in B(k,m) ~ E. We call E an (Fy, F,,,)-cut if E separates F{) from F}, in B(k, m)
and if no proper subset of E does. With each set E' of edges we associate the variable

V(E) = t(e).
ecl
The max-flow min-cut theorem states that

¢p = min{ V(E) | E is an (Fy, Fy,) — cut } .

In the special case where t(e) belongs to {0, 1}, i.e. the law of ¢ is a Bernoulli law, the flow
has an other simple expression. In this case, let us consider the graph obtained from the initial
graph Z% by removing all the edges e with t(¢) = 0. Menger’s theorem (see [12]) states that the
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minimal number of edges in B(E, m) that have to be removed from this graph to disconnect Fj
from F},, is exactly the maximal number of disjoint paths that connect Fj to F;,,. By the max-flow
min-cut theorem, it follows immediately that the maximal flow in the initial graph through B from
Fpy to F;, is exactly the maximal number of disjoint open paths from Fj to F;,,, where a path is
open if and only if the capacity of all its edges is one.

3. Bernoulli percolation for a parameter p near 1

We consider that the capacity ¢ of each edge follows the Bernoulli law of parameter p, with
p = P[t = 1] as close to 1 as we will need. Remember that here the maximal flow through a
cylinder B is the maximal number of disjoint open paths from the bottom to the top of B. We will
first prove the following theorem:

THEOREM 9. Forall ¢ in [0, 1], there exist po(e,d) < 1 and a constant C' depending only on
the dimension d such that for any function h : N — N satisfying
Inh
lim — (n)

n—oo nd—1

=0

and for all p > py we have

lim inf —

d—1 /
n—oo  pd—1 InP [¢(n,...,n),h(n) <en ] > > 0.

To simplify the notations during the proof of this theorem, we define
a(e) = Pléwm,..nynm < en® ]
Thanks to the max-flow min-cut theorem, we know that
ae) =P {there exists a (Fo, Fy(n)) — cut E satisfying V(E) < 5nd*1} .

We need to define a notion of o-connection. We associate with each edge e a plaquette P(e)
which is the only unit square of R? of the form P; + (n1,...,nq) that intersects e in its middle,
where (n1,...,ng) € Z%and P; = [-1/2,1/2)""1 x {1/2} x [~1/2,1/2]%F for 1 < i < d.
We say that two edges e; and ey are o-connected if and only if P(ey) N P(e2) # 0. According
to Kesten (see [41]) a (Fo, Fh(n))—cut is o-connected. Moreover, it is obvious that a cut contains
at least n%~! edges (to cut the n%~! possible vertical paths). In particular, if we consider a fixed
vertical path and if we denote by (e;,i = 1,..., h(n)) the edges of this path, a (Fp, Fj,(,))-cut £
must contain at least one of these e;. We can then find a subset E’ of E' which contains exactly
n4=1 edges, including one of these e;, and which is o-connected. Obviously if V(E) < end~!
then V(E’) < en?"!. Finally we can relax the constraint for £’ to be in B, and by translation
invariance of the model we can suppose that £’ contains a determined edge eg. We deduce from
these remarks that

h(n)

ale) < Z P [there exists a (Fo, Fyy)) —cut E s.t. V(E) < end™t and e; € E]

i=1
h(n) P { there exists a o —connected set E' of n?! edges
such that V(E') < en® ! and ey € E’

h(n) ZP lz tle) < end_ll ,
A

ecA

IN

IA

where the sum is over the o-connected sets A of n1 edges including eg. We know (see [41])
that there exists a constant ¢ > 1 depending only on the dimension d such that the number of
such possible sets A is bounded by ™', We deduce then, thanks to the exponential Chebyshev
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inequality, that, for all A > 0,

TLd_l

ale) < h(n)c”dile/\mdilE [e_”]

< exp (—nd_l {—1225?) “Inc+A1—¢)—In(p+ (1 — p)eA)D .

We choose A such that
AM1l—¢) > 3lnec,

and then py < 1 (depending on d and ¢) such that for all p > py we have
In (p+ (1 —p)eA) <lnec.
We conclude that

Inh
Vp > po a(e) < exp (—nd_l {lnc— ndf?)}) .
n

This ends the proof of theorem 9.

4. Bernoulli percolation

We consider now that the law of ¢ is a Bernoulli law with a fixed parameter p > p.. We will
prove the following result:

THEOREM 10. For any p > p., there exist a positive € (depending on d and p) and a positive

constant C" (depending only on the dimension d) such that for any function h : N — N satisfying
Inh(n

lim (n)

=0
n—oo nd—1

we have 1
.. d—1
Ve < g9 lim inf —F InP [¢(n,...,n),h(n) <en ] >C" > 0.

n—od

The proof of this theorem is based on the coarse graining techniques of Pisztora (see [49],
[19]). The idea is to use a renormalization scheme: instead of looking at what happens for each
edge, we try to understand what are the typical properties of the edges in a box, and to deduce
some properties for the entire graph.

4.1. Coarse graining. Let A be a box. We define its inner vertex boundary as
O"A = {zxeA|FydA, |-yl =1}.

An open cluster within A is said crossing for A if it intersects each of the 2d faces of 9" A. The
diameter of a set A is given by diam(A) = max;—1._4Sup, ,c4 [7; — yi|. We now consider the
event

U(A) = {there exists an open crossing cluster in A}

and, for m less than or equal to the diameter of A,
W (A, m) = {there exists a unique open cluster in A with diameter >m}.
Let A(n) be the square box | — n/2,n/2]%. We know that
LEMMA 2. For all dimension d > 2 and for all p > p., we have
nan;O PU(A(n))] = 1.
Moreover, there exists a finite constant v (depending on d and p) such that

T}LIEOP[W(A(n),Vlnn)] =1.
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For a proof, see [19]. In particular, this lemma implies that
Jim P(W(A(n),n/3)) =

To use this estimate, we will rescale the lattice. Let /& be a positive integer. We divide Z¢ into
small boxes called blocks of size K in the following way. For z = (z,...,z4) € 7%, we define
the block indexed by z as
where Kz is the vertex (Kz, ..., Kz,). We remark that the blocks partition R%. Let A be a region
of R, we define the rescaled region Ay as

Ag = {z€Z!|Br(x)NA#0} .

For z € Z¢, we define next a neighbourhood of the block Bk (z), called the event-block, as
JJ) = U Bk (M) y
u

where the union is over the vertices u = (uy,...,u;) € Z% satisfying max; <;<q |z; — ;| < 1.
Finally we define the block process (X (z),z € Z9) as

VeeZ'  Xk(w) = Lumge) X tweew. ) % 1] Wweew s
yEY

where Y = {(£K/2,0,...,0),(0,£K/2,0,...,0),...,(0,...,0,£K/2)}. We say that the event-
block B (x) is good if X K( ) = 1; it is bad otherwise. According to lemma 2, we know that
for a fixed z the variable X i (z) is a Bernoulli random variable with parameter 1 — dx, where
limg o 6 = 0. This way we obtain a dependent percolation by edges on the rescaled lattice.

Now if we have a L!-connected path of good event-blocks (B (z;),i € I) in the rescaled
lattice from the bottom to the top of a rescaled cylinder B, we can find an open path from the bot-
tom to the top of the corresponding cylinder B in the initial graph which is completely included
in U;e;Bx (x;). Indeed, take z, y and z three successive elements of the L!-connected sequence
(z;,7 € I). Suppose (for the recurrence) that we have already constructed an open path ~y in
Bk (z) U Bi (y) which joins the two opposite faces of 9" (B (z) U Bk (y)) at distance 2K (the
ones perpendicular to the direction of the vector y — x). We know that B (y) and By (z) are good
event-blocks, so the events U (Bx (y)), U(Bxk(z)) and W(Bg (y) + ( y)K /2, K/3) occur. On
U(Bk(y)) N U(Bk(z)), we know that there exists an open path v} (respectively ~4) in By (v)
(respectively B (z)) that join the two opposite faces of 9" By (y) (respectively 0" By (z)) per-
pendicular to the direction of the vector z — y. Moreover, since W(Bg (y) + (z — y)K/2, K/3)
occurs, 7] and ~4 are connected by an open path v3in Bg (y) + (2 —y) K /2 because of the unique-
ness of the open cluster of diameter greater than K/3 in Bx (y) + (z — y)K /2 (see figure 1). So
7" = 71 U~5 U3 contains an open path in By (y) U Bk (z) which joins the two opposite faces of
9™ (Bk (y) U Bk (z)) at distance 2K (the ones perpendicular to the direction of the vector z — y).
Fmally the event W (B (y), I£/3) occurs so we know that y and 4" are connected by an open path
7" in B (y) (see figure 2). From an event-block to another, we can build the desired open path
from the bottom to the top of the cylinder B, and it lies indeed in U;c; Bx (z;). Moreover, if we
have N disjoint L'-connected paths of good event-blocks, that we denote by (Bl (z;),i € I;),
j =1,..., N, in the rescaled lattice from the bottom to the top of a rescaled cylinder B, we can
find N disjoint open paths from the bottom to the top of the corresponding cylinder B in the initial
graph, because the sets [; are pairwise disjoint and so are the sets U;e s, By (z;), which contains
the different open paths constructed as previously.

4.2. Proof of theorem 10. As previously we use the notation

ale) = P[Bn,.nynm) < en® ]
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FIGURE 1. Construction of the open path - 1.

FIGURE 2. Construction of the open path - 2.

We define the cylinder
A(n) = [07 n]dil X [07 h(n)] )
and Ay, is the rescaled cylinder for an integer K which will be chosen soon.
According to the remark at the end of the previous subsection, we know that if there exist
en?~! disjoint paths of L'-connected good event-blocks from the bottom to the top of the rescaled

cylinder Ay (n), then there exist at least en?~! disjoint open paths from the bottom to the top of
A(n). Therefore

ale) < { there exist less than en®! disjoint paths of good }
- event — blocks from the bottom to the top of A (n)
Now the arguments which will be used are very similar to those used in the proof of theorem 9.
The main difference is that the random variables (X (z), z € Z?) are not independent.
We work for the rest of the proof in the rescaled lattice. The notion of cut can be adapted easily
in the model of site percolation and the max-flow min-cut theorem remains valid in this model.
Thanks to the max-flow min-cut theorem applied in the rescaled lattice we obtain that

ae) <P {there exists a (&K,Fh(n)K) —cut E satisfying V(E) < Endfl] )

where here

V(E) = 3 Xk(z).

z€E
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Note that such a (Fo,., Fh(n)K)—cut contains at least u = | (n/K )% ] vertices. As previously, we
obtain

Z Xi(z) < 5nd_1} ,

h(n)
< P
ale) < L2y
A z€A
where the sum is over the L'-connected sets A of u vertices containing a fixed vertex z, of Z.
To deal with the variables (X (z),z € Z%) we introduce an equivalence relation on Z:
x ~ y if and only if 3 divides all the coordinates of = — y. There exist 3¢ equivalence classes

Vi, ..., Vaa in Z%. For a set of vertices E, we define
E' = EnV.

Now the variables (X (z),z € V;) are independent for a fixed I € {1,...,3%}, so we want
to consider only sums of variables indexed by vertices in the same equivalence class. For that
purpose, we remark that if 3>, 4 X (z) < en?! for some set A of u vertices and for some & <
1/K%1, then A contains at least u — |en?~!| bad event-blocks which are included in the subsets
Al ..., A% Thus there exists [ € {1,...,3%} such that A’ contains at least (u — [en®"'])/3% bad
event-blocks, so > - v Xk (z) < |AY| — (u — |en®=1])/3%. This remark leads to

3d
<yP LZ Xiclz) < A - ;dw—endl)} ,
=1

ze Al

P [Z Xi(z) < end1

z€A

where | A!| is the cardinal of A!. Now, thanks again to the bound on the number of possible sets
A and to the exponential Chebyshev inequality, we obtain as in the proof of theorem 9 that, for all
A >0,

34 l
04(6) < h;(n) ZZexp ()\ UAI| _ %(u _ 8nd_1)}>E [e—)\XK(gO)}\A |
A =1
h(n) * w — end—1 B
< M S e (A A AT e e 1))
ah(n cpd—1
= : }Ilé ) exp (—u {_IHCIWL 3%(1 i ) —In(1 4—(51{(8A — 1))}) ;

because |A'| < u. Now we choose first A such that

A
2 x 3
and then K large enough (depending on d and p), so i small enough, to have

In (1+0x(e* —1)) < Inc.

> 3lnc’,

We obtain . (
1 3°h(n) _yine
< < uinc
ves 2Kd-1 ofe) < K © ’

and this ends the proof.

5. Proof of theorem 7

We consider finally the general case of the first passage percolation model, with the condition

FO0) <1—pc.
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The distribution function F' is right continuous, so there exists a positive 7 such that
p="Pt>n =1-Fn) > p..
Now we consider a new family of random variables on E? defined as

t’(e) _ { 1 iftle)>n

0 otherwise
The family (#'(e),e € E?) defines an independent Bernoulli percolation of parameter p’ on the
lattice. We consider the rescaled lattice, and we say that an event-block is good if it is good for
this Bernoulli percolation according to the definition given in the previous section. We remark that

the existence of a path of good event-blocks in the rescaled lattice implies the existence of a path
of edges with a capacity greater than 7 in the initial graph. Therefore

a(e) =P [¢(n,...,n),h(n) < €nd71]
there exist less than %nd_l disjoint paths of good

<P
- event — blocks from the bottom to the top of A (n)

We proceed as in the proof of theorem 10 to obtain the desired estimate.






CHAPTER 5

Lower large deviations for maximal flows through a cylinder

This chapter is a joint work with Raphaél Rossignol.

We consider the standard first passage percolation model in Z? for d > 2. We are interested in
two quantities, the maximal flow 7 between the lower half and the upper half of the box, and the
maximal flow ¢ between the top and the bottom of the box. A standard subadditive argument yields
the law of large numbers for 7. Kesten and Zhang have proved the law of large numbers for ¢. The
two variables grow linearly with the surface s of the basis of the box, with the same deterministic
speed. We study the probabilities that the rescaled variables 7/s and ¢/s are abnormally small.
Using a concentration inequality, we show that these probabilities decay exponentially fast with s,
when s grows to infinity. Moreover, we prove an associated large deviation principle of speed s
for 7/s, and for ¢/s. For ¢, we require either that the box is sufficiently flat, or that its sides are

parallel to the coordinate hyperplanes.
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The model of maximal flow in a randomly porous medium with independent and identically
distributed capacities has been initially studied by Kesten (see [41]), who introduced it as a “higher

1. Introduction
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dimensional version of FPP”. The purpose of this model is to understand the behaviour of the
maximum amount of flow that can cross the medium from one part to another.

All the precise definitions will be given in section 2, but let us be a little more accurate. The
random medium is represented by the lattice Z¢. We see each edge as a microscopic pipe which
the fluid can flow through. To each edge e, we attach a nonnegative capacity ¢(e) which represents
the amount of fluid (or the amount of fluid per unit of time) that can effectively go through the
edge e. Capacities are then supposed to be random, identically and independently distributed with
common distribution function F'. Let A be some hyperrectangle in R? (i.e., a box of dimension
d—1) and n be an integer. The portion of media that we will look at is a box ;, of basis nA and of
height 2h(n), which n A splits into two equal parts. The boundary of B,, is thus split into two parts,
Al and A2. We define two flows through B,,: the flow 7,, for which the fluid can enter the box
through Al and leave it through A2, and the flow ¢,, for which the fluid enters B,, only through its
bottom side and leaves it through its top side. Existing results for ¢,, and 7,, are essentially of two
types: laws of large numbers and large deviation results. It is important to note that all the results
presented here were obtained for “straight” hyperrectangles A, i.e., hyperrectangles of the form

97110, a;] x {0}. In some ways, especially concerning the study of ¢, this simplifies the task.
Subadditivity implies a law of large numbers for 7,,. Kesten proved a law of large numbers for
¢, (see [41]), under various conditions on the height i (n) and the value of F'(0). Recently, in a
remarkable paper Zhang (see [S9]) improved Kesten’s conditions (see Theorem 13 below). Théret
proved a large deviation principle for ¢,, at volume order for upper deviations (see [55]). Lower
large deviations for ¢,, far from its typical behaviour were investigated for Bernoulli capacities in
[20], and for general functions in [56], and are shown to be of surface order, although a full large
deviation principle was not proved.

The main results of this paper are the lower large deviation principles for 7,, and ¢,, under
various conditions. More precisely, we shall show lower large deviation principles at the surface
order for 7,, for general A and height h(n), and for ¢,, when h(n) is small compared to n (see
Theorems 12 and Corollary 2.2). We also show a lower large deviation principle at the surface
order for ¢,, when log h(n) is small compared to n~! and when A is straight (see Theorem 15).
Unfortunately, when d > 3, we are not able to prove the lower large deviation principle for ¢,
through general hyperrectangles and heights (see Remark 23). Incidentally, we prove concentra-
tion results which are interesting on their own for ¢,, and 7,, for general hyperrectangles A (see
Theorem 11, Corollary 2.1 and Theorem 14 below).

The paper is organized as follows. In section 2, we give the precise definitions and state the
main results of the paper. Section 3 is devoted to the concentration results for 7, and ¢,,. Since
we need, for the large deviation principles, to have concentration of 7, /n%~! around its almost
sure limit, we prove the law of large numbers for 7, in this section. We prove the large deviation
principle for 7 in section 4, and the ones for ¢ in section 5.

2. Definitions and main results

2.1. Precise definitions. We use many notations introduced in [40] and [41]. Let d > 2. We
consider the graph (Z¢, E?) having for vertices Z¢ and for edges E?, the set of pairs of nearest
neighbours for the standard L' norm. With each edge e in E? we associate a random variable (e)
with values in R*. We suppose that the family (¢(e), e € E) is independent and identically dis-
tributed, with a common distribution function F': this is the standard model of first passage perco-
lation on the graph (Z%, E?). More formally, we take the product measure P on 2 = ], cga [0, 00],
and we write its expectation E. We interpret ¢(e) as the capacity of the edge e; it means that ¢(e)
is the maximal amount of fluid that can go through the edge e per unit of time.

For a given realization (t(e),e € E?), we define the maximal flow ¢(Fy — F; in C) from
Fyto Fy in C, where C' C R? (or by commodity in the corresponding graph C' N Z<) and F;, and
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Fy are two disjoint subsets of C. We remember that E¢ is the set of edges of the lattice Z?. We
will say that an edge e = (z, %) belongs to a subset A of R?, which we denote by e € A, if the
segment joining x to y (eventually excluding these points) is included in A. Now we define E? as
the set of all the oriented edges, i.e., an element € in E is an ordered pair of vertices. We denote
an element & € E9 by ((z,y)), where z, y € Z% are the endpoints of ¢ and the edge is oriented
from z towards y. We consider now the set S of all pairs of functions (g, 0), with g : E¢ — R*
and o : B¢ — E such that o((z,y)) € {{(z,y)), ((y,z))}, satisfying:

e for each edge e in C we have
0 < gle) < t(e),

e for each vertex v in C' . (Fp N F;) we have

Y. gle) = g(e),

e€C:o(e)=((v,)) eeC:o(e)=((-,v))
where the notation o(e) = ((v,.)) (respectively o(e) = ({.,v))) means that there exists y € Z¢
such that e = (v,y) and o(e) = ((v,y)) (respectively o(e) = ({y,v))). A couple (g,0) € Sisa
possible stream in C' from Fj to F: g(e) is the amount of fluid that goes through the edge e, and
o(e) gives the direction in which the fluid goes through e. The two conditions on (g, 0) express
only the fact that the amount of fluid that can go through an edge is bounded by its capacity,
and that there is no loss of fluid in the cylinder. With each possible stream we associate the
corresponding flow

flow(g,0) = > ({1, 0)) Lo(ru,o))=((usw)) = 9 V) Louw))=((v,u)) -
ueF) ,v¢C : (uw)eEd
This is the amount of fluid that crosses C' from Fj to F} if the fluid respects the stream (g, 0). The
maximal flow through C from Fj to F} is the supremum of this quantity over all possible choices
of stream
¢(Fo — F1in C) = sup{ flow(g,o0)|(g,0) € S}.

We stress here that our capacities (t(e), e € E%) are non-negative, so for every triplet (C, Fy, F}),
the maximal flow ¢(Fy — F} in C) is non-negative.

For a subset X of R?, we denote by #*(X) the s-dimensional Hausdorff measure of X (we
willuse s = d — 1 and s = d — 2). Let A C R? be a non degenerate hyperrectangle (for the
usual scalar product), i.e., a box of dimension d — 1 in R%, We stress here the fact that all the
hyperrectangle we will consider are non-degenerate, and they all will be supposed to be closed in
RY. We denote by ¥ one of the two vectors of unit euclidean norm, orthogonal to hyp(A), the
hyperplane spanned by A. For h a positive real number, we denote by cyl(A, h) the cylinder of
basis A and height 2h, i.e., the set

cyl(A,h) = {x+td|z € A, t € [—h,h]}.

The set cyl(A, h) \ hyp(A) has two connected components, which we denote by C;(A, k) and
Co(A,h). Fori = 1,2, let A be the set of the points in C;(A, k) N Z? which have a nearest
neighbour in Z¢ \ cyl(A4, h):

Al = {2 e Ci(A,R)NZY| Ty € Z < cyl(A,h), ||z —y| = 1},

where ||z —y|1 = 4 |2i—yi| if © = (z1,...,2q) andy = (y1, ..., ya). Let T(A, h) (respectively
B(A, h)) be the top (respectively the bottom) of cyl(A, h), i.e.,

T(A,h) = {z € cyl(A,h) |3y ¢ cyl(A,h), (z,y) € E? and (x,y) intersects A+ hv}
and

B(A,h) = {z € cyl(A, h) |y ¢ cyl(A, h), (z,y) € E? and (x,y) intersects A — hi}.



102 CHAPITRE 5. LOWER LARGE DEVIATIONS FOR MAXIMAL FLOWS THROUGH A CYLINDER

The notation (x, y) corresponds to the edge of endpoints x and y. We define two particular maxi-
mal flows through the cylinder cyl(A, h), the variable 7(A, h) = 7(cyl(A, h), ¥) by
T(A,h) = T(cyl(A,h),T) = $(A} — A} in cyl(A,h)),
and the variable ¢(A, h) by
$(A.h) = S(B(A,h) — T(A,h) in cyl(A,h)).

The maximal flow ¢(Fy — [y in C) can be expressed differently thanks to the max-flow
min-cut theorem (see [12]). We need some definitions. A path on the graph Z4 from vg to vy, is
a sequence (vg, €1, V1, ..., €y, Uy ) Of vertices vy, ..., v, alternating with edges ey, ..., e, such that
v;—1 and v; are neighbours in the graph, joined by the edge e;, for ¢ in {1,...,n}. Two paths are
said disjoint if they have no common edge. A set F of edges in C' is said to cut Fy from F} in C

if there is no path from Fj to F; in C' \ E. We call E an (Fy, F;)-cut if E cuts Fy from Fj in C
and if no proper subset of £’ does. With each set E' of edges we associate its capacity which is the

variable
V(E) = Z t(e).
eck
The max-flow min-cut theorem states that
¢(Fp — F1in C) = min{ V(FE) | E is an (Fy, F1) — cut }.
We finally define the r-neighbourhood V(H, r) of a subset H of R? as
V(H,r) = {z e R |d(z, H) <7},
where the distance is taken for the euclidean norm:

d(z, H) = inf{]lz —yl2|y € H},

where ||z —yll2 = /S (w1 — yi)? for o = (1, ..., 7a) and y = (1, ..., ya).

2.2. Results concerning 7. We have a law of large numbers for 7(A, h) in big cylinders
cyl(A, h). The following result, that we will prove in section 3.2, is a consequence of a subadditive
argument:

PROPOSITION 2.1. We suppose that the capacity of an edge is in L'. For every function

h : N — RT satisfying lim,, ., h(n) = +oo, for every non degenerate hyperrectangle A, the
limit

lim E(7(nA, h(n)))

n—co  Hi=1(nA)
exists and depends on the direction of ¥/, one of the two unit vectors orthogonal to hyp(A), and
not on A itself. We denote it by v(¥) (the dependence in F' and d is implicit). Moreover, if
F(0) <1—p.(d) and F' admits an exponential moment:

Iy >0 /ewdF(x) < 00,

we also know that for every function i : N — R satisfying lim,, .o, h(n) = +0o we have

. T(nAh(n))
Bl v vy yAC)

a.s.

Here p.(d) is the critical parameter for the Bernoulli percolation in dimension d.

REMARK 11. In fact, as we explained in the introduction of the thesis, we know that if
F(0) > 1 — p.(d) and E(t(e)) < oo, then v(¥) = 0 for all ¥ so there is no interest to study
P(X (nA,h(n)) < NHY 1 (nA)) for X = 7 or ¢ and A < v(¥) = 0.
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We will show two results, the first gives the speed of decay of the probability that the rescaled
flow 7 is abnormally small, and the second one states a large deviation principle for the rescaled
variable 7.

The estimate of lower large deviations is the following:

THEOREM 11. Suppose that F'(0) < 1 — p.(d) and that F' admits an exponential moment:
Iy >0 /ewdF(x) < 00.

Then for every € > 0 there exists a positive constant C(e, F,d) such that for every function
h : N — RT satisfying lim,, .o, h(n) = +oc, for every unit vector v and every non degenerate
hyperrectangle A orthogonal to U, there exists a constant C (d, F, A, h,e) (possibly depending on
all the parameters d, I, A, h, €) such that

T(nA, h(n)) . ~ d—1 d—1
P(?—[d_lmfl) S Z/(U) — & S C(d, F,A,h, 5) exp (—C(g,F,d)H (A)n ) .

Theorem 2 in [59] is the key to obtain the relevant condition F'(0) < 1 — p.(d). Now we can
state a large deviation principle:

THEOREM 12. Suppose that F(0) < 1 — p.(d) and that F' admits exponential moments of all
orders:

Vy >0 /ewdF(x) < o0,

Then for every function h : N — R satisfying lim,, .o, h(n) = +o0, for every unit vector v and
every non degenerate hyperrectangle A orthogonal to U, the sequence

satisfies a large deviation principle of speed H% (nA) with the good rate function Jz. Moreover
we know that J is convex on R, infinite on [0, §||7]|1 [U]v(¥), +o00[, where § = inf{\ |P(t(e) <
A) > 0}, equal to 0 at v(7), and if 0||V]|1 < v() this function is finite on |5||0]|1, v(¥)], continuous
and strictly decreasing on [6]|9||1, v(7)] and positive on [0||U]]1, v (V).

Obviously, this result is interesting only if v(¥) > §]||7||;. We shall prove in section 4.5
the following property, that implies that lower large deviations of surface order occur at least if
F((S) <1 _pc(d):

PROPOSITION 2.2. We suppose that the capacities are in L': [2dF(z) < oo. If F(§) <
1 — pc(d), then v(¥) > §]|9/]|; for all unit vector ¥. In the case § = 0, the previous implication is
in fact an equivalence.

REMARK 12. In his PhD-thesis [57], section 2, Wouts shows a similar lower large deviations
result in the context of the dilute Ising model. More precisely, for every temperature 7', a Gibbs
measure ¢, 7 with i.i.d nonnegative, bounded random interactions (J.).cga is constructed on the
set of configurations {0, 1}*», where FE,, is the set of edges of a cube B,, of length n, and O (resp.
1) means the edge is closed (resp. open). Wouts defines the quenched surface tension in this box as
the normalized logarithm of the ®,, 7-probability of the event that there is a disconnection between
the upper and lower parts of the boundary of B;,. Then, Wouts shows that for Lebesgue-almost
every temperature 7', the quenched surface tension satisfies a large deviation principle at surface
order. A remarkable feature of this work is that the proof, quite simple, relies on a concentration
property that avoids the use of any estimate like that of Theorem 16. A similar treatment could
be done in our setting, with the value of F'(0) playing the role of the inverse temperature. Of
course, this is quite artificial and unsatisfactory for our purpose, since one would not obtain any
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information for a precise distribution function F', but rather for almost all distributions of the form
pdo+ (1 —p)dF, p € [0,1]. Still, it seems to us that Wouts” method deserves further investigation.

2.3. Results concerning ¢ in flat cylinders. Under the additional assumption that the cylin-
der we study is sufficiently flat, in the sense that we suppose lim,,_,o h(n)/n = 0, we can trans-
port results from 7 to ¢ even in non-straight boxes, because the behaviour of these two variables
are very similar in that case. We obtain the two following corollaries:

COROLLARY 2.1 (of Theorem 11). Suppose that F(0) < 1 — p.(d) and that F' admits an
exponential moment:

dy>0 /e”dF(x) < 00.

Then for every € > 0 there exists a positive constant C'(e, F,d) such that for every unit vector
U, every non degenerate hyperrectangle A orthogonal to v and for every function h : N — Rt
satisfying lim,, .~ h(n) = +oo and lim,,_,, h(n)/n = 0, there exists a constant C'(d, F, A, h, €)
(possibly depending on all the parameters d, F, A, h, €) such that
P(nA, h(n)) — ~ / d—1 d—1

P (’Hd—l(nA) <v(¥)—e| < C'(d,F, A, h,e)exp (—C’ (e, F,d)yH* " (A)n ) :

COROLLARY 2.2 (of Theorem 12). Suppose that F'(0) < 1 — p.(d) and that F admits expo-
nential moments of all orders:

Vy >0 /e”dF(a;) < 00,

Then for every function h : N — R™ satisfying lim,, ., h(n) = 400 and lim,, o h(n)/n = 0,
for every unit vector ¥ and every non degenerate hyperrectangle A orthogonal to U, the sequence

satisfies a large deviation principle of speed H*~'(nA) with the good rate function Jy (the same
as in Theorem 12).

2.4. Results concerning ¢ in straight but high cylinders. Kesten proved in 1987 the law
of large numbers for ¢ in vertical boxes in dimension 3 under the additional assumption that
F(0) is sufficiently small and h(n) not too large (see [41]). In a remarkable paper, Zhang recently
improved Kesten’s result by relaxing the assumption on F'(0) to the relevant one F'(0) < 1—p.(d),

and extended it to any dimension d > 3 (see [59]). If we denote by A(k) the hyperrectangle
97110, k;] x {0}, Zhang proved the following result:

THEOREM 13 (Zhang 2007). Suppose F(0) < 1 — p.(d) and F admits an exponential mo-
ment:

Iy >0 /ewdF(x) < 00.
If k1, ..., kg1, m go to infinity in such a way that for some 0 < n < 1, we have

logm < max ]{:Z-lfn,
1<i<d—1
then .
Ak

L A m)

_ ; 1
Ty sy e v((0,...,0,1)) a.s. and in L.

We shall say that a hyperrectangle A is straight if it is of the form Hf;ll [0,a;] x {0} (a; € RS
for all 4). In particular, for a straight A, for every function h : N — R™ satisfying lim,, .o, h(n) =
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+00 and log h(n) < n'~" for some 0 < 1 < 1, we have

JL%W = r((0,...,0,1)) a.s. and in L.

Then we obtain a result similar to Theorem 11 for ¢ under the assumptions of Theorem 13:
THEOREM 14. Suppose that F(0) < 1 — p.(d) and that F admits an exponential moment:
3y >0 /e”dF(:c) < 00.

Then, for every € > 0 there exists a positive constant C" (e, F, d) such that for every non degen-
erate hyperrectangle A of the form H?;ll [0,a;] x {0} (a; € R} for all i) and for every function
h : N — R satisfying lim,, .o h(n) = 400 and log h(n) < n'~" for some 0 < n < 1, there
exists a constant C"(d, F, A, h, ¢) (possibly depending on all the parameters d, F, A, h, ¢) such
that
¢(nA7 h(n)) 1 " d—1 d—1
P <Hd_1(nA) <v((0,...,0,1)) —e ) <C"(d,F, A, h,e) exp (—C (e, F,dYH* " (A)n ) )
This result answers a question asked by Kesten in [41]. All the tools used to prove it are
contained in Zhang’s paper [59].

REMARK 13. Actually, we have this lower large deviations result under the assumptions that
F(0) < 1 — ps(d), F admits an exponential moment, h(n) < exp(H? !(nA)), and that the
quantity E(é(nA, h(n))/HY 1 (nA)) converges towards some limit x4 (replace v by a general
w in the previous inequality). Zhang gives us some conditions that imply the convergence of
E(p(nA, h(n))/HY1(nA)) towards v((0, ...,0,1)) in straight boxes. In the case where we have
lim,, oo h(n)/n = 0 as in the previous section, it is easy to see that E(¢(nA, h(n))/H "1 (nA))
converges towards v(7), and so Corollary 2.1 could also be proved directly like Theorem 14.

Using subadditivity and symmetry arguments we can prove a large deviation principle for ¢ in
straight boxes.

THEOREM 15. Suppose that F'(0) < 1 — p.(d) and that F' admits an exponential moment:

Iy >0 /ewdF(x) < 00,

Then for every function h : N — R7 satisfying lim,, ., h(n) = +o00 and lim,, . 1O§dh_(? ) =,

for every non degenerate straight hyperrectangle A, the sequence

satisfies a large deviation principle of speed H* 1 (nA) with the good rate function Jz with v =
(0,...,0,1) (the same as in Theorem 12).

REMARK 14. The strict positivity of the limit

Jim s PO, b)) > (0(0) + ) (04)

(which is proved during the proof of Theorem 15), together with the upper large deviations result
obtained in Chapter 2 and a simple Borel-Cantelli lemma, implies the law of large numbers for ¢
as the one that Zhang proved in [59]. The difference is that we send to infinity the lenghts of the
sides of the basis of our cylinder to infinity as the same speed, whereas Zhang consider in [59]
possible different speeds. Thanks to this restriction, we obtain a better condition on h than he can,

because the problem is easier.
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REMARK 15. Actually the condition lim,, o, log h(n)/n%~! = 0 is essentially the good one.
For instance, if A = [0,1]%! x {0}, h(n) > exp(kn?~!) for a constant k sufficiently large and
F(0) > 0, then the maximal flow ¢(nA, h(n)) eventually equals 0, almost surely. Indeed if the
n%=1 vertical edges of the cylinder that intersect one fixed horizontal plane have all 0 for capacity
then ¢p(nA, h(n)) = 0. By independence and translation invariance of the model, we obtain:

2exp(knd—1)

which is summable for k large enough, and so we conclude by the Borel-Cantelli lemma.

3. Lower large deviations

3.1. Concentration of the maximal flow around its mean. In this section, we obtain con-
centration inequalities for ¢(A, h) and 7(A, h) around their means. These inequalities, stated
below in Proposition 3.1, give the right speed for the lower large deviation probabilities. This will
be used in section 3.2 to prove the law of large numbers for 7, but above all this will be essential
to show the positivity of the rate function for lower large deviations in section 4.4.

Recall that through the max-flow min-cut theorem, we can express 7(A, h) and ¢(A, h) as
follows:

(5.1) 7(A,h) = min{V(E)|Eisa (A A})-cutin cyl(A,h)},
(5.2) #(A,h) = min{V(E)|Eisa(B(A,h),T(A,h))-cutin cyl(A,h)} .

We define E-(A, h) (resp. E4(A, h)) to be a cut achieving the minimum in (5.1) (resp. in (5.2)).
If there are more than one cut achieving the minimum, we use a deterministic method to se-
lect one with the minimum number of edges among these. To control the deviations of the flow
T(A, h) (resp. ¢(A, h)), the main ingredient is a control on the number of edges of E-(A, h) (resp.
E4(A, h)). This has been done recently under the condition that F'(0) < 1 — p.(d) by Zhang (see
Theorem 2 in [59]). Since we are interested in hyperrectangles A whose size is big, in the rest of
this section we shall always suppose that the side lengths of A are all larger than 1.

THEOREM 16 (Zhang 2007). Suppose that F(0) < 1 — p.(d) and F admits an exponential
moment:

Iy >0 /ewdF(x) < 00.

Then, there exist positive constants 3, lo, C and Co, depending only on F and d and such that,
for every hyperrectangle A having all its sidelengths bigger than ly, every h > 0 and every
n > FH*(A),

P(card(E-(A,h)) > n) < Cre” 2",
Furthermore, for every 0 < h < exp(H%"1(A)) and every n > fHI1(A),

P(card(Ey(A, h)) > n) < Cre=2".

REMARK 16. Actually, Theorem 2 in [59] is stated for ¢(A,h) only, and only with A a
hyperrectangle of the form [[¢=}'[0, k;] x {0}. But this result can be extended, as mentioned by
Zhang (see remark 2 in [59]). Theorem 1 in [59] states that under the same hypothesis on F'
(existence of an exponential moment and F'(0) < 1 — p.(d)), the minimal number of edges N (B)
of a set of edges of minimal capacity among those that cut a straight (not too high) box B from
the infinity satisfies the same kind of property: the probability that NV (B) is bigger than n decays
exponentially fast in n for sufficiently large n. Zhang uses his Theorem 1 in the proof of his
Theorem 2, but the proof of his Theorem 1 could also be directly adapted to prove his Theorem
2, or more generally an equivalent result about the number of edges of a set of edges separating
two given subsets of the graph: for us B(A,h) and T'(A, h), or A} and A%. The difference of
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condition on A in the two parts of Theorem 16 is linked to the fact that E-(A, h) is pinned at the
boundary of A and E4(A, h) is not.

In the sequel, the following simple deviation inequality shall be useful:
LEMMA 3. Suppose that F' admits an exponential moment:
Jy >0 /erF(x) < 00.

Then, there are positive constants Cs, Cy and Cs, depending only on F and d, such that, for any
hyperrectangle A, any h, and any u > CsHI71(A),

P(m(A,h) 2 u) < Cye™ ",

and

P(p(A, h) > u) < Cge 1%,

Proof :
Obviously, there is an (A%, A})-cut in cyl(A, h) containing at most ¢(d)H%!(A) edges, where
c¢(d) is a constant depending on d only: take a cut close to A itself (a more precise statement
appears below in Lemma 5, we can choose c¢(d) = d + d?). The flow through this specific cut is
bigger than 7(A, h) and ¢(A, h), and it is a sum of ¢(d)H%~!(A) independent capacities. Thus a
simple exponential Chebyshev inequality gives the result.
[

We can now state the main result of this section, the concentration property of ¢ and 7 around
their means.

PROPOSITION 3.1. Suppose that F'(0) < 1 — p.(d) and F' admits an exponential moment:
Iy >0 /ewdF(:E) < 00.

Then, there are positive constants [y, D1 and D, depending only on F' and d and such that, for
every hyperrectangle A having all its sidelengths bigger than [y, every h > 0 and every u > 0,
2

B(|7(A, h) — E(r(A4,h))| > u) < Dyexp (—M> +Drexp (W)

Furthermore, for every h < exp(H?1(A)) and every u > 0,

’U,2

P(6(A 1) ~ B@(A10)] > 0) < Drexp (g ) + Drew (- 5ot )

Proof :
Here we reason as Talagrand in the proof of (8.3.2) in [S4]. We shall prove the result for ¢, the
proof for 7 being entirely analogous. Let us denote by M a median of ¢(A,h). An immediate
consequence of Lemma 3 is that:

M < max {Cilog@cg),cmd—l(A)} .
4

Suppose that h < exp(H'(A)). Let 3, C1, Ca, C3 and Cj be the constants appearing in
Theorem 16 and Lemma 3. Let us say thata (B(A, h), T(A, h))-cutis a good (B(A, h),T(A, h))-
cut if it contains no more than

1 1
r = max {ﬂHd’l(A), o log(4Ch), - log(2C5), CM*(A)}
2 4

edges. Define
¢q(A,h) = min{V(F)|E is agood (B(A, h),T(A,h))-cutin cyl(A,h)},
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and let M, be a median of ¢4(A,h). Let S denote a family of sets of edges, (X¢),cge be a
collection of positive i.i.d. random variables, and Zs = infges > ccg Xe. By Proposition 8.3 in
[54], there is a universal constant K, such that, if E(exp(X./K)) < 2, then, for all u > 0,

P(|Zs — M| > u) < 4exp (—Ilfmin (ﬁ,u)) ,
where M is any median of Zs, and R = supgcg card S. Define:
log(2) 1}
logE(ert(€))’ ™[ ~

We apply this result with X, = K~t(e) and S the set of good (B(A, h),T(A,h))-cuts. These
cuts contain no more than r edges, and thus, » > R. Noticing that vy < ~, Jensen’s inequality
ensures that E(exp(X./K)) < 2:

)

0

E(exp(Xe/K)) = E(exp(rot(e))) < (E(exp(vt(e)))) ™ <2.
Thus, for every u > 0,

P(l6, (A, h) — M| > u/(K0)) < dexp (—;{,min {fu}) .

Thus, there is a constant K, depending only on F', and such that, for every u > 0:

1 . u?
P(|pg(A, h) — Mg| > u) < 4exp <_K’ min {T,u}) .

Also, Theorem 16 implies that for every hyperrectangle A having all its sidelengths bigger than [:
P(¢g(A,h) # $(A, h)) < Cre "

Thus, for every u > 0,
1 2
P(|¢(A, h) — Mg| > u) < 4dexp <_K’ min {i,u}) + Ciexp (—Car) .

Taking v = max{/rK’log(16), K'log(16)} in the above inequality, the right hand side becomes
lower than % Thus,

M — M,| < max{y/rK"log(16), K'log(16)} .

Therefore, we can find a positive constant K", depending only on F', such that:

K/l

Finally, the mean and median of ¢(A, h) are not far apart. Indeed, noticing that » > M, and using
Lemma 3 and inequality (5.3),

2
(5.3) P(|¢p(A,h) — M| > u) < K" exp <—1 min {i,u}) + Ciexp (—Car) .

B4 )~ M| < [ B(o(4, )~ M| > u) du

< /0 P(l6(A, h) — M| > u) du + /:o P(o(A, h) > u) du

r 1 . u?
/0 (K” exp <_K” min {r’ u}) + Cjexp (—Cgu)> du

+/ Csexp (—Cyu) du
vaK"r (4 n Cs

IN

< K// + =2
- 2 (s Cy
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Recalling that » > SH?1(A), we then deduce from inequality (5.3) that we can find positive
constants Dy and D3, depending only on F' and d and such that for every hyperrectangle A having
all its sidelengths bigger than Iy, every h < exp(H?1(A)) and every u > 0,

2

P(|6(A, h) — E(¢(A, h))| > u) < Dyexp (—DQHZ(A)) 4 Dy exp (—1§2H“<A>) .

Proposition 3.1 follows.
[

REMARK 17. A technical remark is that one would obtain directly concentration of the max-
imal flow around its mean, rather than around its median, using the method of [14]. We chose to
use Talagrand’s result because of the “ready-to-use” aspect of Proposition 8.3 in [54], whereas in
order to use [14] for the upper deviations, one needs a very slight modification of their proof.

REMARK 18. More importantly, it should be noted that Proposition 3.1 certainly does not
give the right order of the “typical fluctuations”, i.e., fluctuations that occur with a non negligible
probability. Indeed, let S, be the square:

1 14t g1
S”:a<{_2’"_2} X{2}>-
We say that a set of edges E “is a cut based on S,,” if it is finite, and if every path in Z¢ which is

not contractible to one point in R4 ~_S,, has to contain one edge of E. Let &, be the set of all sets
of edges which are a cut based on .S, and define:

o = inf{V(E)|E € &, .

Then, mimicking the work of [8], one can prove that the variance of 7,, is at most of order
C(n%'/logn) where C is a constant (and there is no reason for this bound to be optimal). It
is then very reasonable to think that 7(A, h) and ¢(A, h) will inherit this property to have “sub-
mean” variance, i.e. their typical fluctuations should be small with respect to (H%~1(A))'/? when
the side lengths of A tend to infinity.

3.2. Convergence of E(7) and 7. We suppose that the capacity of the edges is in L!. Let
us consider two hyperrectangles A, A’ which have a common orthogonal unit vector ¥/, and two
functions h, i’ : N — R* such that lim,, .o h(n) = lim, .o, h'(n) = +00. We take n, N € N
such that N > Ny(n) with Ny(n) large enough to have h(N) > h'(n) + 1 and N diam(A) >
n diam(A’) for all N > Ny(n) (here diam(A) = sup{||z — y||2 | z,y € A}). We define

D(n,N) = {z € NA|d(z,0(NA)) > 2n diam A’} .

There exists a finite collection of sets (7'(i),7 € I) such that each T'(i) is a translate of nA’
intersecting the set D(n, N), the sets (T'(i),7 € I) have pairwise disjoint interiors, and their
union U;e7T(i) contains the set D(n, N') (see Figure 1). For all 4, there exists a vector f; in
RY such that ||t;||oc < 1 and T"(i) = T(i) + £; is the image of nA’ by an integer transla-
tion (that leaves Z? globally invariant). The cylinders (cyl(7"(i), h'(n)),i € I) are included in
cyl(NA, h(N)), and the family (7(7”(i), h'(n)),i € I) is identically distributed (but not inden-
pendant in general). For each 7, by the max-flow min-cut theorem, we know that 7(7” (i), h'(n))
is equal to the minimal ca;zamty V(E) =Y .cpt(e) of aset of edges E C cyl(T"(i),h'(n)) that
cuts 7"(i); M) from T/ (i) *. Foreach i € I, let E; be such a set of edges of minimal capacity,
e, 7(T'(i), ' (n)) = V(Ei).
We take a fixed ¢ > 4d. Let Eq be the set of the edges included in &, where we define

& = cy(NAN D(n,N),Q) U J (V(eyl(T' (i), +0),¢) N V(hyp(NA),()) -
el
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FIGURE 1. The hyperplane hyp(A).

The set of edges Ey U | ;< Ei cuts (NA)]f(N) from (NA)Z(N) incyl(NA, h(N)), so
T(NAW(N)) < V(E)+ > V(E)
iel
(5.4) < V(Eo) + ) r(T'(0), ' (n)).
iel
Taking the expectation of (5.4), we obtain

E (r(NA,h(N))) card(Ep) card(I)E(r(nA’, 1/ (n)))
HET(NA) = del(N[iél)E(t) + HE (N A)
card(Ey) E(r(nA’, W (n)))
- Hd_l(N(Ll)E(t) Hi-1(nA")

There exists a constant ¢(d, ¢, A, A") such that
card(Ep) < c(d, ¢, A, A) (Nd_2n + N n + 1) ,
and so
im 1 card(FEp)
nLHgo Ngnoo Hd_l (NA)
By sending NV to infinity, and then n to infinity, we obtain that
: E(r(NAAN))) _ .. . E(7(nd', 1 (n)))
s —ptvay - R et
For A = A’ and h = k', we deduce from this inequality that lim,, .. E (7(nA, h(n))) /HY 1 (nA)
exists. For different A, A’, and h, I/, we conclude that this limit does not depend on A and h, but

—

only on the direction of ¢ (and on F' and d of course). We denote this limit by v/()

=0.
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It remains to prove that the sequence (7(nA,h(n))/H%1(nA),n € N) converges almost
surely towards v(¥). For that purpose, we will use Proposition 3.1. We suppose that F'(0) <
1 — p.(d) and that there exists a positive «y such that [ exp (yx)dF(x) < co. Proposition 3.1 says
there exist constants Dy and D5 such that for all real number u > 0,

P(|r(nA, h(n)) — E(r(nA, h(n)))| > u)
—u? —Hd_l(nA)
< Diexp (DQH 1(nA)> + Dy exp <D2 ) )

so for all positive ¢,

A h E A h
]P)( T(n I (n)) _ (T(n U (n))) ’ > €> S 2D1 eXp (_ min{l,EQ}
By the Borel-Cantelli lemma we obtain

Hd—; (QnA)> .

HI-1(N A) HI-1(NA)

HA=1(nA) HA=1(nA)

Ve >0, a.s. lim sup

n—oo

T(nA, h(n)) E(T(nA,h(n)))‘ <

We conclude that
: 7(nd, h(n)) _ E(r(n4, h(n)))
IS | a1 (nd) I (nA) ‘ =0 s
and then since lim,, .o, E (7(nA, h(n))) /H 1 (nA) = v(¥), we have
_ 7(nA, h(n)) .
nlLHgO m = V(U) a.s.
This ends the proof of Proposition 2.1.

REMARK 19. If there exists a real M such that all the coordinates of M are rational, and if
the origin of the graph belongs to A, then the convergence of 7(nA, h(n)/H%(nA) a.s. and in
L' can also be obtained as a consequence of multiparameter subadditive ergodic theorems proved
in [43], [53], as explained in the introduction of the thesis, and the conditions on F' can be released
(we need only E(t(e)) < 00). The independance of the limit with regard to the particular form of
A is a consequence of [43]. Unfortunately, we cannot apply these subadditive ergodic theorems
for general A and ©. We choose here to use a concentration inequality to obtain simply the almost
convergence of (7(nA, h(n))/H? 1 (nA,n € N)) because we already stated it.

REMARK 20. The almost sure convergence of (7(nA, h(n))/H*(nA),n € N) is not nec-
essary to prove Theorem 11, but we need it to prove Theorem 12 (in fact we need only the
convergence in probability), and it is natural to study it with the convergence of the sequence

(E(T(nA, h(n)))/H (nA),n € N).

3.3. Proof of Theorem 11, Corollary 2.1 and Theorem 14. Now, we can prove Theorem
11, and so we consider F', h, ¥ and A as in the statement of this Theorem. If v(¥) = 0, there is
nothing to prove. Suppose now that (%) > 0 and let ¢ < v(%) be a positive real number. Let
u = £/(2Umaz), Where Vpq, = max{v(7) | ¥ unit vector}. Then u > 0 and we have

Then, for all n > ny,

P[r(nA, h(n)) < (v(5) — &) H™ (n4)]
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IN

{ T(nA, h(n))
E(7(nA, h(n)))
{ T(nA, h(n))
E(r(nA, h(n)))

., del(nA)
)~ A, h<n>>>}

gl—u}.

Now, Proposition 3.1 gives us for all n > ng

u2 TN n 2
P [r(nA, h(n)) < (v(#) — &) H* "} (n4)] < Dyexp (_ E(r(nd, h(n))) )

DQHdil(’rLA)
d—1 A
+ l)1 exp (_7—{1)(2n)>
< Dyexp (—Dy ' (v(v) —e/2)*H* ! (nA))
+ Dj exp (—D;l'Hd_l(nA))
<

et 1
D (L )\ H(na)) .
1eXp< <16D21/2 +D2)H (n )>

max

This gives us the desired result for 7.
To prove Corollary 2.1, we have to compare ¢ and 7. We suppose that lim,,_,o, h(n)/n = 0,
and fix ¢ > 4d. Let E be the set of the edges that belong to &;, defined as

& = V(eyl(8(nA), h(n)),¢) Neyl(nA, h(n)).
We have, for all n,
7(nA,h(n)) > ¢(nA,h(n)) > 7(nAd, h(n)) — V(E]).

For all positive €, we have

P<¢<”AW < u(5) - 5>

Hi=1(nA)
<p (T(nA,h(n)) ~V(E) < (@) — 5)

HI=1(nA)
<P (W < v(@) - ;) +P (V(ET) > ng*l(nA)) :

On one hand, by Theorem 11 we know that for large n we have

HA=1(nA)
On the other hand, there exists a constant C'* such that
card(Ey") < Ctnd=2h(n),

so for all € > 0, for a family (¢;) of independent variables with the same law as the capacities of
the edges, we have

c Ctnd=2n(n) c
P (V(Ef) > §Hd*1(nA)) <P < > k> 2Hd1(nA)>
k=1

P (T(”A’h(")) < v(@) - ;) < exp (~C(e, F,dyHTH(A)nd 1)

IA

E(éﬂ)C’*TLd*?h(n) exp (_,Yng—l(nA>>
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< exp (—Hd—l(nA) <’y; - C+m 1ogE(evt)>> .

For n large enough, we have

d—2
+ 1 h(n) 7y < €
C HIT (0 4) logE(e™) < V7

so for large n we have
P (V(Efr) > ng_l(nA)) < exp (—’yin_l(nAO :

So Corollary 2.1 is proved.

Exactly the same proof as the one of Theorem 11 for 7 holds for ¢ under the assumption that
the sequence (¢p(nA,h(n))/H41(nA),n € N) converges almost surely towards v(%), and so
under the assumptions in Theorem 14. As said in Remark 13, we also could have proved Corollary
2.1 this way.

4. Large deviation principle for 7

In this section, we show the large deviation principle for 7. We construct a precursor of the
rate function in section 4.1, and then study its properties. Precisely, we show it is convex in section
4.2, finite (and thus continuous) on |§||¥/||1, +00] in section 4.3, and positive on [0, v(¥)] in section
4.4. In section 4.5 we show that d||9/]|; < v(¥) if F(J) < 1 — p.(d). Using the result of chapter
3, we know that upper large deviations occur at an order bigger than the surface order, so we can
complete the proof of the full large deviation principle in section 4.6.

4.1. Construction of the rate function. We will prove the following lemma:

LEMMA 4. For every function h : N — RY satisfying lim,,_,o, h(n) = +oo, for every
hyperrectangle A, for all \ in R™, the limit

1) Hdl(nA)}

n

) -1

nILIIgO R d) log P {T(nA,h(n)) < <)\ -
exists in [0, 4+00| and depends only on the direction of U, one of the two unit vectors orthogonal to
hyp(A). We denote it by Tz(\).

We introduce a factor 1/4/n in the definition of Z3(\) because we want to work with subad-
ditive objects, but 7(A, h) is not subadditive in A, except for straight cylinders. Indeed, if A and
B are two hyperrectangles with a common orthogonal vector and with a common side, to glue
together a set of edges in cyl(A, h) that cuts A? from A% and a set of edges in cyl(B, h) that cuts
B! from B%, we have to add edges at the common side of A and B (see the set of edges Ey defined
in section 3.2). These edges may not have a capacity 0, so they perturb the subadditivity of 7. We
add the factor 1/+/n to compensate.

Proof :

For the proof of Lemma 4, we consider the same construction as in section 3.2 (see Figure 1).
From (5.4) we deduce that for all A € R}, we have

IP’{T(NA, h(N)) < ()\ — \/IN) Hd_l(NA)}

> P [V(Eo) + > 7(T'(i), I (n)) < ()\ — Jlﬁ> ’Hd‘l(NA)] .
el
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Let D = {\|P(t(e) < A) >0}, and § = inf D. We take u = § + (, sop = P(t(e) < u) >
0. Using the FKG inequality and the fact that the family (7(7"(i), h'(n)),7 € I) is identically
distributed, we obtain that

IP’{T(NA, h(N)) < <)\ - \/1N> Hd_l(NA)}

> P[V(Ep) < u card(Ep)]

— -1 — u car
<]IP {T(T’(z’), (n)) < A=YV Car(d]\([;;l ) d(EO)}

el
> P[t(e) < u}card(Eo)

(A= 1/VNYHY(NA) —u card(Eo)rard(I) '

x P {T(TLA/, h/(n)) S Card([)

We have immediately that card(1) < H4~Y(NA)/HI 1 (nA’), so

_ . )
mlogl@ {T(NA,h(N)) < ()\ _ \/N) 4 1(NA)}
< gy ER [rn A ) < 5] = S o,

where

()\ - 1/\/JV) HIY(NA) — u card(Fp)
card(I) ’
As we saw in section 3.2, there exists a constant ¢(d, ¢, A, A") such that
card(Eo) < e(d, ¢, A, A") (N“2n+ N“Vn+1) .
On one hand, we obtain that

i L _Cd(Eo)
n—0o N—oo H4—1 (NA)

On the other hand we want to compare 3 with (A — 1//n)H?~1(nA’). Obviously we have
NHI-1(N A)
card([])

logp = 0.

> AHT (nA)).

We also know that
H1(D(n, N))

Hi=1(nA")
so there exist a constant ¢/(d, A, A’) and an integer N;(n) large enough to have, for all N >
Ni(n),

card(l) >

N d—1
card(I) > c/(d, A, A") <—) .
n

Thus, there exist constants ¢;(d, ¢, A, A’) and c2(d, ¢, F, A, A") such that for all N > Ny (n), we

have
HTUNA) _ (d (A 4

card(])\/ﬁ - VN

u card(Ep)
card([])

H* (nA")

and
n

S CQ(d7CaF7AaA,) (N

) H ).
n



4. LDP FOR T 115

There exists ng such that for all n > ng, ca/n < 1/(44/n). Then there exists Na(n) > No(n) V
Ni(n) such that for all N > Ny(n), can/N < 1/(4y/n) and ¢;/v/'N < 1/(2y/n). Thus for a
fixed n > nyg, for all N > Ny(n), we have

1

> (A= —= | HI L (nd)).
' ( Nz ) )

Now in the following inequality, obtained for n > ng and N > Na(n),

log P {T(NA, h(N)) < </\ - \/1N> Hdl(NA)}

HIL(NA)
< Hd__(lnA,) log P {T(nA', W (n)) < ()\ - %) Hd_l(nA’)} - m logp,

we send N to infinity for a fixed n > ng, and then we send n to infinity. We thus obtain

lim sup _

mSUP T log P {T(NA, h(N)) < <)\ - 1) Hd_l(NA)}

VN
< nnrgig.}fmmp {T(nA’,h’(n)) < ()\ _ \}ﬁ) Hdl(nA')} |

For A = A’ and h = I/, this gives us the existence of

lim

lim Hd__l(lnA) log P {T(nA, h(n)) < </\ - \/1%) Hd_l(nA)}

for all A € R}, and for different A, A’, h, 1’ this shows that the limit is independent of A and h.
We denote this limit by Zz(\).
For A =0,

P {T(nA,h(n)) < —Hd_l(”A)} ~0

N4
for all n € N, so the previous limit equals +oc0, independently of A and ¢. This ends the proof of
Lemma 4.

REMARK 21. The function Z is not exactly the rate function we will consider later: we will
change its value from 0 to +o00 on |v(7), +o0o] and we will regularize it at ||¥/]|10.

4.2. Convexity of Z;. We will prove that Zj is convex, i.e., for all A\ > \o € R and
a €]0, 1], we have
Ig(a)\l + (1 — Oé)/\Q) < OéI;;(/\l) + (1 — 04)_'[17(/\2) .

For Ay = 0, the result is obvious, so we suppose A2 > 0. We keep the same notations as in the
previous section, for D(n, N), T'(i), E;, etc..., except that we take A = A’. We define

v = |a card(I)] .
If we have
(5.5) (T'(i),h(n)) < (M —1/vVn)HI X (nA)  fori=1,..,7,
(5.6) (T'(i),h(n)) < (Mo —1/v/n)H¥ Y (nA)  fori=~+1,.. card(I),

and
V(Ep) < u card(Ep),
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then we obtain that

T(NAh(N)) < (’y()\l - \/15) + (card(I) — v)(A2 — \/1%)> HH(nA) + u card(Ey),
< (o + (1 — a)rg) card(IHE 1 (nA) — card(I)’l\;{;_l(nA) + u card(Ep) ,
< (M + (1 —a)d)HEY(NA) — p,
where
card(I)HY 1 (nA) _ u card(Ep)

p = 7
We want to prove that p > H%1(NA)/v/N for N large enough. We have seen in the previous
section that there exists a constant ¢(d, ¢, A) such that
1
A(E) < e(d.¢, AN (24 )
Car(O)—c(>C7 ) N+n )
and that there exists a constant ¢/(d, A) and a N1(n) large enough to have, for all N > Ny (n),
N d—1
card(I) > ' (d, A) <—> :
n

There exists nq such that for all n > nq, 2¢/n < ¢/(2y/n). For a fixed n > nj, there exists
N3(n) such that for all N > N3(n) we have

u card(Ep) < 2c < d card(I)HI1(nA) - d and d

HI-L(NA) = n ~ 2yn’ HI-Y(NA)n =~ n 2
We conclude that for n > nj and N > N3(n), p > H* (N A)/v/N and then

v

3
3-

T(NA,h(N)) < <a/\1 +(1—a)rg — \/%) HITHNA),

as long as (5.5) and (5.6) hold. Then, for all n > ny and N > N3(n), we have, by the FKG
inequality:

IP’(T(NA, h(N)) < (ml +(1—a) — &) Hd—l(NA)>

> P <T(nA, h(n)) < (A — \}ﬁmdl(n A)>7
x P (T(nA h(n)) < (Ao — ——YHe1(n A))Card([)_”’ peard(Eo)
,h(n)) < v ‘

We take the logarithm of this expression, we divide it by H?~1(N A), we send N to infinity and
then n to infinity to obtain

TZy(ad + (1 = a)r2) < aZz(A1) + (1 — a)Zz(A2)

The convexity of Zy is so proved.

4.3. Continuity of Z;. For every hyperrectangle A, we denote by A/(A, h) the minimal num-
ber of edges in A that can disconnect A7 from A% in cyl(A, h). We first need the following lemma:
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LEMMA 5. Let ¥ be a unitary vector. Then for all hyperrectangle A orthogonal to v, and for
all function h : N — R™, there exists a constant D(d, A) depending only on d and A such that
N(nA, h(n)) D(d, A)

— 47 < A
Hi—1(nA) Il | = n

Proof :

To prove it, we introduce some definitions. For A a hyperrectangle orthogonal to ¥, we denote by

P;(A) the orthogonal projection of A on the i-th hyperplane of coordinates, i.e., the hyperplane

{(21,...,24) € R¢|2; = 0}. We have the property
Yy HH(Pi(A))

Hd-1 ( A)

Indeed, H41(P;(A)) = |v;|H?1(A), where ¥ = (v1, ...,vq). We define now E;(nA) the set of

edges orthogonal to the i-th hyperplane of coordinates that ‘intersect’ the hyperrectangle nA in

the following sense:

Ei(nA) = {e=(z,y) € E¥|y; = 2; 4+ 1 and [z, y[NnA # 0} .

We exclude here the extremity y in the segment [z, y[ to avoid problems of non uniqueness of such

an edge intersecting nA at a given point. On one hand, we have a straight path that goes from

(nA)}f(n) to (nA);L(n) through each edge of E;(nA), i = 1,...,d, maybe except the edges that

intersect nA along 0(nA), and these paths are disjoint, so a set of edges that disconnect (nA)]f(n)

from (nA)g(”) in cyl(nA, h(n)) must cut each one of these paths, thus

= [l

Nndh(m) > 3° (MNP A)) — M2 (0P, (nA)))
=1

d—2 n
(uaul - dW) i (nd).

On the other hand, each path from (n4)""™ to (nA),™ in cyl(nA, h(n)) must go through nA

and so contains an edge of one of the E;(nA), i = 1,...,d. It suffices then to remove all the
edges in the union of the sets E;(nA),i = 1,...,d to disconnect (nA)}f(") from (nA)g(") in
cyl(nA, h(n)), and so

Y

N(nA, h(n))

IN

S (H (P(nA)) + HI 2 (0P,(nA)))
=1

d—2 n

IN

We conclude that
N(nA,h(n))
HI=1(nA)

H2(0(nA))  dHI2(0A)
HI-1(nA) — nHIL(A)

=l | <d

|

Now we come back to the problem of the continuity of Zz. Since Zj is convex, we first try to
determine its domain.

o)\ > ||¥]|19: there exists € > 0 such that A > (]|9/]|1 + €)(6 + 2¢). Then there exists ny such

that, for all n > ny, there exists a set of edges Fy(n) that disconnects (nA);L(n) from (nA)Z(") in
cyl(nA, h(n)) and such that card(Eo(n)) < (||v]|l1 + e)H4 1 (nA). We obtain for n > ng

P (T(nA, h(n)) < (A - \/15> Hd—l(nA)> > P (V(Eo(n)) < (A - \/15> Hd—l(nA)>
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> Pltle) <—
= <”— o+

But there exists n; large enough to have for all n > ny, A\ —1/y/n > (||9]|1 +¢)(d + ¢), so for all
n > ng V ni, we have

P <T(nA, h(n)) < <>\ - \}) Hdl(nA)> > P(t(e) < &+ &) LI+ )]
n
and finally
Zz(N) < —(||0]lh +¢)logP(t(e) <d+¢) < 0.
o)\ < ||||19: for A > 0, there exists ng such that for all n > ng,
T(nA, h(n)) . N (nA, h(n)) 1 1

R Shialet Rt S A > gl — —— -
HI-1(nA) — HIY(nA, h(n)) — ol 2y/n > A NN
and so for all n > nyg,

P <T(nA, h(n)) < ()\ - %) Hd—l(nA)> _ 0.

The same result is true for A = 0. We obtain that Z3(\) = +o0.

We now know that Z is convex and finite on |0||U||1, +00[ so it is continuous on |4 ||¥]|1, +o0],
and it is infinite on [0, §|¥/]|1].

REMARK 22. The only point we didn’t study is the behaviour of the function near o|||;.
In fact, we will eventually change the value of Z3(4||7]|1) to obtain a lower semicontinuous
function. Moreover, the fact that Z;(0||7]|1) = +oco even if there exists an atom of the law
of t(e) at 0 is linked with the fact that we added a term 1/+/n and not with the behaviour of
P(7(nA, h(n)) < 6||7]1H?1(nA)). This remark can be illustrated by an example in dimension
2:let A =1[-1/2,1/2] x {1/2}. Here ¥ = (0,1) so ||¢]|s = 1. We consider a law of capacities
with an atom at §. We remark (see Figure 2) that N'((2n + 1)A,2n + 1) = 2n + 1. Moreover,

D s cyl(nA, h(n)).

I : cut in cyl(nA, h(n)) with a minimal number of edges.
FIGURE 2. Examples of cuts.

there exists a unique cut Ey(2n + 1) in cyl((2n + 1) A, 2n + 1) composed by 2n + 1 edges (see it
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on the Figure). So we have
P(r((2n+1)A,2n +1) < (2n + 1)) = P(V(Eo(2n +1)) = (2n 4+ 1)8) = P(t(e) = §)** !
and

lim
n—oo 2n,

log]P( (2n+1)A,2n+1) < (2n+1))) = —logP(t(e) =6) < oo.

We also remark that N'(2nA, 2n) = 2n+1 because a cut in cyl(2nA, 2n) must contain a vertical
edge of first coordinate ¢ for ¢ = 0, ..., 2n. Then we have

P(7(2nA,2n) < 2nd) =
and
lim —logIP’( (2nA,2n) < 2nd) = +oo.

n—oo

This example shows that the behaviour of P(7(nA, h(n)) < 6||7]1H?"1(nA)) is not clear, and
we will avoid the problem by taking later at ||#/]|10 the value of the limit

lim Zz(A
ol ats )
instead of Z(||¥/]|10). The value of this limit will be a little bit discussed in section 6.

4.4. Positivity of Z;. From now on we need the assumptions that F'(0) < 1 — p.(d), and that
there exists a positive y such that

/e’y‘rdF(x) < 00.

e Z; = 0on |v(7),+o0]

Under the previous hypothesis, Proposition 2.1 states that for every unit vector v, for every

hypersquare A orthogonal to ¥, for every function h : N — R satisfying lim,, o h(n) = +o0,
we have (A, h(n))

. T(nA,h(n))

R HI-T(nA) v(v)

Then for all A > v(¥), so A — 1/y/n > v(¥) forn > ng = 4/(A — v(7))? , we have

. -1 Lo
Zs(\) = nangomlogP <T(nA,h(n)) <\ - %)H‘l 1(nA)> =0.

eZ;>0on 0, (V)]
Thanks to Theorem 11, we have forall e > 0

a.s.

-1 7(nA, h(n)) . 1
R )
-1 T(nA, h(n)) .
> nh—{go mlogl? <Hd_1(nA) <v(7) — £>
> C(e, F,d) >

4.5. Study of v(v). We did not study what happens at v(?), i.e., if Zz(v(¥)) = 0 or not. It is
obvious that v(7) > §||U]|1, because
7(nA, h(n)) = min{V(E) | E is an (nA)}", (nA)3™) — cut}
> ON(nA,h(n)).

If v(¥) > §]|9||1, then Z3 is continuous at v(¥) and so Zz(v(¥)) = 0. If v(¥) = §||9]|1, the value
of Zz(v(¥)) itself is not relevant for the understanding of the system as explained in Remark 22,
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and the large deviation principles from below that we will prove are of no interest. Now we can
wonder under what condition we have v (%) > §||7]|1. We will prove the property 2.2, that we
recall here:

PROPOSITION 4.1. We suppose that the capacities are in L': [2dF(z) < oo. If F(§) <
1 — pc(d), then v(¥) > §||¥/||; for all unit vector ¥. In the case § = 0, the previous implication is
in fact an equivalence.

We first need to state the following result on v(%):
PROPOSITION 4.2. We suppose that the capacities are in L': [ zdF(x) < co. Let (ABC) be

a non degenerate triangle in R% and let v, vp and v¢e be the exterior normal unit vectors to the
sides [BC|, [AC], [AB] in the plane spanned by A, B, C. Then

HU([AB)v(ve) < HH([AC))v(v) + H ([BO)v(v4) .
Proof :
We will follow the proof of Proposition 11.2 in [19]. We consider first the case where the triangle

(ABC) is such that AC-AB > 0and BC-BA > 0. Lete > 0. Let (eq, ..., ¢4) be an orthonormal
basis of R? such that e; and e belong to the plane P spanned by A, B, C. We define the sets

d
Rpe = {x+ Zuiei |z € [BC], d(x,{B}U{C}) > e and (us,...,uq) € [0, 1]d_2},

=3
d
Roe = {z+ Zuiei |z € [AC], d(z,{A} U{C}) > e and (us, ...,uq) € [0, l]d_Q} ,
=3
. d
Rp = {z+ Zuiei |z € (AB), d(z,[AB]) < e and (us,...,uq) € [0, 1]d_2},
=3

where (AB) denotes the line and [AB] the segment. We define also the sets

d
Spo = {z+ Y e |z € [BC], d(z,{B}U{C}) < 2 and (us, ..., uq) € [0, 17972y

i=3
d
Soc = {z+ Zuiei |z € [AC], d(z,{B}U{C}) < 2 and (us, ..., uq) € [0,1]972},
i=3
d
Sip = {z+ Zuiei |z € (AB)\ [AB], d(z,{A} U{B}) < ¢ and (us, ...,uq) € [0,1]972}.
i=3

We now consider the triangle (nA, nB,nC). Let ( > 4d be fixed. For a fixed n, let E(n) be
the set of the edges that belong to £(n), defined as

E£(n) = cyl(nSie,¢) Ueyl(nSie, ¢) Ueyl(nSip,C)
d
U{x+ Zuiei |z € V{AYU{B}YU{C},O)NP and (us, ..., uq) € [0,n]972}.
=3

See Figure 3. There exists h large enough and n small enough such that, for n sufficiently large,
cyl(nR3c, nn) Ucyl(nRyo,nn) UE(n) C cyl(nR5 g, nh)

and then B
T(MRAp,nh) < T(nRpe,nn) + 7(nRe,nn) + V(E(n)).
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onh ‘ nA nB
| l %
A (nA,nB,nC) L : eyl(nRe, 5, nh)
M . E(n) o . cyl(nR%e, nn) U cyl(nRg e, nn)

FIGURE 3. The plane P.

Equivalently, we have

B0 Rap,nh) Bl ) | Blr(Ragonm) | EVE0)

(5.7)

We know that there exists a constant K (¢) such that
card(E(n)) < K(¢)(en®! +n"2),

SO

s BVED

Thus by taking the expectation of (5.7) and sending n to the infinity, thanks to Proposition 2.1, we
obtain, for all € > 0,
(H'([AB]) + 2¢) v(1itr) < (HY([BC]) — 2¢) v(va) + (H'([AC]) — 2¢) v(v) + K(C)e .

We send ¢ to zero, and the desired result follows.

In the case where AC' - AB < 0 (the same proof holds for the case BC' - BA < 0), we define
the orthogonal projection D of A on [BC] (see Figure 4). We then can apply the previous result
to the triangles (ABD) and (ADC), thus, if v, denotes one of the two unit vectors orthogonal to
(AD) in P, we have

M ([AB])v(ve) < H'([AD])v(vD) +H'([BD))v(v)

and
HY([AD])v(vp) < H([AC)w(vk) + H ([DC))v(v7),

and so the result follows easily by combining these two inequalities.
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FIGURE 4. A triangle with AC - AB < 0.

As in [40], one can extend v as a function on R? as follows:

v(0) =0, and Vi #0, v(d) = ||d].v (ﬁ) .
u
Then, Proposition 4.2 shows that v is subadditive:
(5.8) Vi, e, v(ty + Ua) < v(dy) + v(ds) .

We will now prove Proposition 2.2. Proof :

First we consider the case § = 0. We define vy = (0, ..., 0, 1). It is proved in [56] (see also [20]
for capacities equal to zero or one) that F'(0) < 1 — p.(d) implies v(vp) > 0. Conversely, Zhang
proved in [58] that v(vp) = 0 if F/(0) = 1 — p.(d), and so by a simple coupling of probability
if F(0) > 1 — p(d). Actually, he wrote the proof for d = 3 but said himself that the argument
works for d > 3 (see Remark 1 of [58]). This property is also satisfied in dimension d = 2 where
we can use duality arguments (see [40] Theorem (6.1) and Remark (6.2)). So we obtain

v(vg) >0 <= F(0)<1—pd).
Now let us prove that
(5.9 7 #0 s.t. v(v) =0 < VU, v(7) =0.

Suppose there exists a vector @/ = (w1, ..., wg) # 0 such that v(@w) = 0. It exists 7 such that
w; # 0, and by symmetry of the lattice Z¢ and the edge-capacities distribution, we can consider

that wgy # 0. We denote by «' the unit vector @/ = (—w1,...,—wg_1,wq). By symmetry,
v(w') = 0 too. Property (5.8) gives us that
. v(w + o’ v(w) + v(d’
v(v) = (ﬂ ﬁ,)f (2 ﬂ(,>—
[ 4 [ +

By symmetry, for all ¢, v(v;) = v(—v;) = 0 for v; = (0, ..., 0, 1, ..., 0) (the i-th coordinate is equal
to 1). Finally, property (5.8) shows that v is identically zero. So for all unit vector v,

v(v) >0 <= F(0)<1-—p.d).

Now we study the case § > 0. For a given realization of (t(e), e € E?), we define the family
of variables (t'(¢),e € E%) by t/(e) = t(e) — 0 for all e. Then the variables (¢'(¢),e € E?) are
independent and identically distributed, and if we denote by F” their distribution function, we have
F'(\) = F(A+ ) for all A € R. We compare the variable 7(nA, h(n)) and the corresponding
variable 7/(nA, h(n)) for the capacities (¢'(e)), for a given hyperrectangle A of normal unit vector
7, and a given height function A such that lim,, . h(n) = +o00. We still denote by N'(nA, h(n))

the minimal number of edges that can disconnect (nA)’f(n) from (nA)g(n) in cyl(nA, h(n)). By
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the max-flow min-cut theorem, we easily obtain that
7(nA,h(n)) > 7'(nA,h(n)) + SN (nA, hin)),

and so
E(r(nd, h(n))) | E(r'(nA h(n))) N(nA,h(n))
Hi-1(nA) —  HI1(nA) Hi=1(nA)
Proposition 2.1 and Lemma 5 give us that
vp(V) 2 v (V) + 6|7

with trivial notations. Now F'(0) = F'(0) < 1 — p.(d) implies that vz () > 0, so Proposition
2.2 is proved.

4.6. Proof of Theorem 12. We define the function [J; on R™ by

Zy(A) if A<v(0) and A # |[U]]14,
T5(AN) = ¢ limysa1,6,u—ihs Za(w)  if A= ||U]10,
+o0 if A>v(0).

The study of the function 7 made previously and the construction of 75 gives us immediately that
the function J3 is a good rate function.
e Lower bound

We have to prove that for all open subset O of R,

L 1 T(nA, h(n))
R iy 8 {Hd(nA)

Classically, it suffices to prove the local lower bound:

X o r(n A, h(n)
Ya e RT, Ve >0 hgrigéfmlogﬂ” {Hd_l(nA)
If J3(at) = +o0, the result is trivial. Otherwise, suppose Jz(«) < +o00. The function Z5 is
convex, equal to zero on [v(¥), +0o0], positive on [0, v(¥)] and finite on |||T]|16, +oc]. Then Zj
is strictly decreasing on ]||7||16, v(7)], and so is Jz (because Zz = Jy on |||U]|1, v(7)]). Yet
Js(a) < 400 implies that « €]||¥/]|10, v(¥)] or @ = ||¥/]|10 and J3(||7]|16) < +oo. Thus we
obtain in both cases that Jz(a) < Jz(a — €/2). Then the following inequality, true for n > 4/¢2,

S O} > —infjg.
o

6]04—5,04-‘1-6[} > —Tz(a).

T(nA, h(n)) T(nA, h(n)) 1
Pl - — >P|l——— L <q— —
HIT(nA) €la—¢e,a+e]| > HIT(nA) <a 7
T7(nA, h(n)) € 1
_p |V e
{ H(nd) =% 2 m
leads to (nA. h(n))
1 T(n n
. . - 77 _ > _ ., .
lim inf HET(n ) log P { HET(n ) €la €,a+5[} > —TJs(a)
e Upper bound
We have to prove that for all closed subset F of R*

) 1 T(nA, h(n))

1 ———logP | —F———+=

el HA1(nA) ® { Hi1(nA)
Let F be a closed subset of R If v(7) € F, the result is obvious. We suppose now that v(v) ¢ F.
We consider F; = F N [0, v(¥)] and Fo = FN]v (), +ool. Let fi = sup F1 (f1 < v(¥) because

6.7:} < —inf J5.
f
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F is closed) and fo = inf F; (fo > v(¥) for the same reason). We have
: 1 T(nA, h(n))
WS T () 8T { HEL(nd) <7

< hgisogpmlog (IP’ {W < fl} +P {m > ng .

We first take care of the term containing f1. We have for all positive  and n > 1/n?

(bt ) <o (R ne ).

0 r(nA,h(n) _

lirflflsolép Hdll(A) logP (Hdl() < fl) < —TZy(fi +n)
and by sending 7 to zero, thanks to the definition of J; on [0, v(¥)] (f1 +n < v(¥) for small n),
we obtain . (nA. h(n)
T(nA, h(n
hgljo%p HI1(nA) log P {Hd—l(nA) <h ~T5(f1) -
Now we will have a look at the term containing f>. Thanks to study of the upper large deviations
done in the Chapter 3, we know that

. 1 nA, h(n
hrrln_)solipmlogP {,’({dl(())) = fz} = -

If J5(f1) = 400, we have

) 1 T(nA, h(n))

| ————loglP | ————~=

ISP T A) 8 { HE T (nA)
because 73 is infinite on [0, f1] and on [fa, co[ so on F. If J5(f1) < +o0o, we have

) 1 T(nA, h(n))
Hmsup 21y 108 F { HI1(nA)

because Jz is non-increasing when it is finite. So the upper bound is proved.

6.7:} < —oo = —inf Jy,
f

eEF| < -Tz(f) = —iI]_l_fjﬁ,

5. Large deviation principle for ¢

5.1. Large deviation principle for ¢ in straight boxes. First, we shall show that in the
straight case, ¢ and 7 share the same rate function. Since this function has already been studied,
and since the upper deviations of ¢ have been studied in [55], the construction of the rate function
of ¢ is the main work to do in order to show the large deviation principle for ¢ in straight boxes.

PROPOSITION 5.1. Suppose that F'(0) < 1 — p.(d), and F’ admits an exponential moment:
Jy>0 /e'yxdF(x) < 00.
Let A be a straight hyperrectangle. Suppose that the height function A satisfies

log h
lim h(n) = +ooand 22MW

Then, for every X in RT,

-1
M T Ay 08T

where 7 = (0,...,0,1).

onah(m) < (A= 2= ) )| = T
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Proof :
First, notice that
d(nA,h(n)) < 7(nA,h(n)) .
Thus, using Lemma 4,

logP {gzb(nA, h(n)) < ()\ — 1) Hd_l(nA)}

lim sup

-1
n—o00 Hdi 1 (nA)

NG
i _710 7(n n b =1y
glglso%d_l(m)lgp{(fl,h( >>s(x ﬁ)H (n4)

< TN,

Therefore, we only need to show that

log P {qﬁ(nA, h(n)) < ()\ - }) Hd—l(nA)} > To(0) .

n

lim inf

-1
n—00 Hd_l(nA)

To shorten the notations, we shall suppose that

A = 10,1171 x {0},
the general case of a straight hyperrectangle being handled exactly along the same lines. Notice
that H9~1(nA) = n?1. We shall use the following notation:

¢n = ¢(nA,h(n)).
The idea of the proof is the following. Define E,, to be E4(nA, h(n)), the minimal cut for ¢,
as defined below inequality (5.2). Ey, has a certain intersection with the sides of the cylinder
cyl(A, h). Thanks to Zhang’s result, Theorem 12, and after having eventually reduced a little the
cylinder, one can prove that the intersection of £ with the sides of this reduced cylinder has
less than Cnd=1/ nt/3 edges with very high probability (here C is a constant). This shows that
(with very high probability) ¢,, is larger than the minimum of a collection of random variables
(TF)Fer,, where F designs a possible trace of Ey, ,1.e., its intersection with the reduced cylinder,

and where I;, is the set of all the possible choices for F'. Since Ey, itself has less than Cnd-1
edges, and since it is connected (in the dual sense), a trivial bound for the cardinal of I, is roughly

card(l,) < h(n)(C'n2d=3)Cn"!/nt/*
1

The important point here is that log card(I,,) is small compared to n%~!. Having done this, a
subadditive argument using symmetries can be performed to show that in fact the smallest 7 (in
distribution) is essentially 7(nA, h(n)), which has Z3 as a rate function.

In the sequel, we shall suppose that n is large enough to ensure that

log h(n) < nd1.

Let 8, C; and C5 be as in Theorem 16. Let . > [ be a real number to be chosen later. From
Theorem 16, we know that:
P(card(E,,) > Ln®!) < CheC2In?t
Define
¢rn = min{V(E)|Eisa(B(nA,h(n)),T(nA, h(n)))-cutin cyl(nA, h(n))

and card(F) < Ln® '} .

Thus,
(5.10) P(¢n < A1) < P, < A1) 4 Cre @2l
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We shall now concentrate on the first summand in the right-hand side of the last inequality. Let
¥(n) = [n'/3]. Forany kin {1,...,1(n)}, define
An,k = [k7n - k]d_l X {O} )
By = [k,n — K]t x [=h(n), h(n)]
and
Sk = 0 ([k,n — K]*™1) x [=h(n), h(n)] .
In order to perform the announced subadditive argument, we shall need to patch together two cuts
of neighbouring boxes which share a same trace in the intersection of these boxes. It is not so
trivial to show that one obtains a cut doing so. This is why we shall impose a kind of “connection
trace” on the sides of the box, which remembers if a vertex of the side is connected to the top or the
bottom of the cylinder once the cut £y, has been removed. Let us precise the needed definitions.
If X is a subset of vertices of a subgraph G of Z?, we denote by C(X) the union of all the
connected components of G intersecting X. If v is a vertex of G, we write C(v) instead of
Cc({v}). We shall say that a function  from some S,, , to {0, 1, 2} is a weak connection function
for a trace F' in \S,, j, if for every v and v in Sy, 1,

u € Cs, ~r(v) = z(u) =z(v) .

If E cuts B(A, k, h(n)) from T'(A,, i, h(n)) in By, ,,, we define x , the connection function of E
(in By, ) as follows:

lifu e CBk,n\E(T(An,ka h(n))) )

Vu € cyl(Ap i, h(n)) zp(u) = 0ifu € Cp, \p(B(Ank, h(n))) ,

2 else .
Clearly, 7, the restriction of x i to Sy, i, is a weak connection function for £/ S, ;.. Then, define
the following set of “good” couples (F, =) of a trace F' and a weak connection function x:

W(n) h(n)— L~ 1{ (F,z)s.t. F CETN 9 ([k,n — k]*1) x [h,h+ Lnd1], }

=U U

Ind—1 . . . .
F21 hehin) card(F) < Sy @ is a weak connection function for F"in Sy,

If F satisfies the conditions in the above definition, then there are at most 2¢Ln%~1 /4)(n) distinct
connected components in Sy, ;; \. F. Thus, for a fixed F", there are at most 32Ln™1 /o (n) distinet
weak configuration functions x such that (F, x) belongs to I,,. Thus, there is a constant C'3, which
depends only on d, such that

(5.11) (2h(n) +1) < card(l) < 2h(n)(n)(Cyn2d=3)Ln""/u(n)
On the other hand, define, for (F), x) in I,, and k such that F' C \S,, ,
Cro = {ECE'[Eisa(B(Auk, h(n)),T(Ank, h(n)))-cutin By,
ENSyx=F, card(E) < Ln* ' and i =z} |

and

T(Fe) = Min {V(E)|E €Crp} .
We claim that
(5.12) GLn > min T .

To see why (5.12) is true, notice that for any k in {1,...,9(n)}, By, , N By i, cuts B(Ap g, h(n)
from T'(A, k., h(n)) in By, s, and has less than Ln?~! edges. Ey, ., is connected in the dual sense

(see the proof of Lemma 12 in [59]), and has less than Lnd-1 edges. Then there is an A such
that Ey, . is included in [0, n]*1 x [h, h + Ln®1]. Thus, there is an h such that Eg, . N Bng
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is included in [k, n — k]~ x [h, h + Ln?~"']. Furthermore, since Sy, .. ., S, 4 (n) are pairwise
disjoint, there is at least one k in {1, ..., (n)} such that
card(Ey,,) _ Lnt!

card(Eg, , N Spk) < W(n) ~ (n)

Thus, denoting F' = Ey, N Sprand x = Q%E%’nmgn’k, this shows that ¢, ,, > T(F,z)» and claim
(5.12) is proved.

Now, we need to show that min g )ez, T(F2) / n%~1 has lower large deviations given by Zj.
First, notice that

P(grn <An") < P( min 7y < M)
(5.13) < Y Plrpa <At

(Fx)el,

Since, according to inequality (5.11), log card(I,,) is small compared to n¢~!, we shall be done

if we can show that, uniformly in (F,z) € I, the probability of deviation P(7(p,) < And—h)
is asymptotically of order at most exp (—Ig()\)nd_1>. We shall do this using a subadditivity
argument. From now on, we fix (F, x) in I,, and & such that F' C S,, ;.. The notations and rigorous
proofs are a little cumbersome, but everything can be guessed in two stages, looking at Figures 5
and 6.

E0,0)

Eq
Eo)

FIGURE 5. Patching Ej, for b € {0,1}%~! when d = 3.

Let N be an integer such that for every N’ > N, h(2(n — 2k)N’) > h(n). Define, for
t=1,...,d— 1, the following hyperplanes:

H; = R x {n -k} x R,
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2N cubes

2h(n)

AN(n — 2k)

FIGURE 6. Patching cuts with the same perimeter.

We define o; to be the affine orthogonal reflection relative to H;, and tr; to be the following
translation along coordinate ¢:

tri(z) = 24+ 2(n —2k)e; ,
where (ey,...,e,) is the canonical orthonormal basis of R?. For any b € {—2N,... 2N —
1}9-1, we define the map oy, as follows. For every i in {1,...,d — 1}, let a; = |b;/2] and
¢; = b; — 2a;. Then, we denote by o, the (commutative) product of translations and reflections
H?;ll tri o H?;ll oi', where o;" (respectively tr;*) is the ¢;-th iterate of o; (respectively the a;-th
iterate of tr;). Finally, we define also, for any set of vertices or set of edges X,

on(X) = U op(X) ,
be{—2N,...,2N—1}d~1

and

5’N(X) = UN(X) NSy,
where

Sy = 0([k — 2N (n —2k),k +2N(n — 2k)]" ") x [=h(n), h(n)] .

The following lemma should be intuitive looking at Figures 5 and 6.

LEMMA 6. Let (F,x) be fixed in I,. Suppose that for every b € {—2N, ..., 2N — 114~ the
set By cuts B(oy(An k), h(n)) from T (op(Ay k), h(n)) in op(Byk),

EyN Ub(sn,k) = O’b(F) R

and

Tp,00p = T .
Then,
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e (i) For every b € {—2N,...,2N — 1}%71, the set of edges ou(Eo,....0)) Separates
B(oy(An k), h(n)) from T(op(Apn i), h(n)) in oy(By, ), has configuration function x o
oy 1, and satisfies

ou(E,..0) Nop(Snk) = ou(F) .

o (ii) E = Upef—an,.. on—1}ya-1 B cuts B(on(An ), h(n) from T(on(Ank), h(n)) in
on(Bn.k), and:
ENSy = on(F) .

Proof :

The fact that £ cuts indeed B(on (A k, h(n)) from T'(on (A k), h(n)) in on(By, k) is the only
non-trivial point to show. Let b and b’ be two members of {—2N,...,2N — 1}9~1. The hy-
potheses on the cuts Fj, and Ej ensure that xp, and g, coincide on oy(By k) N oy (Bp k).
Thus, we can extend all the functions (2p)pc—on,... 2n—1}¢-1 in a single function = on o (B k)-
This implies that for every two neighbours « and v in on (B, 1), if (u,v) € E, then z(u) =
x(v). Thus, x is constant on each connected component of o (B, 1) . E. Since in each box
ob(Bn i), Ep cuts B(op(Ap i), h(n)) from T'(op(Ay k), h(n)), we have that x takes the value 1
on B(on (A k), h(n)), and the value 0 on T'(on(Ap k), h(n)). Thus, these two sets are discon-
nected in o (B 1) \ E.

[ |
Now, for every b € Z4~1, define

CF,m,b = {E C Ed ‘ Fisa (B(Ub(An,k), h(n)), T(Ub(AnJg), h(n)))—cut in Ub(Bn,k) s
ENoy(Snx) = op(F), card(E) < Ln® ' and #g o o = x} )
and
T(Fap) = min{V(E)|E € Crap} -
For every N, let Ey denote the set of the edges e in o (B,, ;) such that at least one endpoint of e
belongs to Sy. Define M (N) = N + 1(N) and, for N’ € {N, M(N)},

™~ = T(on (Ank), h(N)) .
If Fisa (B(on(Ank),h(n)), T(on(Apk), h(n)))-cutin o (A, k), then E U Ey clearly cuts

JN(An’k)iL(n) from O'N(An’k)g(n). Thus, part (ii) of Lemma 6 gives us that
i t > i ’
2 TR e Wy 2 U 2 min T

bE{—QM(N)7..,,2M(N)—1}d71 EEEN/

Notice that some edges are counted twice on the left-hand side of the preceding inequality. From
part (i) of Lemma 6, we know that the random variables (7(r,z.5))pe{—20(N),... 20 (N)—1}d-1 ar€
identically distributed, with the same distribution as 7). Using the FKG inequality,

< /\ndfl)(4M(N))d*1
= II P(r(pap) < An?T)
be{—2M(N),....2M (N)—1}d-1
< P(Vb e {—2M(N),...,.2M(N) — 1}, 75,5 < An® 1)

P < > T(Fap) < A (AM(N ))“)
be{—2M(N)

o 2M(N)—1}d—1

IIED(T(F,a:)

IN

<P . , — . " <>\d714MN d—1 '
- <N’€{Nrﬁr-l-l-flM(N)}TN N (N M(N)} > te) < AT AM(N)

ecEn/
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Let € > 0 be a fixed positive real number.

ey < 2n77) < < (N/e{NI?%(N)}TN <o

<4M<N>>d 1
(5.14) —HP’( min Z t(e) > end ))d- 1))

!
N'E{N,. M(N)} S

Now we shall let V go to infinity. Using Lemma 4 and the fact that limy_, ¢(N)/N = 0, we
get, for IV large enough,
P i P < A et aM(N))4?
(N,e Ly € (et (AM()
M(N)
< > P(W < (A+5)nd1(4M(N))d1)

N'=N

< w(N) max P(TN/ < ()\ + €)nd_1(4M(N))d_1>

N’e{N,...M(N)}
< YP(N) max Plry < | AN42— I nd 14Ny )
N’E{N,.‘.,M(N)} 4(n _ 2k>N/

1
lim inf — log P i ) d=T4 M (N))EL
N (4N (n — 2k))d-1 o8 <N’6{NI,I.1.1.B\/[(N)}TN (A +e)n™ (4M(N))

1

> liminf -
= LR T UN(n - 2k)d 1

max logP | 7y < | A+ 2e — 1 nd L (4N"yd"1
N'€{N.,..,M(N)} 4(n — 2k)N’

d—1
(5.15) zzﬁ<(A+25)(nf2k> )

Now, we use the fact that F' possesses an exponential moment, and that the sets £/ are disjoint.
Using Chebyshev inequality, there are positive constants Cy and Cs, depending only on F and d,
such that

P min t(e) > en® Y (AM(N))?!
( Y te) (4M(NV) )

A
N'E{N . M(N)} S

= II P(Zt()m HAM(N))E )

N’e{N,...M(N)} e€E

Thus,

N)

IN

(€C4h(n)nd‘2M(N)d—2fcmd—l(4M(N)>d_1)M

-1
lim inf o logP ( min Z t(e) > End1(4M(N))d1> - 1o,

ecEn/
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Therefore, inequalities (5.14) and (5.15) imply:

_ n — 2k)a1
a1 log P(T(F;@ S And 1) ( )

1 n d—1
LB (0 Y,
n = nd—1 ((/\ +2¢) n —2k )

We choose € = % and replace A by A\ — ﬁ to get

1 1 d—1
—a logP (T(F’x) < (x\ — \/ﬁ> n )

e ()2 )

Since k < v(n) and 1(n) is small compared to /n, for n large enough,

1 2 n\41
NS YRUER R
( N * n) n — 2k
Since 7 is non-increasing,

1 1Y\ 4 (n — 2k)41
Using inequalities (5.11) and (5.13),

L 1 _
lim 1nf—ﬁ log P(¢rn < An®™1) > T5()) .

n—oo

And thus, from inequality (5.10),

lim inf — log P(¢n, < And™1) > min{Zy(\), CoL} .

n—00 nd—1

Letting L tend to infinity finishes the proof of Proposition 5.1.

Proposition 5.1 implies that

lim sup logP(¢p(nA, h(n)) < (v(v) —¢)) > 0,

-1
n—oo Hd_l (nA)
under the condition on h:

Jlim h(n) = +oo and  lim logh(n) _ 0.

n—oo nd—1

As explained previously, combining this property with the upper large deviations estimates of

Chapter 2, we can prove the a.s. convergence of ¢(nA, h(n))/H? 1 (nA) towards v(vp) under

relevant hypotheses on & thanks to a Borel-Cantelli lemma.

REMARK 23. The subadditive argument does not work in the “non-straight” case. It is perhaps
important to note that in this case, it is not obvious at all to know in advance for which F' the
random variable 7 has the “minimal” distribution. It is natural to conjecture that this “minimal”
F' is a hyperrectangle, but we do not know how to prove this for all dimensions. When d = 2,
though, we are able to solve this problem and to show that if ~(n)/n converges towards tan(c)

for an avin [0, /2], and if ¥ = (cos 6, sin 6) = vy is orthogonal to A = Ay, then ¢(ndy, h(n))/n
converges towards min{v(v#)/ cos(0 —0) | |0 — 0] < a}. A similar method gives an analog result

for the lower large deviations. This will be done rigorously in a forthcoming paper.

The only thing we have to prove to obtain Theorem 15 is that for all A > v(7),

(5.16) lim ¢(nd, h(n))

——logP | ——F7—5- > = —00.
n—o0 HA-1(nA) 08 {Hd_l(nA) —)‘} o0
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Equation (5.16) has been proved in Chapter 2 of the thesis, under the hypothesis of the existence
of one exponential moment for the law of the capacities. Then we can write exactly the same proof
for Theorem 15 as for Theorem 12 (see section 4.6), since we know that ¢(nA, h(n))/H? 1 (nA)
converges a.s., so in probability, towards v(4). This ends the proof of the large deviation principle
for ¢ in straight cylinders.

5.2. Large deviation principle for ¢ in small boxes. In this section, we shall prove Corollary
2.2, i.e., under the assumption that lim,,_,~, h(n)/n = 0, the sequence

satisfies the same large deviation principle as (7(nA, h(n))/H4"1(nA),n € N).

We will use a result of exponential equivalence. For (X,,) and (Y;,) two sequences of random
variables defined on the same probability space (€2,.4,P), and for a given speed function v(n)
which goes to infinity with n, we say that (X,,) and (Y,,) are exponentially equivalent with regard
to v(n) if and only if for all positive ¢ we have

lim sup b logP (| X, — Y, >¢) = —oc0.
n—00 ’U(TL)

We will use the following classical result in large deviations theory (see [24], Theorem 4.2.13):

THEOREM 17. Let (X,,) and (Y,,) be two sequences of random variables defined on the same
probability space (0, A, P). If (X,,) satisfies a large deviation principle of speed v(n) with a good
rate function, and if (X,,) and (Y,,) are exponentially equivalent with regard to v(n), then (Yy,)
satisfies the same large deviation principle as (X,,).

We will prove that the sequences (¢(nA, h(n))/HY 1 (nA)) and (7(nA, h(n))/H¥"1(nA))
are exponentially equivalent with regard to H% !(nA) under the assumptions that there exist
exponential moment of the law of capacity of all orders and for height functions h satisfying
lim,, o0 h(n)/n = 0.

We take a hyperrectangle A. We will use the same notations as in section 3.3. Let E; be the
set of the edges that belong to 51+ defined as

EF = V(eyl@(nA), h(n)),C) N eyl(nA, h(n))
We have for all n
d(nA,h(n)) < T(nA,h(n)) < G(nA, h(n)) + V(E}).
Thus for all € > 0, for all n > p, we obtain

IP’( d(nA,h(n)) 7(nA,h(n)) ‘

HA=1(nA) HA=1(nA)
We know that there exists a constant C'* such that
card(Ey") < Ctnd=2h(n),

so for all € > 0, for all v > 0, for a family (¢;) of independent variables with the same law as the
capacities of the edges, we have

> e> < P(V(E]) > eH" ' (nd)) .

P [V(Ef) > eH" ' (nd)] < Yoty >eH(nA)

Ctnd=2p(n)
P
k=1

IN

E(e”t)c+”d72h(”) exp (—yst_l (nA))

< exp (—Hd—l(nA) (75 — c+m log E(evt)» .
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For a fixed R > 0, we can choose -y large enough to have ye > 2R, and also there exists ng such
that for all n > ny we have
d—2
n® *h(n)
Ct———— " logE(e") < R
Hd_l(nA) Og (6 ) — b
soforall R >0

3 o 1 + d—1
and then

lim sup logP [V(ET) 2 EHd_l(nA)] - T

1
n—o0 Hd_l(TLA)
We obtain immediately that (¢(nA, h(n))/H?1(nA)) and (7(nA, h(n))/H?1(nA)) are expo-
nentially equivalent with regard to H9~!(nA), and so by Theorem 17 (¢(nA, h(n))/H4~1(nA))
satisfies the same large deviation principle as (7(nA, h(n))/H?1(nA)).

6. Study of 7;(9||0]]1)

This study is not needed in this paper, but it allows us to better understand the behaviour of
the function J; near the point d||v||;. As we said before, the behaviour of Z; near ¢||v||; is not
clear, that is the reason why we defined the function J3. The problem comes from the corrective
term 1/4/n we added in the definition of Z; to work with subadditive objects, it is not related to
the behaviour of 7(nA, h(n)) itself. We will show the following proposition

PROPOSITION 6.1. For all unit vector ¢, we have:
T5(0[|7]l1) = Zz(A) < —[[v]l1logP(t(e) = 9).

lim
A=6||511, A>0|7]|1

Proof :
Let A be a non degenerate hyperrectangle orthogonal to ¥, and h : N — R™ such that

Jim h(n) = +oo.

We fix a € > 0, then for all n large enough we have 1/y/n < ¢/2 and

N (nA, h(n)) . €
NN~ =
Hina) = 10+ 55
The definition of N'(nA, h(n)) itself implies that there exists a set of N'(nA, h(n)) edges Epin
that cuts (nA)}f(n) from (nA)g(n) in cyl(nA, h(n)). We deduce from this remark that
T(nA, h(n)) . 1 T(nA, h(n)) . €
p | DA M) - | > p | <
Hd_l(')’LA) —5”UH1+€ \/ﬁ - Hd_l(nA) —6HU||1+ 2
V(Emm) o 3
> — < -
> gty <1+

> P Ve € Epin, t(e) =0

We obtain immediately that for all ¢ > 0,
Zz(0]|0lh + &) < —[|7]l1 logP(t = 6),

and so that
T5(0||7][1) < —||]|1 log P(t = 6) .
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|
It is much more difficult to obtain a lower bound on J3(d]|7]|1). However, we can obtain it in
the case where d = 3, § > 0 and 7y = (0,0, 1). We will prove the proposition:

PROPOSITION 6.2. Let d = 3. We suppose that F' is such that § > 0. Let tp = (0,0,1) (so
lUo]|1 = 1). Then we have
T5,(0) = —logP(t =9).

Proof :
Let d = 3. Using the proposition 6.1, we only have to prove that
T3, (0) > —logP(t =0).
We suppose that 6 > 0. We consider a straight cylinder cyl(nA, h(n)), i.e., a cylinder of the form
9! na;, nb;] x [c — h(n), c + h(n)]. Let us define
T(nA, h(n))
=P|l——5<4 - —.
" { HETmd) = T U
Then
P. =P l4p cp ’ E cuts (nA)}" from (nA)y"™ in cyl(nA, h(n)) }

and V(E) < (5 +e— ﬁ) HIL(nA)

Such a set of edges £ cannot contain more than M (n, A) edges, for

M(n, A) = E (5+e - 1) Hd_l(nA)J .

\/ﬁ
We deduce that
P. < M%"” card ({E Cgd | Ecuts mA)™ from (nA);™ in cyl(nA, h(n)) }>
> N and card(E) = p

xIP’[p ti < <6+5—\/lﬁ)7'{d1(n14)] ,
i

where (t;) are independent and distributed as the capacities of the edges. For all fixed n > 0, for
all n large enough we have

N(nA,h(n)) > (1—-n)H¥(nA),

whence, by taking 7 small enough, for all &’ > ¢ there exists n(d,,&’) such that for all n >
n(d,e, &), forall p € {N(nA, h(n)),..., M(n, A)}, we have

1 1
“o+e——=)H"(nA <5+¢.
P( \/ﬁ> (nd)

Thus for all n > n(d, €, e’) and all positive v we have

P [zp:ti < <5+6 - \}ﬁ> Hd—l(nA)] <P {Zi—; t; < (5+5 — \/17;9) Hdl(nA)}
i=1

D .
p

< @ PE(e 0P

N

IN
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In the previous inequality, we remark that t — § > 0 a.s., so the expectation is well defined. Using
lemma 14 in [31] stated by Grimmett and Gielis we know that there exists a constant K (> 1) such
that

h(n h(n) .
card ({E cpd| Eeuts mA)™ from (nA),™ in }) < HI 1 (nA)KP-NnAAm)

cyl(nA, h(n)) and card(E) = p

(here the factor H9~!(nA) corresponds to the number of possible origin for groups of wall as
introduced in [31]). Then we obtain that

M(n,A)

P < Hd_l(nA) Z Kp_N(nAvh(n))e’YE/P]E(e—’Y(t—5))p
p=N(nA,h(n))
S (% — 77) K(E/(S_n)Hdil(nA)675/(1+8/2)Hd71(nA)E(e—-y(t_(S))(1_77)de1(nA) '

We conclude that
Ta(5+€) > —/(1+e/2) — (1 - n)logB(e ) — (£ ) log K.

We know that
lim E(e "9 = P(t = §),

y—00

and by sending ¢, 1) and €’ to 0 we obtain that
T5,(0) > —logP(t = 4).
This ends the proof of the proposition 6.2.

|
It is really difficult to obtain a lower bound on J3(d||7||1) in general. Indeed, if 6 = 0, we
have to consider an infinite number of cutsets (of arbitrarily high cardinality), and this is a major
issue in the proof. For general ¢, we cannot use the estimates of Gielis and Grimmett [31]. We
tried to use instead estimates of Cerf and Kenyon (lemma 5.8 in [17]), but the upper bound we
can obtain involves the entropy of ¥, which quantifies the number of cutsets of almost minimal
cardinality among those whose boundary is fixed along an hyperrectangle oriented towards the
direction given by . Thus, the upper and lower bounds are not the same, and we have no idea of
the real behaviour of [73(d||¥/]|1) for ¢'in general, even if § > 0.
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The case of dimension two






CHAPTER 6

Law of large numbers, lower and upper large deviations for the
maximal flow from the top to the bottom of a tilted cylinder in
dimension two

This chapter from section 1 to section 4 is a joint work with Rapha&l Rossignol.

Equip the edges of the lattice Z? with i.i.d. random capacities of distribution function F.
When F'(0) < 1/2, we prove a law of large numbers and a large deviation principle from below
for the maximal flow crossing a rectangle in R? and we investigate the order of the upper large
deviations of this variable, when the side lengths of the rectangle go to infinity. This extends and
improves previous large deviations results of [34] obtained for straight boxes.
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1. Introduction

The model of maximal flow in a randomly porous medium with independent and identically
distributed capacities has been introduced by [20] and [41]. The purpose of this model is to
understand the behaviour of the maximum amount of flow that can cross the medium from one
part to another.

All the precise definitions will be given in section 2, but let us draw the general picture in
dimension d. The random medium is represented by the lattice Z¢. We see each edge as a micro-
scopic pipe which the fluid can flow through. To each edge e, we attach a nonnegative capacity ¢(e)



140 CHAPITRE 6. ASYMPTOTIC BEHAVIOUR OF ¢ IN A TILTED CYLINDER B IN DIMENSION TWO

which represents the amount of fluid (or the amount of fluid per unit of time) that can effectively
go through the edge e. Capacities are then supposed to be random, identically and independently
distributed with common distribution function F'. Let A be some hyper-rectangle in R? and n an
integer. The portion of medium that we will look at is a box B,, of basis nA and of height 2h(n),
which n A splits into two boxes of equal volume. The boundary of B,, is thus split into two parts,
AL and A2. There are two protagonists in this play, two types of flows through B,,: the maximal
flow 7,, for which the fluid can enter the box through A}, and leave it through A2, and the maximal
flow ¢,, for which the fluid enters B,, only through its bottom side and leaves it through its top
side. The first quality of 7, is that it is (almost) a subadditive quantity, whereas ¢,, is not. The
main question now is: “How do ¢,, and 7,, behave when n is large ?”.

Existing results for ¢, and 7,, are essentially of two types: laws of large numbers and large
deviations results. It is important to stress that the orientation on A plays an important role in
these results. More precisely, the first results were obtained for “straight” boxes, i.e., when A is
of the form Hf;ll [0, a;] x {0}. Especially concerning the study of ¢,,, this simplifies considerably
the task. Here is the state of the art: the law of large numbers for 7,, were proved under mild
hypotheses: in [41] for straight boxes and in [52] (Chapter 5 of the thesis) for general boxes.
These results follow neatly from the subadditivity property already alluded to. Suppose that ¢(e)
has finite expectation, ¥’ denotes a unit vector orthogonal to A, and h(n) goes to infinity. Then
there is a function v defined on S?~! such that:

. . E[r(nA, h(n))]
v(0) = i =)

where H?1(nA) is the (d — 1)-dimensional Hausdorff measure of n.A. Moreover, if the origin of
the graph belongs to A and if there exists a real M such that all the coordinates of M« are rational,
then
nllrgom = v(?) a.s.andin L.

The a.s. convergence does also happen for general A and ¢ under stronger assumptions on F' (see
[52] or Chapter 5 of the thesis). The law of large numbers for ¢, was proved only for straight
boxes, with suboptimal assumptions on the height &, the moments of ' and on F'({0}), in [41]. In
dimension 2, this was first studied in [34]. The assumption on F'({0}) was optimized in [58] and
[59]. A specificity of the lattice Z¢, namely its invariance under reflexions with respect to integer
coordinate hyperplanes, implies that the law of large numbers is the same for ¢,, and 7,, in straight
cylinders (provided log h(n) does not grow too fast).

Concerning large deviations results for 7,,, a full large deviation principle from below was
proved in [52] (Chapter 5 of the thesis), for general boxes. For ¢,,, upper large deviations were
studied in [55] for straight boxes only, and a complementary result is given in Chapter 3 of this
thesis in the case where h(n)/n goes to zero as n goes to infinity. Lower large deviations for ¢,
were studied in [52] for straight boxes also (previous works include [20], [S6] and, for dimension
2, [21]). In these results, very few is known about the rate functions (see also [34]).

Summarizing, 7, is fairly well studied concerning laws of large numbers and large deviation
principles from below in general boxes, but for ¢,, nothing is known when the boxes are not
straight (except when the height is small compared to n, in which case it behaves like 7,,, cf. [52]).

This paper aims at filling this gap, although we can do so only in dimension 2. For instance,
suppose that 2h(n)/(ni(A)) goes to tan(a) when n goes to infinity, with o € [0, 5] and I(A)
denoting the length of the line segment A. Our main results imply, under some conditions on F,
that:

U~
On &2 inf 0

(6.1) — N
nl(A) n—=0 Gerg_a0+4a) cos(d — 0)
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where we re-encoded the function v as follows: vy := v(¥ (6)) when ©() makes an angle 6 with
(1,0). We shall also obtain a large deviation principle from below in the same spirit. We also
investigate the order of the upper large deviations of ¢,,. Notice that there is no reason for the limit
in (6.1) to be identical to vy. Thus, something different happens when the boxes are not straight,
and this is, to our opinion, an important contribution of our study. Notice that this fact can already
be observed when F' is concentrated on one point. For instance, if ¢(e) = 1 deterministically and
2h(n)/(nl(A)) goes to tan(a)) when n goes to infinity, with o > 7, then one may easily compute
that 9 = | cos 0| + | sin 0|, whereas the limit of ¢,,/(nl(A)) is min{1/| cos 8|, 1/|sin0|}.

The paper is organized as follows. In section 2, we give the precise definitions and state the
main results of the paper. Section 3 is devoted to the law of large numbers for ¢,,, whereas the
large deviation principle from below for ¢,, is proved in section 4. The section 5 is devoted to the

study of the upper large deviations of ¢,,.

2. Notations, background and main results

The most important notations are gathered in this section.

2.1. Maximal flow on a graph. First, let us define the notion of a flow on a finite unoriented
graph G = (V, &) with set of vertices V' and set of edges €. Let t = (t(e))ece be a collection of
non-negative real numbers, which are called capacities. It means that ¢(e) is the maximal amount
of fluid that can go through the edge e per unit of time. To each edge e, one may associate two
oriented edges, and we shall denote by £ the set of all these oriented edges. Let A and Z be two
finite, disjoint, non—emp_t)y sets of vertices of GG: A denotes the source of the network, and Z the
sink. A function # on £ is called a flow from A to Z with strength ||f|| and capacities ¢ if it is

antisymmetric, i.e. Oz = —0z, if it satisfies the node law at each vertex z of V'~ (AU 2):
> 0 =0,
y~z

where y ~ x means that y and x are neighbours on G, if it satisfies the capacity constraints:
Vee &, |0(e)| <t(e),
and if the “flow in” at A and the “flow out” at Z equal ||0|]:

ol =>_ > 0@y =>_ > 0(y2).

acA y~a 2€Z Y~Z
ygA ygA

The maximal flow from A to Z, denoted by ¢4(G, A, Z), is defined as the maximum strength of all
flows from A to Z with capacities t. We shall in general omit the subscript £ when it is understood
from the context. The max-flow min-cut theorem (see [12] for instance) asserts that the maximal
flow from A to Z equals the minimal capacity of a cut between A and Z. Precisely, let us say that
E C £isacutbetween A and Z in G if every path from A to Z borrows at least one edge of F.
Define V(FE) = Y. t(e) to be the capacity of a cut E. Then,

(6.2) ¢+(G, A, Z) =min{V(F) s.t. Eisacutbetween A and Z in G} .

2.2. On the square lattice. We shall always consider G as a piece of Z>. More precisely,
we consider the graph I = (Z?,E?) having for vertices Z? and for edges [E2, the set of pairs of
nearest neighbours for the standard L' norm. The notation (z,y) corresponds to the edge with
endpoints = and y. To each edge e in E? we associate a random variable ¢(e) with values in
R*. We suppose that the family (t(e),e € E?) is independent and identically distributed, with
a common distribution function F. More formally, we take the product measure P = F®® on
Q = [eerz[0, oo, and we write its expectation E. If G is a subgraph of L, and A and Z are two
subsets of vertices of G, we shall denote by ¢(G, A, Z) the maximal flow in G from A to Z, where
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G is equipped with capacities . When B is a subset of R?, and A and Z are subsets of Z? N B, we
shall denote by ¢(B, A, Z) again the maximal flow ¢(G, A, Z) where G is the induced subgraph
of Z? with set of vertices Z? N B.

We denote by €1 (resp. €'2) the vector (1,0) € R? (resp. (0, 1)). Let A be a non-empty line
segment in R?. We shall denote by [(A) its (euclidean) length. All line segments will be supposed
to be closed in R2. We denote by #(#) the vector of unit euclidean norm orthogonal to hyp(A), the
hyperplane spanned by A, and such that there is 6 € [0, [ such that 7(6) = (cos 0, sin #). Define
7-(#) = (sin @, — cos §) and denote by a and b the end-points of A such that (b — a).7(6) > 0.
For h a positive real number, we denote by cyl(A, h) the cylinder of basis A and height 2h, i.e.,
the set

cyl(A,h) = {z+td(0) |z € A, t € [—h,h]}.
We define also the r-neighbourhood V(H,r) of a subset H of R as
V(H,r) = {z e R |d(z, H) <},

where the distance is the euclidean one (d(z, H) = inf{||z — y||2 |y € H}).
Now, we define D(A, h) the set of admissible boundary conditions on cyl(A, h) (see Figure

1):
0 — arctan (i%) 0+ arctan (Wm .

D(A,h) = {(k,é) |k e0,1]andf €
The meaning of an element x = (k, §) of D(A, h) is the following. We define

FIGURE 1. An admissible boundary condition (%, 0).

7(0) = (cosf,sinh) and 7+(0) = (sinf, —cos0).
In cyl(nA, h(n)), we may define two points ¢ and d such that ¢ is “at height 2kh on the left side
of cyl(A, h)”, and d is “on the right side of cyl(A, h)” by

c=a+ (2k — Dh#(0), (d— c)isorthogonal to #(0) and d satisfies cd - 7(6) > 0 .

Then we see that D(A, h) is exactly the set of parameters so that ¢ and d remain “on the sides of
cyl(A, h)”.
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We define also D(A, h), the set of angles 6 such that there is an admissible boundary condition

with angle 0:
2h 2h
D(A,h) = |6 — il Sl N
(A, h) {9 arctan(l(A)),H—i—arctan(l(A))}

It will be useful to define the left side (resp. right side) of cyl(A, h): let left(A) (resp. right(A))
be the set of vertices in cyl(A, h) N Z? such that there exists y ¢ cyl(4, h), (z,y) € E% and [z, y],
the segment that includes x and excludes y, intersects a + [—h, h].7(0) (resp. b+ [—h, h].T(0)).

Now, the set cyl(A, h) \ (¢ + R(d — ¢)) has two connected components, which we denote by
Ci(A, h,k,0) and Co(A, h, k,0). Fori = 1,2, let A?’k’g be the set of the points in C;(A, h, k,0) N
Z?* which have a nearest neighbour in Z? \ cyl(A, h):

AMED = (€ C(A by b, 8) NZ2 | Ty € T2~ cyl(A, h), ||z — y[ly =1}
We define the flow in cyl(A, h) constrained by the boundary condition x = (k, ) as:
(A h) = Bleyl(A, h), ALH ALED)
A special role is played by the condition k = (1/2, 6), and we shall denote:
T(A, h) = 7(cyl(A, h),5(0)) = /2D (A, h) .

Let T'(A, h) (respectively B(A, h)) be the top (respectively the bottom) of cyl(A, h), i.e.,

T(A,h) = {x € cyl(A,h) |y ¢ cyl(A,h), (x,y) € E? and (z,y) intersects A + h#i(0)}
and

B(A,h) = {z € cyl(A,h) |y ¢ cyl(A,h), (z,y) € E¢and (z,y) intersects A — hii(0)} .
We shall denote the flow in cyl(A, h) from the top to the bottom as:

B(A, ) = Bleyl(A, h), 5(6)) = G(cyl(A, h), T(A, h), B(A, b))

2.3. Duality. The main reason why dimension 2 is easier to deal with than dimension d > 3
is duality. Planar duality implies that there are only O(h?) admissible boundary conditions on
cyl(A4, h). Let us go a bit into the details.

The dual lattice IL* of LL is constructed as follows: place a vertex in the centre of each face
of IL and join two vertices in L.* if and only if the corresponding faces of L. share an edge. To
each edge e* of IL*, we assign the time coordinate #(e), where e is the unique edge of E? crossed
by e*. Now, let A be a line segment in R?. Let G4 be the induced subgraph of L. with set of
vertices cyl(A, h) N Z2. Let G* be the planar dual of G4 in the following sense: G* has set
of edges {e* s.t. e € G4}, and set of vertices those vertices which belong to this set of edges.
Now, we define left*(A) (resp. right™(A)) as the set of vertices v of G* which have at least one
neighbour in IL* which is not in G 4 and such that there exists an edge e* in G% with v € €* and
e* Nleft(A) # 0 (resp. e* Nright(A) # 0).

It is well known that the (planar) dual of a cut between the top and the bottom of cyl(A, h)
is a self-avoiding path from “left” to “right”. Furthermore, if the cut is minimal for the inclusion,
the dual self-avoiding path has only one vertex on the left boundary of the dual of A N Z? and
one vertex on the right boundary. The following lemma is a formulation in our setting of those
classical duality results (see for instance [34] p.358 and [12], p.47).

LEMMA 7. Let A be a line segment R? and h be a positive real number. If E is a set of edges,
let
E*={e"|ec E}.
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If E is a cut between B(A, h) and T (A, h), minimal for the inclusion, then E* is a self-avoiding
path from left* (A) to right* (A) such that exactly one point of E* belongs to left*(A), exactly one
point of E* belongs to right*(A), and these two points are the end-points of the path.

An immediate consequence of this planar duality is the following.

LEMMA 8. Let A be any line segment in R? and h a positive real number. Then,

A h) = ' (A, h) .
pAh) = min ¢"(4,h)
Notice that the condition  belongs to the non-countable set D(A, h), but the graph is discrete

s0 ¢"(A, h) takes only a finite number of values when x € D(A, h). Precisely, there is a finite
subset D(A, h) of D(A, h), such that:

(6.3) card(D(A, h)) < C4h?
for some universal constant Cy, and:

¢(A,h) = min ¢"(Ah).
KED(A,h)

2.4. Background and main results. First, let us recall some facts concerning the behaviour
of 7(nA, h(n)) when n and h(n) go to infinity. We start with the law of large numbers satisfied by
7(nA, h(n)). We follow exactly the steps of the proof of this result presented in the introduction
of the thesis. Let A = [a, b] be a non-empty line segment, ¥(#) = (cos@,sin @) a unit vector
orthogonal to hyp(A). Define X, (resp. X3) the sum of the variables ¢(e) for all edges e totally
included in the ball B(a,4) (resp. in B(b,4)). Patching cuts together, it may be seen that for
every fixed height h, (7(nA, h) + Xpq + Xnp)nen is a subadditive sequence. If the variables ¢(e)
have finite mean, Kingman’s subadditive ergodic theorem (see [42], p. 884) implies the almost sure
convergence and in L' of (7(nA, h)+ X,a+ Xnp)/(nl(A)) (and therefore of (7(nA, h)/(nl(A)))
to some constant vg(h), when n goes to infinity, under three hypotheses: E(t(e)) < oo, the origin
of the graph belongs to A and there exists a real M such that M¥(6) has rational coordinates.
Standard techniques like in [52] allow to show that this limit depends only on A and 6. Also,
if h(n) goes to infinity, arguments as in [55] show that 7(nA, h(n))/(nl(A)) converges to some
constant vy = infy vg(h). The techniques of [52] allow also to prove that the convergence of
E[r(nA, h(n))]/(nl(A)) towards vy happens under the hypothesis that E(¢(e)) < oo, without any
assumption on A and /(). We will only use this property during the chapter 6 of the thesis, so we
state it clearly:

THEOREM 18. Let A be a non-empty line segment, and 9(0) = (cos@,sin @) a unit vector
orthogonal to hyp(A). If F has finite mean, and h(n) goes to infinity, E[T(nA, h(n))]/(nl(A))
converges to some constant vy when n goes to infinity. This limit vy depends on F, d and 0, but
not on h and on A itself.

Finally, let us remark that vy is equal to u (5 (6)), where p(.) is the time-constant function of
first passage percolation as defined in [40], (3.10) p. 158. This follows from the duality consid-
erations of section 2.3 and standard first passage percolation techniques (see also Theorem 5.1 in
[34]) that relate cylinder passage times to unrestricted passage times (as in [38], Theorem 4.3.7 for
instance).

One consequence of this equality between v and y is that 8 — vy is either constant equal
to zero, or always non-zero. The former case occurs when F'(0) > 1/2, and the latter when
F(0) <1/2.

Concerning large deviations results, Lemma 2 and Theorem 2 in [52] state this result:
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THEOREM 19. Suppose that F satisfies the condition:

F(0)< L,
(6.4) { Iy >0, 2f e’ dF(z) < oo .

For every non-empty line-segment A in R?, with euclidean length 1(A), for every sequence of
positive real numbers (h(n)),>0 satisfying limy, .o h(n) = 400, for all X in RT, the limit

1
To(N) = Jim —— nl(A) logP { (nA,h(n)) < </\ — \/ﬁ> nl(A)

exists in [0, +00| and depends only on 6 € [0, | such that (cos 6, sin 0) is orthogonal to A. More-
over; the function Iy has the following properties: it is convex on R, infinite on [0, (| cos 0| +
)|, where § = inf{\|P[t(e) < A] > 0}, finite on |§(| cos 0|+ | sin 6|), +o00|, continuous and
strictly decreasing on [6(| cos 0| + | sin 6)|), vg], positive on |d(| cos 0| + | sin b)), vy| and equal to
0 on [vg, +00l.

For simplicity of notations, we define Z; = +-co on R;’, and for all a > 0,

(qT) = .~ (a”) = (q —
Z(a™) €_)1(1]II€1>OI{9(CL—I—f:) and  Zj(a") Ejérg>019(a £).

We denote by Jp the function defined on R™ by
To(AT) if A<y,
Jo(A) = { oXT) A< v

+00 if A> 1.
The following large deviation principles have also been proved in [S2]. Under the assumptions on
F and h in Theorem 19, if moreover F' admits exponential moment of all orders:

Yy > 0, /ewdF(x) < 400,

then the sequence (7(nA, h(n))/nl(A)),>o satisfies a large deviation principle of speed nl(A)
with the good rate function Jy. The same large deviation principle is satisfied by (¢, /nl(A))n>0
under the same hypothesis if lim,,_,o, A(n)/n = 0. Finally, under the assumptions on F and h in
Theorem 19 and the added assumption that lim,,_.~ log h(n)/n = 0, the sequence (¢, /nl(A))n>0
satisfies the same large deviation principle if A is horizontal, i.e., of the form [a, b] x {0}.

‘We recall that for all n € N, we have defined

D(nA, h(h)) = {9 _ arctan (i’;&;) 10 + arctan (i};((zg )} |

We may now state our main results.

THEOREM 20 (Law of Large Numbers). Let A be a non-empty line-segment in R?, with eu-
clidean length [(A). Let 0 € [0, [ be such that (cos 0, sin 0) is orthogonal to A and (h(n))n,>0 be
a sequence of positive real numbers such that:

(6.5) logZ(n) 0.
Define:
D = limsup D(nA, h(n ﬂ UDnAh
n—ee N>1n>N
and,
7—1171111)101.}{"1?71/1]1 U mDnAh

N>1n>N
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Suppose that the following conditions on F' are satisfied:

F0) <y,
(6.6) { Je > 0, 2fx2+a dF (r) < oo .

Then,
lim inf ¢(nd, hin)) = inf {710 16 e D} a.s.
n—o0 nl(A) cos(f —0)
and n
vy -
lim sup $(nd, hin)) = inf {f AS D} a.s.
n—00 nl(A) COS(G — 0)

COROLLARY 2.1. Under the hypotheses of Theorem 20, suppose there is some o € |0, g]
such that:

2h(n) —— tan«
nl(A) n—oo '
Then,
d(nA,h(n) _ . { i \5 }
lm ——— =inf{———— |0 €|l —a,0+« a.s.
n—co  nl(A) cos( — 0) | | ]

It has already been remarked in [56] (see the discussion after Theorem 2) that the condition
on h is the good one to have positive speed when one allows edge capacities to be null with
positive probability. Also, as observed before, the condition on F'(0) is optimal if one wants to
have positive speed.

REMARK 24. Notice that Theorem 20 is consistent with the law of large numbers obtained
in the “straight case”, i.e. when 6 € {0,7/2} (cf. Corollary 4.2 in [34]). Indeed, it is known
that v satisfies the weak triangle inequality (see section 4.5 of the Chapter 5 of the thesis), and
for symmetry reasons, it implies that when § € {0, 7/2}, the function § vg/ cos(f — 6) is
minimum for § = # and thus, Theorem 20 implies that ¢(n.A, h(n))/(nl(A)) converges to vy,
the limit of 7(nA, h(n))/(nl(A)), when cyl(nA, h(n)) is a straight cylinder. In fact, the same
phenomenon occurs for any 6 such that there is a symmetry axis of direction 6 for the lattice Z2.
These directions in [0, 7| are of course {0,7/4,7/2,37/4}. We do not give more details here,
because we will use the same ideas in a more complicated case in Lemma 16 in section 4.2.1 to
prove the equivalent remark 25 for the large deviation principle.

Also, Corollary 2.1 is consistent with the fact that for general boxes, when h(n) is small with
respect to n, p(nA, h(n))/(nl(A)) and 7(nA, h(n))/(nl(A)) have the same limit.

THEOREM 21 (Lower Large Deviation Principle). Let A be a non-empty line-segment in R?,
and (h(n))n>0 be a sequence of positive real numbers satisfying condition (6.5) and such that

2h(n)

m nl(A) = tana
exists in [0, +oc]. Let D = [0 — o, 0 + «, and
U~
0

nep = inf ———=——.

gep cos(f — 0)
Suppose that the conditions (6.4) on F are satisfied:

F(0) <3,
Iy >0, [ dF(x) < o0

Define the rate function K : R™ — RT U {+oc0} by

infz_, mS(lTe)Ibv(/\cos(g — ) A< ngn,

6.7 K\ =
( ) () {+OO if)\>7797h.
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Then the sequence

(W) neN

satisfies a large deviation principle of speed nl(A) with the good rate function K.

Moreover, if we define N N

5pn = 6 inf ]cos@|j— | sin 4| '

’ 9ep  cos(f — 0)
where 6 = inf{\|P(t(e) < \) > 0}, the good rate function K has the following properties:
it is infinite on [0, 6 ,[U]ng.p, +00|, finite on |0 1, Mo 1), positive on [5g.p,ne.n| and equal to O
at Mg p, and strictly decreasing when it is finite, in the sense that if K(\) < oo, for all ¢ > 0,
KA —¢)>K(N).

REMARK 25. We will prove in Lemma 16 in section 4.2.1 that when 6 € {0, 7/2}, we have
K(X) = Zy(\T), and so Theorem 21 is consistent with the large deviation principle obtained in
[52] in the case of straight cylinders.

THEOREM 22 (Upper large deviations). Let A be a non-empty line-segment in R2, with eu-
clidean length [(A). Let 0 € [0, be such that (cos@,sinf) is orthogonal to the hyperplane
spanned by A and (h(n))n>0 be a sequence of positive real numbers such that lim,,_. h(n) =
~+00. Suppose that the conditions (6.4) on F' are satisfied:

F(0) <3,
Iy >0, [ dF(z) < o0
and that o(n. h(n))
n n
lim ————% =
w0 ni(A) "16,h
exists a.s. Then for all X > 1y p, we have

(6.8) 1mgfmlogp[¢(nA,h(n)) > Anl(A)] > 0.

The upper large deviations are thus of volume order.

REMARK 26. For the reasons given in Chapter 3, we were not able to adapt the proof of
the large deviation principle from above we obtained in Chapter 2 for straight cylinders, even in
dimension two.

We shall often use two abbreviations: laglad for “limite a gauche, limite a droite”, meaning
that a function admits, on every point of its domain, a limit (eventually infinite) from the left and
a limit from the right. We shall also use Ls.c for “lower semi-continuous”.

3. Law of large numbers

In this section, we shall prove Theorem 20. So we suppose that A is a non-empty line segment
in R2. To shorten the notations, we shall write D,, = D(nA,h(n)), the set of all admissible

conditions for (nA, h(n)):
oo (205 0 e (2000 |

D, = {0 — arctan (%) .0 + arctan (iﬁ%)} .

¢On = d(nA,h(n)), and ¢} = ¢ (nA, h(n)).

D, = {(k,§)|ke [0,1] and § €

and

Also, we shall use:
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Furthermore, we shall denote by Ey4,  a cut whose capacity achieves the minimum in the dual
definition (6.2) of ¢y,.

3.1. Sketch of the proof. First, recall that from Lemma 8,

— 3 K
on = Join b -

Step 1. A concentration result for ¢,, (section 3.2) and a Borel-Cantelli argument allow us to
reduce the study of the LLN of ¢,, to the study of the convergence of E(¢,,)/nl(A) as n tends to
infinity.

Step 2. A deviation result for ¢/ (section 3.2 again) shows that the mean of ¢,, is equivalent
to mingep, E(¢f).

Step 3. Now, for a fixed k = (k, 5), @y is roughly bounded from above by a variable
7(nA’, 1/ (n)), for some small enough 4’ and a line segment A’ having angle 0 (see Figure 2).
This allow us to show in section 3.3 that

"

lim su < inf —f
n—>oop nl(A) - 562 COS(9 — 6)

and
U~
lim inf On < inf —=2—.
n=co nl(A) T 5 cos(f — 0)
Step 4. On the other hand, by a subadditive argument (see Figure 3), we show in section 3.4
that

K ) Vo
liminf inf > inf —f
n—oo keDn nl(A) ~ Gep cos(6 — )
and
K ) Vo
liminf inf > 6

> inf —————.
9D cos(0 — 0)

3.2. Concentration properties of the maximal flows. The following proposition, due to
Kesten, allows to control the size of the minimal cut, and is of fundamental importance in the
study of First Passage Percolation.

n—oo keDy, nl(A)

PROPOSITION 3.1 (Proposition 5.8 in [40]). Suppose that F(0) < 1. Then, there are constants
a, C} and C9, depending only on F', such that:

3 a self-avoiding path ~ in IL*, starting at (%, %) < Cre-Com
with card(y) > m and Y o« t(e*) < am =t '

Thanks to Proposition 3.1 and general concentration and moment inequalities due to [14, 13],
we obtain the following concentration results for the maximal flows ¢,, and ¢};.

PROPOSITION 3.2. Let A be a non-empty line segment.
i) Suppose that F satisfies (6.6) for some ¢ €]0, 1[. Then, there is a positive constant C¢, depending
only on F' and A such that, for every n:

(6.9) E(|¢n — E(¢n)[*T5) < Cen' T2 |

ii) Suppose that F'(0) < 1/2 and
/ 22 dF(z) < +o0.
[0,+00]

Then, there are positive constants K7 and Ko, depending only on F', such that, for every n and
every n €]0,1[:

(6.10) m%x ]P)(QSZ < E(¢2)(1 _ 77)) < Kle—KzTiminn E(¢rn) 4 Kle—KQ(l—U) min, B(¢7)
KEDn



3. LAW OF LARGE NUMBERS 149

An immediate consequence of Proposition 3.2 (through Borel-Cantelli’s lemma) is that to
prove Theorem 20, it is sufficient to prove it with ¢,, replaced by E(¢,, ).

Proof of Proposition 3.2: First, we prove (6.9). We shall make use of the “¢-Sobolev inequal-
ities” obtained in Lemma 3 of [13]. To this end, we need some notation. We order the edges in
cyl(nd,h(n))NLasey,...,emn,.

We keep the notation ¢ for the collection of random capacities and we take ¢’ an independent
collection of capacities with the same law as ¢. For each edge e; € cyl(A,h), we denote by
t( the collection of capacities obtained from ¢ by replacing ¢(e;) by /(e;), and leaving all other
coordinates unchanged. Define:

t] |

where ¢,,(t) is the maximal flow through cyl(nA, h) when capacities are given by ¢, and u; =
max(u, 0). Similarly, define:

t] |
where u_ = min(u, 0). Observe that:

on(tV) = dn(t) < (t'(es) = ter)) Lesek,,

Mn

Vi =E [Z(%(t) — ou(t))%

=1

Mn

T [zwn(w ~ gt

=1

and

E[(t'(es) — te))3 1] < E[t'(e)’[t] = Mo,
where we defined M, = E(t(e)"). Thus,
(6.11) V_ < My card(Ey,) .

Recall the following version of Efron-Stein’s inequality (see for instance the discussion after
Proposition 1 in [14]),

Var(¢,) <E(V_) .
Thus,

(6.12) Var(¢y,) < MaE(card(Ey,)) = O(n)

where the estimation is a simple consequence of Proposition 3.1 (that kind of bound was first
shown by Kesten, see Theorem 1 in [39]). Now, let ¢ €]0, 1] be such that [ 2%*¢ dF(z) < oo.
Defineq=2+cand a =g — 1 =1+ . Then, Lemma 3 in [13] states that:

(6.13)  E[(¢n — E(¢n)}] < El(¢n — E(60))]7* + aE[Vy (60 — E(n))5]

and:

(6.14)  E[(¢n — E(n))"] < E[(¢n — E(60))*]* + aE[V_(¢n — E(n))"] -

Since a < 2, and using (6.12),

(6.15) E[|¢n — E($)|*]%* < Var(¢n)?? = O(n'*3) .

Now, let us bound E[V_(¢,, — E(¢y,))%]. First,

(6.16)  E[V_(¢n —E(dn))2] < E[V_|¢p — E(¢n)|°] < MaE[card(Ey, ) - |¢n — E(¢n)|°] .
Then, using Holder’s inequality,

(6.17) Elcard(Ey,) - |¢pn — E(on)[7] < E[card(E%)%]% Var(¢n)? .
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Now, we claim that it is a consequence of Proposition 3.1 that for every 5 > 0, there is some
constant K4, depending only on F', A and (3 such that:

(6.18) E(card(Ey,,)?) < Ky (nﬂ +E[l¢n — E(¢n)]) -

We shall show this claim later. Noticing that 5=~ < 2, and using (6.12), it implies that:
E[card(E%)?TE]T =0O(n) .

This equation, together with inequalities (6.15), (6.16) and (6.17) shows that:

(6.19) E[(¢n — E(¢n))?] = O(n'*3) .

Now, let us bound E[V, (¢, —E(¢,,))5 ] First, since we cannot bound V. efficiently, but only V_,
we need a small trick. Notice, since 0 < € < 1, that for any real numbers a and b:

(@+b)5 <af +05 .
For any ¢,
E[(¢n(t) = ¢n(t™))% (60 — E(én))3]
< E[(@a(t) = ou ()T + El(dn(t) — da(t))3(0n(t”) —E(dn)3]
= E[(¢n(t) = dn ()T + E[(60(t) — 9 ()2 (0(t) — E(d))3] ,

where we have used the fact that ¢ and () have the same distribution. Thus,
(620)  E[Vi(¢n— | < ZE bn(t) = dn(t)F] + E[V_|dn — E(¢n)[°] -
As we obtained (6.11), we get that:

iE[(d)n( n( ))2+6] < M2+€ [Card(E(b )]

From this inequality, (6.20) and (6.18), we get:
(621) E[Vi(¢n — E(¢n)3] = O(n'*5) .

Inequalities (6.13), (6.15), (6.19) and (6.21) imply that E[|¢,, — E(¢,)|>*¢] = O(n'*3). Thus, to
prove (6.9) it remains to show that claim (6.18) is true. Let a be as in Proposition 3.1 and define:

o = ¢ max{28(gn), 1+ E(60)}
Notice that for every m > mg,
(622) B(¢n > am) < P(|dn — E(6,)| > am/2) .
Now, using Proposition 3.1 and (6.22), for any 3 > 0,

E(card(Eg,)’) = / P(card(Ey, ) > tY/9) dt
0

< / [Cre= """ L P(¢, > at'/P)] dt
0

< K@) +mi+ [ PU6n—Blon) > 517 dt

mo

< K(B) +mg + ;BEU% ~E(¢)?) ,

where K ((3) is some positive constant depending only on 3, C; and C5. Noticing that E(¢,,) =
O(n), we see that mg = O(n). Thus, claim (6.18) is true.



3. LAW OF LARGE NUMBERS 151

Now, we turn to the proof of (6.10). This will be a consequence of Corollary 3 in [14]. Let us
denote by Eyr a cut achieving the minimum in the definition of ¢, (). From Proposition 3.1, we
know that there are constants a, C; and C5, depending only on F such that, for every x and m:

(6.23) P(card(Eg:) > mand ¢, < am) < Cre@2m |
Let 7 be in ]0, 1[. Define:
6o V(E) s.t. card(E) < (1 —n)E(¢%)/a
Yn = min and F cuts T'(nA, h(n)) from B(nA, h(n)) in cyl(nA, h(n)) [ ’

and:

Ve g ﬁf(wza) g2

i=1

k

(6.24) V5 < My card(Eyy) < M2 ”E(w)

As one obtains (6.11), we can get:

Notice that E(¢%) < E(v!). Thus, Corollary 3 in [14] and inequality (6.24) imply that, for every
n €]0,1[,

(625) (Y <E(Up)(1—n) < exp (—le_mlam) < exp (- 7B

Now, using (6.25) and (6.23),
P(6; < E(@})(1 — 1))
< By < E(@) (1)) + P (card(Byy) < E(6}) and g5 < B(gH)(1 - 1)) |

< e — a5 E(47) + Cle—%E(qsﬁ)(l—??) )

This finishes the proof of Proposition 3.2.
O
We remark that such a concentration inequality for the variable 7 instead of ¢ allows us to
deduce from the theorem 18 that the sequence (7(nA, h(n))/(nl(A)),n € N) converges a.s. to
vy, whatever the segment A and the direction ¥(6) we consider.

3.3. Upper bound. From now on, we suppose that the conditions (6.6) on F' and (6.5) on h
are satisfied.

This is the easier part of the work. We consider a line segment A, of orthogonal unit vector
7(6) = (cos@,sin ) for § € [0, [, and a function i : N — R satisfying lim,, oo h(n) = +o0.
Recall that D,, = D(nA,h(n)). Let 6 € D = liminf,, o Dy, and we only consider n large
enough to have 6 € D,. For each such n, we choose a k, by a deterministic way such that
tin = (kn,0) € D, (the set {k € [0,1]|(k,6) € D,} is closed and non empty, so we can for
example take its infimum). What we want to do is to compare ¢;* with the minimal weight of a
cutset in a flat cylinder inside cyl(nA, h(n)) and oriented toward the direction 6. The following
definitions can seem a little bit complicated, but Figure 2 is more explicit. We choose two functions
B, ¢ : N — RY such that

lim A'(n) = lim ((n) = +oo,

and
h'(n) . ((n) . ¢(n)
(6.26) lim =0, lim >~ =0 and lim =——~ = 0.

Let 7(A) = (cos 6, sinf), 7 (0) = (sinf, — cos8). In cyl(nA, h(n )) we denote > by 2, and y,, the
two points corresponding to the boundary conditions #,,, such that z,,y,, - (9) > 0. Then we



152 CHAPITRE 6. ASYMPTOTIC BEHAVIOUR OF ¢ IN A TILTED CYLINDER B IN DIMENSION TWO

D : cyl(nA, h(n))
|:| : cyl'(n)
- 1 E(n, kn)

FIGURE 2. The cylinders cyl(nA, h(n)) and cyl’(n).

define N

eyl'(n) = eyl([zn + ()T (6), y — ()T (O)], 1 (n)).
For all n sufficiently large, thanks to the condition (6.26), cyl'(n) C cyl(nA, h(n)), and so we
only consider such large n. We want to compare ¢ and 7(cyl'(n), #(f)). If we consider a cutset
in cyl’(n), we have to add edges near x;, and ¥, to obtain a cutset in cyl(nA, h(n)) of boundary
conditions k,. So we define

E(mykn) =V ([2n, 2 + ()T ()] U [yn — C()T(0), yn], ¢) () cyl(nA, h(n)),
where ( is a fixed constant bigger than 4, and we denote by E(n, K, ) the set of the edges in-
cluded in €(n, ky,). If E(cyl’'(n)) is a cutset in cyl’(n) of fixed boundary condition (1/2, 6), then
E(cyl'(n)) U E(n, k,) is a cutset in cyl(nA, h(n)) of boundary condition r,,. We obtain:

(6.27) o < eyl (n), 5(0) + V(E(n, ky)) ,
and so,
(6.28) VOeED,  ¢n < ¢ < eyl (n),50) + V(E(n, ky)).
If we denote by L(n, 5) the distance between x,, and y,,, we have:
L(n,0) = LA) .
cos(6 — 6)

Moreover, there exists a constant Cs such that:

card(E(n, ky)) < Cs5¢(n),
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and since the set of edges F(n, k,,) is deterministic,
E[E(n, k)] < C5¢(n)E(t).
So

= , e
viep E@) _ L8 -2  Ef(cyl(n).60)] , CGE@Cm)
ni(A) ni(A) L(n,0) — 2¢(n) ni(A)
According to Theorem 18, the right-hand side of the previous equation converges towards the
constant v5/ cos(6 — 0) when n goes to infinity, and thus:

. E(én) _ . Vg
6.29 lim su < inf —2—.
( ) n—»oop nl(A) - 562 005(9 — 8)

Notice now that the same arguments work for 6 € D = lim SUDy, oo D,, as soon as we restrict
ourselves to values of n such that 6 € D,,. More precisely, for all € D, for all large n such that
0 € D,,, we have

E(én) _ L(n, 6) — 2¢(n) . Elr(eyl'(n), 7(6))] L GE®C™)

nl(A) ~ nl(A) L(n,8) — 2¢(n) nl(A)

Thus,

E(on . vy
(6.30) lim inf (¢n) < inf 0

n=oo nl(A) = §ep cos(d — 0)

3.4. Lower bound. Here what we would like to do is the symmetric construction of the one
done in the previous section: we would like to consider a large cylinder tilted in the direction 0,
and to put cyl(nA, h(n)) inside. The point is that we cannot replace h(n) by a smaller function,
as we did in the study of the upper bound. This is the reason why we will consider numerous
translated of cyl(nA, h(n)) inside our big cylinder. Once again, Figure 3 is more explicit than
the following definitions. We consider n and N in N and take IV a lot bigger than n. We choose
functions ¢/, A” : N — R such that

: !/ . "
lim ¢ (n) = lim £ (n) = +o0,
and
im il(n)
w5 (n)
Keeping the same notations as in section 3.3, we define

cyl’"(N) = eyl ([0, N7*(9)], " (N)) .

(6.31) =0.

We consider x = (k,0) € D,,. We will translate cyl(nA, h(n)) numerous times in cyl”(NV). The
condition x defines two points x,, and y,, on the boundary of cyl(nA, h(n)) (see section 3.3). As
in section 3.3, we denote by L(n, §) the distance between x,, and y,,, and we have
L(n,0) = ﬂ :
cos(0 — 0)
We define
2= (Cn) + (1= 1)Ln,0)) 7(8)

Of course we consider only N large enough to have N > 2. Fori = 1,..., N, we denote by B;
the image of cyl(nA, h(n)) by the translation of vector z,,z;. For N sufficiently large, thanks to

fori =1,..., N, where
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21" (N)

- eyl”(N) o B

j_i - 2 &1(n, k) U Ea(n, k)

[ ]
[ ]

FIGURE 3. The cylinders cyl”(N) and B;, fori = 1, ..., N.

condition (6.31), we know that E C cyl” () for all 7. We can translate EZ again by a vector of
norm strictly smaller than 1 to obtain an integer translate of cyl(nA, h(n)) (i.e., a translate by a
vector whose coordinates are in Z?) that we will call B;. Now we want to glue together cutsets of
boundary condition « in the different B;. We define:

N
) = (U V(%C)) ) eyl”(N)
i=1
where ( is still a fixed constant bigger than 4, and:
Ex(n, ) = V([0,¢ ()T (0)] U [2ar, NTH(0)],€) () ey"(N).
Let F1(n, k) (respectively Eo(n, k)) be the set of the edges included in & (n, k) (respectively
Ez(n, k)). Then, still by gluing cutsets together we obtain:

(6.32) (cyl”(N), 3( Zw 5, U(0)) + V(B (n, k) U Ey(n, K)) .

On one hand, there exists a constant C’6 (independent of ) such that:
card(Ey(n, k) U Ey(n, k)) < Cs (N +¢'(n) + L(n,0))
and since the sets F(n, k) and Fs(n, k) are deterministic, we deduce:

E[V(E1(n, k) U Ex(n, k)] < CeE(t) (N +¢'(n) + L(n,0)) .
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On the other hand, the variables (¢"(B;));=1,.. o are identically distributed, with the same law as
@5 (because we only consider integer translates) s0 (6.32) leads to

E[r(cyl”(N), 7(0))] < NE[$)] + C6E(t) (N +('(n) + L(n,0)) .
Dividing by NV and sending N to infinity, we get, thanks to Theorem 18:

N n CeE(?)
= L(n,6) L(n,0)’

and so:
Elon] o v  GeE(t)
nl(A) - Cos(g— 0) nl(A) )

Since Cg is independent of «,

E[¢7] vi _ GeE(1)
inf > inf .

First, we affirm:

1204 120%
(6.33) liminf inf —%— > inf —2
n—oo gep, cos(@ —0) D cos(f — 0)
and thus:
K -~
(6.34) liminf inf El¢] > inf 0

=00 reD, nl(A) = jop cos(d —6)

We also claim that:

Vs Vs
(6.35) limsup inf S — inf %,
n—oo gep, cos( —6)  gep cos(f — 0)

and therefore:

El¢r] Vg
(6.36) limsup inf > inf —F—.
n—oo KEDy nl(A) 9D 003(9 — 9)
Let us prove inequality (6.33). In fact, we will state a more general result, that will be useful
for us later:

LEMMA 9. Let 6 € [0, 7|, and f be a lower semi-continuous function from [0 — /2,0 + /2]
to RT U {+00}. Then we have

liminf inf f(0 ) > inf f(g)a
0 hep, fcad(D)

where ad(D) is the adherence of D.

Proof :
We consider a positive . For all n, since f is lower semi-continuous and D,, is compact, there
exists 6,, € D,, such that f ( h) = 1nf f (0) Up to extracting a subsequence, we can suppose

that the sequence (infy_,, f (5))n>0 converges towards lim inf,, . inf~__ f(6), and so:

0€D,
lim f(6,) = lim_ mf inf f(6).
n—oo 9 Dy,
The sequence (6, )n>0 (in fact the previous subsequence) takes values in the compact [ — /2, 6+
/2], so up to extracting a second subsequence we can suppose that (Qn)nZO converges towards a
limit 6, in this compact. Since f is lower semi-continuous,

f(0s) < lim f(6,) = liminf inf f(6),
n—oo n—oo ae,Dn
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and we just have to prove that 0, belongs to ad (D). Indeed, for all positive €, 0, € [foo—¢, Ooo+¢]
for an infinite number of n. We remember that all the D,, are closed intervals centered at 6. If
000 = 0, the result is obvious. We suppose that 05 > 0 for example, and thus, for € small enough,
0o — € > 6. Then [0, oo — g is included in an infinite number of D,,, so oo — € belongs to D,
and then belongs to ad(D). The same holds if fs < 0. This ends the proof of Lemma 9.
[
We use Lemma 9 with f(6) = vy/ cos( — ). Here f is lower semi-continuous, because
6 — v5 is continuous (it satisfies the weak triangle inequality, see section 4.5 of the Chapter 5 of
the thesis). Moreover we know that f is finite and continuous on |6 — 7/2,6 + 7 /2], infinite at
0+ 7m/2and § — 7/2 and
lim f(f) = lim f(f) = +oo,
0—6+m/2 0—0—7/2
SO we can even say in this case:
_inf_ f(6) = inf f(6),
9cad(D) 0D
and we obtain inequality (6.33).
Let us now prove inequality (6.35). We state again a more general result:

LEMMA 10. Let 6 € [0, 7|, and f be a lower semi-continuous function from [0 — /2,0 +7 /2]
to RT U {+oc0}. Then we have

limsup inf f(6) > _inf f(f),
n—0oo gD, fcad(D)
where ad(D) is the adherence of D.
Proof :
We denote ad(D) by [§ — a, § + . For all integer p > 1, there exists n,, > n,—1 (ng = 1) such
that:
0+a+1/p ¢ Dy, and 0—a—1/p ¢ D,,,

thus
Dy, Cl0—a—1/p,0+a+1/pl,
then
limsup inf f(f) > limsup inf f(6)
n—0oo gD, p—00 §eD,,
> limsup _ inf 7(6).

p—00 06[9 a—1/p,0+a+1/p]

The function f is l.s.c. and [ —a — 1/p,0 + o + 1 / pl is compact so for all integers p there

exists 6, € [0 — a — 1/p,0 + o + 1/p] such that f(6,) = fee[e o 1/p9+a+1/p]f( A). Up to

extraction, we can suppose that (0p)p21 converges towards a limit 0, that belongs obviously to
[0 — o, 0 + «]. Finally, because f is 1.s.c.,

_inf  f(0) < f(0x) < limsup f(6,) < limsup inf f(0),
e0—a,0+a] p—00 n—0o0 feD,

so Lemma 10 is proved.

As previously, we use Lemma 10 with f(0) = vg/ cos(f — 6). Again, we have:

inf  f(0) = inf £(0),

fcad(D) 0eD
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and equation (6.35) is proved.

3.5. End of the proof. First, we show that E(¢,,) and min,, E(¢¥) are of the same order.

LEMMA 11. Let A be a line segment in R?. Suppose that conditions (6.5) and (6.6) are
satisfied. Then, there is a sequence of real numbers ([3,,),>1 which goes to 1 as n goes to infinity
and such that:

E($n) > B min ()
Proof : 3
Recall from (6.3) and Lemma 8 that there is a finite subset D,, of D,,, such that:
card(D,) < Cyh(n)?
for some constant Cy and every n, and

(6.37) ¢n = min ¢ .
RGDn

Thus, letting u be a positive real number,
P(min ¢f > min E(¢%) —u) = 1-P(3r € Dy, ¢f < min E(¢5) —u)

keDp KEDn #EDn
> 11— |Dy| max P(¢f < min E() — ).,
KEDy, KED,,
> 1 Cyh(n)® max P(¢; < E(¢h) — u) .
KEDy,

Now, Proposition 3.2 implies that for 7 in ]0, 1,
P(min ¢ > min E(¢5)(1—n)) > 1— 204K h(n)?e Kemin{n(i=m}mineep, E(@7)
K€Dy, KEDy,

Now, let 77, be a positive sequence in |0, 1/2][, to be chosen later.

+oo
E - P 5> ) dt
(Krgg}ﬁn) /0 (£E¢ )

v

MmMiNge Dy, (¢n)]P’( > E /{ ) d
/0 Din ¢, 2 min E(¢y) — u,

>  min E(¢F) /(1 nn)]P’(mln ¢ > min E(¢5)(1 — )) dn ,

w€Dn KEDnp KEDy,
> min E(¢F)(1 — 2n,) (1 — 204K h(n)2e~ 2 mincen, E(qag)) .

I{GDn

Thanks to inequality (6.34), we know that there is a strictly positive constant C'(A) such that:

min,  p E(ok)

lim inf >C(A).
n— o0 n
Thus, choose 7,, so that:
s 0
and:
Nn

log(h(n)) s’ >
This is always possible since by assumption (6.5), log h(n) is small compared to n. Then, if we
define:
Brn = (1 —2n,) (1 —2C4K1h(n)%e ~ K21 minre p, (d)f’)) ;

the sequence (3, )nen goes to 1 as n goes to infinity. This finishes the proof of Lemma 11.
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Theorem 20 follows from Lemma 11 and inequalities (6.29), (6.34), (6.30) and (6.36) (using
also Borel-Cantelli’s Lemma, as already noted, through Proposition 3.2).

Obviously, the condition

v v

nf T
gep cos(0 —0) 4D cos(0 — 0)
necessary and sufficient for the convergence a.s. of (¢, /(nl(A)))n>o0, is closely linked to the
asymptotic behaviour of h(n)/n. Indeed we know that

(6.38)

D, = [0 — an, 0 + oy,

where «,, = arctan 2h(n) ) pf lim,, o0 2h(n)/(nl(A)) exists in R™ U {+o00}, and we denote it
nl(A)

by tan a (a € [0, 7/2]), then D and D are equal to [ — v, § + ] or |6 — «, § + «f, and we obtain

that 7 5, exists and

= inf 71? .
o 9c[0—a,0+a] cos(f — 0)

As previously, we do not care keeping 6 4+« and 6 — « in the infimum. We then obtain the corollary

2.1. Obviously, if there exists a % such that

v~ e
— % - inf 0
cos(Bo —0)  Gelo—n/2,64x/2) cos(d — )
and if i)
. . n —~
hnnigéf ni(A) > |tan(fo — 0)],

then 7 5, also exists (and equals y%/cos(% — #)) and is the limit of (¢,,/(nl(A)))nen almost
surely, even if lim,,_,~ h(n)/n does not exist.

REMARK 27. In dimension d > 3, if we denote by ¢’ a unit vector orthogonal to a non-
—

degenerate hyperrectangle A and by D,,(A) the set of all admissible directions for the cylinder
cyl(nA, h(n)), i.e., the set of the vectors @ in S9! such that there exists a hyperplane P orthog-

onal to ¥ that intersects cyl(nA, h(n)) only on its “vertical faces”, and if lim,,_. h(n)/n exists
—_

(thus D(A) = ad(D(A)) = ad(D(A)) exists), we conjecture that

by COARE) (@)
lim ——2 2 = ipf
noe nETHIN(A) o [6- 0

a.s.,

under assumptions (6.6) on F' and if h(n) goes to infinity with n in such a way that we have
limy, o0 log h(n)/n?=t = 0. We could not prove this conjecture, because we are not able to
prove that ¢(nA, h(n)) behaves asymptotically like min,e i ¢"(nA, h(n)), where K is the set of
the flat boundary conditions, i.e., the boundary conditions given by the intersection of a hyperplane
with the vertical faces of cyl(nA, h(n)).

4. Lower large deviation principle

In this section, we shall prove Theorem 21. After a technical lemma about the function 6 —
Z+()\) in section 4.1.1, we shall show in section 4.1.2 the lower bounds:

6
1 1 N
(6.39) liminf —— logP[¢,, < Anl(A)] > — inf ——=——Z5(Acos(@—6)"),
mint [ (A)] o ) cos(@—6) 7 (Acos(0—6)")
and
1 1 ~
(6.40)  limsup —— logP[¢, < Anl(A)] > — inf ———~——T>(Acos(f —0)") .

n—oo Nl(A) dcad(D) cos(f — 0)
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In section 4.1.3, we shall prove the upper bounds:

1 -
(6.41)  limsup logP[p, < Anl(A)] < — inf ————T>(Acos(d —0)7) ,
n—oo Nl(A) | () dcad(D) cos(6 — 0) 9< ( ) )
and
1 1 ~
(6.42) liminf ——— log P[¢, < Ml(A4)] < — inf ——=——T~(Acos(f —6)T) .
mint [ (4)] G cosB—6) 5 (Acos(0—0)7)

These inequalities are the building blocks of the full large deviation principle from below, proved
in section 4.2.

4.1. Lower large deviations. From now on, we suppose that conditions (6.4) on F' and (6.5)
on h are satisfied (so the functions Ig are well defined).

4.1.1. Technical lemma. We state here a property which comes from the weak triangle in-
equality for v (see section 4.5 in the Chapter 5 of the thesis):

LEMMA 12. Let (abc) be a non degenerate triangle in R2 and let v,, vy, v, be the exterior
normal unit vectors to the sides [bc], [ac], [bc]. We denote by (cos 0;,sin 0;) the coordinates of v;,
and by 1(ij) the length of the side [i, j] for i, j in {a,b, c}. If the angles cab and abe have values
strictly smaller than /2, then for all X > 0, for all « € [0, 1], we have

(ab)T; (l(ib;) < 1(a0)T;, <al(20>+> o), ((1 _a)l@c;) .

Proof :
This proof follows the one of proposition 11.6 in [19]. We consider the cylinder

cyl.(n) = cyl(n[ab],n)

of dimensions nl(ab) x 2n oriented towards the direction ., and we define 7.(n) = 7(cyl.(n))

(implicitly, for the direction defined by 0.). Exactly as in section 3.3, we choose two functions
¢,h : N — R™ such that

and W
i ) g and ) _ .
n—co n n—oc ((n)

We construct smaller cylinders oriented towards the directions 0, and 0, inside cyl.(n) (see figure
4). We define

cyly(n) = eyl ([na + ¢(n)(sin By, — cos B,), nc — ¢(n)(sin By, — cos 6,)], k' (n))
cyl,(n) = cyl ([nb + ¢(n)(sin by, — cos B, ), nc — C(n)(sin b, — cos 6,)], h'(n)) ,

respectively oriented towards the direction 6, and 6,, and 7(n) = 7(cyly(n)) and 74(n) =
7(cyl,(n)). The dimensions of cyl,(n) (respectively cyl,(n)) are (nl(ac) — 2¢{(n)) x 2h'(n)
(respectively (nl(bc) —2¢(n)) x 2h/(n)), and for n large enough cyl,(n) and cyl,(n) are included
in cyl,(n) (we only consider such large n), because cab and abe are strictly smaller than /2. To
glue together a cutset in cyl,(n) and a cutset in cyl,(n) to obtain a cutset in cyl.(n) we have to
add some edges. We finally define, for a constant { > 4,

[na, na + ¢(n)(sin 512 —cos §b~)] U [ne — ¢(n)(sin gbi_ oS gbl’ nc C)
¢

&s(na,b,0) =V ( Ulne, ne — C(n)(sin fa, — cos 0,)] U [nb + ¢(1) (sin ,, — cos 6,), nb
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FIGURE 4. The cylinders cyl.(n), cyly(n) and cyl,(n).

and we denote by E3(n,a,b,c) the set of the edges included in &(n,a,b,c). There exists a

constant C'7 such that
card(FE3(n,a,b,c)) < C7¢(n).

Obviously (see figure 4), we have
(6.43) Te(n) < mp(n) + 74(n) + V(E3(n,a,b,c)) .

Then for all A > 0, for all positive 7, for all large n, for all a € [0, 1], by the FKG inequality we
have

7e(n) B
g [nl(ab) SAE S nl(ab)

Te(n)

z P [nl(ab)

Pmp(n) < a(XA+ n)nl(ab)] x Plrg(n) < (1 — a)(A + n)nl(ab)]
x P[V(E3(n,a,b,c)) < nnl(ab)]

<A+2n

v

v

P {n(n) < a(A+mni(ab) - nll<>

S|



4. LOWER LARGE DEVIATION PRINCIPLE 161

x P {Ta(n) < (1 —a)(X\+n)ni(ab) — nll(bc)}
nnl( b) C7¢(n)
¥ { ©) < Gretm)

We take the logarithm of the previous inequality, divide it by —n, and send n to infinity. Since
¢(n)/n converges to zero when n goes to infinity, we obtain that

(6.44) (ab)T (A +3n) < Uac)Ty, <a(A + n)ﬁEZii) +1(be) T, ((1 —a)(A + n)ii‘gii ) .

Sending 7 to zero, we obtain the desired inequality.

We state next a property of continuity:

LEMMA 13. Forall A > 0, we define gy : [0 — 7/2,0 + 7/2] — Rt U {400} by
~ . 1 ~
Vo e —7/2,0+ /2], gra(0) = ——=——T5(Acos(0 — 0)7).
cos(f — 0)

Then gy is lower semi-continuous, and gy is continuous on

o= > |cost9|—i—\sm9[
cos(0 — )

REMARK 28. Forall A > 0, we have g (6+7/2) = gA(6 —7/2) = +00, because Z;(0F) > 0

as soon as vz > 0, and it is the case for all 0 since F(0) < 1/2.

Proof :

The proof is based on the same ideas as the one of lemma 12, so we will use part of it. We
consider two angles 51, 52 such that 51 — 52 = £ (positive or negative) and || = ¢ is small. Let
(abc) be the rlght trlangle such that, using the same notations as in the preV10us proof, [(ab) = 1,
0.=0, +m,0,=05and 0, = 0y — /2, and so bac = ¢, ach = /2 and abe < 7 /2. Obviously
we are confronted with a particular case of triangle (abc) studied in lemma 12. We do exactly the
same construction as in the previous proof, and we start again from equation (6.44). Here we have
constructed (abc) such that [(ab) = 1, I(ac) = cose and I(bc) = sine, and by invariance of the
graph by a rotation of angle 7/2, we know that the functions I’e} and Ib}fn /o (respectively Ibvl
and Ibvl +7r) are equal. We can rewrite equation (6.44) the following way:

A+1n
COSs €

A+n>

sine

(6.45) Tz (A +3n) < (cose)Ty (a

)+ (sina)z, (- a)

We want to make appear the factor cos(gl — 0), so for all A\ > 0 and for all small  we deduce
from (6.45) that for all € small enough,

;. (Acos(6y — 0) + 3n)

< (cose)T;, (aAcos(chosge) + 77) T (sine)T;; <(1 B a))\cos(eslinf) + 77)
< (cos 5)152 (a()\ cos(fy — 0) + "7/2)> + (sin 6)1-52 <(1 ~a) )\COS(Qslin_ge) + 77) .

If A > 0 we choose o €| max(2/3,1 —n/(12)\)), 1[ (remember that ) is fixed and we can choose
n small in comparison with \), then (A cos(02 — ) +1/2) > Acos(f2 — 0) +n/4. This equation
is satisfied for all 1 > o > 1/2 if A = 0. We stress here the fact that how large must be o depends
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on A and 7, but not on €. With a such fixed big o, we obtain that
151(/\ cos(f, — 0) + 3n)

62 sine

~ Acos(fy — 0
< (cose)Iy, (/\ cos(f2 — 0) + 77/4) + (sine)Zx <(1 — ) cos(61 — 9) + 77) .
We send 6 to 61, i.e. £ to zero by fixing ;. Since (1 — o)(A cos(6; — 0) +n) is fixed and positive,
we know that for small € we obtain
(1 - a))\COS(Ol- — 0) hal > Vmax = mMax g,
sine 0el0,m]

and so for all @ we have

0 sin e

I~<(1_a))\cos(§1—9)+n> _o.

We send finally 7 to zero and obtain

T; (Acos(r — 0)") < lim inf lim inf 75, (Acos(f1 +&—0) +n/4) .

¢
We know that the limit lim,, .o 75 LA cos(f) + & — 0) +n/4) is an increasing limit for all fixed
€, so we get:
(6.46) T; (Acos(fh — 0)) < liminfZ; | (Acos(fr +¢—6)").

é—0
We will now fix 52 and send 51 to 9~2. Starting again from (6.44), for all 5 > 0, for all
A > 0, for all 6, €] — 7/2,0 + 7/2], for all  small enough and & small (in particular such that
01 €]0 — /2,0 + 7 /2] too), we obtain
;. (Acos(6; — 0) + )
< 151(/\ cos(f1 — 6))

Acos(f; — 0) — 2 Acos(f; — 0) — 2
< (cose)Ifer (a cos( (13036) 77) +(sin5)1’§2 <(1 —a) cos( ;.ng) 77)
i

b2 sin e

< (cose)Ty (a()\ cos(fy — ) — 37])> + (sine)Zs <(1 _ a))\cos(01 —0) — 277> .

Exactly as previously, for A < 1 but sufficiently close to 1 (how close depending on A and 7 but
not on ), we have

5, (A cos(f, — 0) + )

< (cose)T, (Acos(@z — €) — 4n) + (sine)T; <(1 _ gyheost®—0) - 277) |

62 sine

We send first G to zero, then 51 to 52 (thus € to zero), and finally 7 to zero to obtain as for (6.46)
that

(6.47) 152(/\ cos(fy —#)7) > lim sup152+é()\ cos(y + & —60)F).

é—0
This inequality remains valid for A = 0 or cos(§2 —6) = 0, since for convenience we decided that
152 (07) = +o0. From (6.46) and (6.47), we conclude that for all A > 0:
1

—  TAcos(f —O)1) < liminf gy (6 + &) <
g T e 0-0)) < it 0r(0+9) <
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- 1 -

< limsu 0+¢) < ——=——T~(Acos(0—0)7).

nsup g (0 + ) w037 0) g(Acos(d —0)7)
Lemma 13 follows, since we know that:

V0 € Hy  Tz(Acos(f —0)") = Ty(Acos(d —0)7).

4.1.2. Lower bound. We remember equation (6.28). Then for all 0 c D,,, for all A > 0, for
all positive small €, by the FKG inequality,

Plpn < A(A)n] = Pl{r(cyl (n), 3(0)) < (A = e)l(A)n} N {V(E(n, 5y)) < el(A)n}]

[ T(eyl'(n),3(0)) _ (A —e)l(A)n el(A)n
> P T(n.0) — 20(n) < L(n8) - 2((72)] x P |Ve € E(n, ky), t(e) < C5§(n)}

[ 7(cyl(n),(8)) - el(A)n | (B mnn)
> P T0n.8) — 2¢(n) < (A—¢g)cos(f — 9)1 x P {t(e) < Csﬁ(n)}

7(cyl' (n), 9(9)) 1
>P = < (A—¢g)cos(@ —0) —
S N S R A A /7w vy
n Cs¢(n)
x P {t(e) < 25(?81)
Thanks to the hypothesis lim,, ., ¢(1)/n = 0 and Theorem 19, for all € D,,, and X > & > 0,

n -1 _
nlqu) = )‘} = mfg<(/\ — ) cos(0 —0)) .

Sending ¢ to zero (remember that 75 is laglad) and taking the infimum in 6,
1

1 _
6.48 liminf —— logP[¢, < Anl(A)] > —inf ———T~(Acos(8 —6)" ),
(049 n—oo nl(A) sFlo () gep cos( — 0) ? ( ( ) )

1
linrr_ligfmlogﬁ” {

and
1 1 ~
(6.49) limsup —— logP[¢p, < Anl(A)] > — inf ———T~(Acos(0 —0)") .
msup ) 8 Flon Wz — 1 =50 7 (Acos(6—0)7)

These inequalities remain valid for A = 0, since 15(0*) = 400, S0 equations (6.48) and (6.49)
are satisfied for all A > 0.

We will transform a little bit inequalities (6.48) and (6.49) to make it more useful for us in the
proof of the large deviation principle below. Actually, let us prove that:

1 ~ 1 ~
(6.50) inf ——=——T-(Acos(0 —0)") = _inf ————T=(Acos(f—0)),
gep cos(f — 0) gcad(D) cos(6 — 0)
where D is an interval of [0 — 7/2, 0 + 7/2] which is centered at 6 and symmetric with respect to
0 (representing D or D here). As we did previously, we define

Hi = 5’)\*5|cos9\j— | sin 6| ’
cos(0 — 0)
where * represents <, >, <, > or =, and for simplicity of notations we define also:
- 1 ~ _
ga(0) = ————T=(Acos(6—0)) .

cos(f — 0)
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The function g), is infinite on H <, and finite, continuous and equal to gy on Hy . If D is included
in H )\S, then ad(D) too because H /\S is closed, and then:

inf g = = inf

B =+ = By
Otherwise, D N Hy is non empty, so infp gy is finite. If ad(D) # D (otherwise the result is
obvious), then D is open since it is symmetric with respect to ¢, and we denote by 61 and 05 the
two points of ad(D) \ D. Either g is continuous at 6, (respectively 62), or gy (01) (respectively
gx(02)) is infinite, so

inf gy = inf
mtox = a(lif(l)gm

and equation (6.50) is proved. Inequalities (6.48) and (6.49) are equivalent to (6.39) and (6.40).

4.1.3. Upper bound. We start again from equation (6.32). Then for all x € D,,, for all A >
e > 0, for all large IV, we have by the FKG inequality

eyl (N), 5(0)) < <X - \/%) N]
> plo< (-9 N

< P {V(El(n, k) U Ea(n, k) < N}

DO | ™

. Yo N Co(N+C' () +L(n.6))
> P

N

— x P t(e) < =
_nl(A) - COS(9 — 9)] { ( ) o 206(N+ C’(n) + L(n,@))
- - N Co(N+' (M) +L(n,0))

— A 6
S p P < A—e x[P’{t(e)gd( n
_NZ(A) cos(f — 0) 4C%
We take the logarithm of the previous inequality, divide it by — N, and send N to infinity to obtain

that:
~ -1 on X—¢ Cs el(A)n
L) = L(n,0) g [nl(A) = cos(f — 9)]  L(n,0) s {t(e) : } '

For n large enough,

el(A)n 1
< > —
P {t( ) < 10, |22
and thus,
Pn 5, K
logP < ——ITx(\) + —,
nl(A) & [NZ(A) cos(f — 9] cos(f — ) i n

where K = Cglog2/I(A). We set A = (A —¢)/ cos(f — ) (so A > 0), and let £ go to zero to
conclude that forall A > O and k € D,,,

¢ o (g aptat -0+ )
6.51) P n_ <)\ <exp— |nl(A)| ———Z+(Acos(0 —0)")+ — || .
( B p = 1) (g T eos@ - 00+
We come back now to the study of ¢,, itself. We have seen that ¢,, = inf.cp, ¢:. We also noticed

that ¢f takes only a finite number of values when x € D,, thus one may restrict ourselves to a
finite subset D,, of D,, such that card(D,,) < Cyh(n)?. Therefore,

Plgn < Mnl(A)] = P [Ix € D), | ¢ < Anl(A)]
< Y Plgr < Ani(A)]
neﬁg
Cyh(n)? x max P[¢f < Anl(A)]

KEDy

IN



4. LOWER LARGE DEVIATION PRINCIPLE 165

n)2exp | —n 5 in ¥~ cos(f — )+
< Cyh(n) p{ I(A) (n +5el£" cos(é—@)%(}\ (0 —0) ))

If we suppose that lim,,_, log(h(n))/n = 0, we obtain that:

1 ~
6.52) limsu log P[p,, < Anl(A)] < —liminf inf ————Z+~(Acos(d —6)1),
©652) Timsup s 0gBlgn < l(A)] < ~lmint inf Ty cos# - 0)")

and

1
(6.53) liminf ——logP[¢,, < Anl(A4)] < —limsup inf —————
n—oo nl(A) gPlo (4) n—»oop 9ep, cos(6 —0)
We can now apply Lemma 9 and 10 with f = g,, that we know to be l.s.c. thanks to Lemma
13, and so (6.52) and (6.53) lead to (6.41) and (6.42).

T5(Acos(f — 0)"),

4.1.4. Discussion. Combining the results of the two previous parts, we obtain that for all
A > 0, if we define

1
0, = P, < Anl(A)],
Ty Flon < Anl(4)]
we have
T+(Acos(d — 6)~ T+ Acos(d — 0)F
— _inf 9( COSE ") < liminf0,, < — inf ‘9( COSE ) ),
bead(D)  cos(f —0) e fead(D)  cos(d —0)
I\ 0—0) T\ 0 —0)*t
— _inf 9( COSE ") < limsupl,, < — _inf 9( COSE )
0cad(D) cos(f — 0) n—00 fcad(D) cos(f — 0)

This is not completely satisfying. In the case were lim,,_,» h(n)/n exists, then there exists some
closed set D centered at 6 such that ad(D) = ad(D) = D, one could hope to obtain that

(6.54)

1 1

lim 0, = — inf ——=——Z+(Acos(f — 0)T) = — inf — = T~(\cos(d — 0)7),
n—o0 gep cos(f — 0) ) ( J") gep cos(f — 0) il ( ")
at least for: _ ~
£ inf | cos 6] + | sin 6| — o

gep  cos(d — 0)
Obviously, if for all § € D we have Ig()ﬁ“) = Z;(A™) (this can be true even if A = §(| cos 0] +
|sinf|)/ cos(f — @) for some ), then equation (6.54) holds. On the opposite, if 150(5 (| cos Bo| +
|sinBy|) ™) < oo for some 6y € D such that &y, = 6(| cos bp| + | sinby|)/ cos(fy — 6), then

—00 = —bivgg cos(gl—e)za((sah cos(d —0)7) < _bivgg 008(51_0)15(59# cos(6 — ).

This is the reason why we think that the behaviour of [,, for A = dg, is not clear. Although
we could not prove (6.54), equations (6.39) and (6.41) are sufficient to prove the large deviation
principle.

4.2. Large deviation principle for ¢,,. From now on, we suppose that lim,,_.~, h(n)/n ex-
ists in R* U {400}, and we denote it by tan a (a € [0, 7/2]). We define

D=[0-ab0+q],

and we know that (¢, /(nl(A))),en converges towards

. Vg
ng,p = inf ——=—-.

9eD cos(f — 0)
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We remark that 7, = infy_, v/ cos(f — 6) is positive since F'(0) < 1/2. We also know that:
ad(D) = ad(D) = D.
Recall that the rate function K : Rt — R™ U {+oco} is defined by:

inf'eveD mza()\ COS(9 — 9)+) if A < 76,h »
400 ifA>ngp.

4.2.1. Properties of K. We first stress here the fact that /C depends on 6 and h (via o). We
should have denoted the function KC by K 5, but we decided to omit the indices ¢ and i to make
the reading of this paper easier.

We remember all the properties of 75 we know (see Theorem 19). Let:

~ 1
K(\) = inf -
gep cos(6 — 0)

(6.55) KA\ = {

T5(Acos(f — 0)™)

i.e., on [0,7p,,] we have K = IC, and on 1m6,1, +00[ we have K = +o0. Let us define

Son = 6 % inf \cosglj—]sing\
7 gep  cos(f — 6)

9

the infimum of the values that ¢,,/(nl(A)) can take. Then obviously K is infinite on [0, d¢.»[ and
finite on ]dg p,, +00[. It is also obvious that K is null on [16,, +00[. Since for all §, A — TyAT)is
non increasing, so is K on R*. There are only two non-obvious properties of X we have to prove:
IC is a good rate function and K is strictly decreasing when it is finite. We will prove them now:

LEMMA 14. The function K is lower semi-continuous and coercive on R™, i.e., for all t > 0,
the set {\|IC(\) < t} is compact.

Proof :
In fact it is sufficient to prove that for all ¢ > 0, the set {\ | () < ¢} is closed, because we know
that
VE>0 (MK <t} = {AKN) <[00, h)].

Let (A\n)n>0 be a sequence of { | K(\) < t}, converging towards some \g. For each fixed A in
R, since the function g, is lower semi-continuous and D is compact, there exists 6 such that

K(\) = ga(6)).
The sequence (5An)n20 takes values in the compact D, so up to extracting a subsequence, we

can suppose that it converges towards a limit 6o € D. For all positive ¢, for all large n we have
An < Ao + €, and so, since T is non increasing for all 6, we obtain for all large n that

900t (Or,) < gr.(0),) < t.
Since gy,+¢) is 1.s.c. and a subsequence (%(n))nzo of (9~,\n)n20 converges towards 6o, we obtain:
Ionore)(00) < lim inf I00re) i) <t
This inequality is satisfied for all positive ¢, and 6y € D, so
K(X\o) < ga(f0) = lim 09(,\0+5)(§o) < t.

£—00,E>

This ends the proof of Lemma 14.

LEMMA 15. Forall A € R" such that K(\) < oo, for all positive €, we have
KA < K(A—¢).
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Proof :
Let A € R* such that £(\) < oo. If K(A — &) = +o0, the result is obvious, so we suppose
that (A — &) < co. Thanks to Lemma 13, for every fixed \, § — gx(f) is Ls.c. Since D is
compact, infj_, gx(0) is reached at some 0, € D. Notice also that for every fixed 0, A — gy (0)
is decreasing, and even strictly decreasing on [557 B no,1], that is on the closure of the set where it
is finite and non-zero. Thus,
inf gr(0) < gr(0r—c) < gr—c(0r—c) = inf gr_.(0) .
0D 0eD
|
We will finally prove the property we stated in Remark 25, in fact a property a little bit more
general:

LEMMA 16. If6 € {kn/4|k € N}, then
K(\) = Zo(A").

Proof :
We fix a @ € {km/4|k € N}. The first property to notice is that § € D, so it is sufficient to prove
that

VA0, Vi el0—n/2,0+7/2, T\ < ——o

cos( — 0)
Let 6 €]0 — /2,0 + 7/2[. We use the same notations as in Lemma 12. We consider the non
degenerate triangle (abc) such that 6, = 6 + 7 (so cyl.(n) is a straight cylinder in the case 6 = 0),
0, = max (6,20 —0), 0, = min(#,20—0), [(ab) = 1 and l(ac) = I(bc) = (2cos(—0)). Since
the graph is invariant by a symmetry of axis ((0,0), (cos 8, sin0)) (respectively ((0,0), (1, 1))),
we know that Ibva = Igb (respectively Igc = Ty). Then Lemma 12 applied with o = 1/2 states
that for all A > 0,

T5(Acos(f — 0)™).

1 -
To (A7) < ———T(Acos(6 —0)™).
( ) cos(0 — 0) 9( ( ")
The inequality remains obviously valid for § € {0+m/2,0 —m/2}, since we have seen in Remark
28 that the right hand side of the previous inequality equals +o0 in this case. This ends the proof

of Lemma 16.
[ |

4.2.2. Upper large deviations. To handle the upper large deviations, we shall use the follow-
ing result.

LEMMA 17. Let A be a non-empty line-segment in R?, with euclidean length [(A). Let § €
[0, 7r[ be such that (cos 6, sin 0) is orthogonal to the hyperplane spanned by A and (h(n))p>0 be a
sequence of positive real numbers such that lim,,_,., h(n) = +o0c0. We suppose that F' admits an
exponential moment:

Iy > 0s.t. /erF(ac) < 00.
Then for all X > vy we have

: 1 Pn
1 ——logP | ——— > A| = —0.
el ni(4) %8 {nl(A) = } >
Lemma 17 is a consequence of Theorem 22, that will be proved in section 5. We admit this
result for the moment. We decided to prove it after the lower large deviation principle, because
its proof is not based on specificities of the dimension two, it is only an adaptation of the proofs

presented in the Chapters 2 and 3 of the thesis.
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4.2.3. Upper bound. Let F be a closed subset of R*. We want to prove that

1 Pn :
li log P < —inf K(N).
TSP a) {nl(A) €7 = — b KO
If 7., belongs to F, then according to Corollary 2.1, we know that
: Pn
lim P =1
and so 5
li logP | —~ =0 = — inf
TP ni(A) %8 {nl(A) €F| =0=—jnfk(),

because K is non-negative, and /C(ng ;) = 0. Let us suppose that 7 5, does not belong to F. The
following proof is similar to the one of the upper bound in [52]. We define fi = sup(F N[0, 7g.4))
and fo = (inf F N [ng,n, +00[). We suppose here that F N [0, ] and F N [1gp, +00[ are non
empty, because it is the most complicated case (if one of these two sets is empty, part of the
following study is sufficient). Since F is closed, we know that f; < 1 and f2 > 1y . Then

: 1 Pn
ey o8 Ay €7
. 1 P Pn
< Hmsup 2y o8 (P {m(A) Shj+F LZ(A) = sz

On one hand, by (6.41), we know that

lim sup —— log Pl < finl(A)] < —K(f1).

1

On the other hand, if we refer to Lemma 17, we know that

log P[¢y, > fanl(A)] = —o0.

1
y
ey nl(A)

If IC(f1) = 400, we have

lim sup On eF

1

because K is infinite on [0, f1] (K’ is non-increasing) and on [fa, +00], so on F. If K£(f1) < oo,
we have
bn

) 1
hmsup m IOgP |:M e F

n—oo

log P {

= —oo = —infC,
f

< —K(f) = —inf K,
because K is non-increasing on [0, f1] and infinite on [f2, +00[. So the upper bound is proved.
4.2.4. Lower bound. We have to prove that for all open subset O of R*, we have
- 1 On
1 f———1logP
nooe nl(A) 8 LZ(A)

Classically, it suffices to prove the local lower bound:

eo} > — inf K(\).
A€O

(6.56) Ya€RT Ve>0 linxggfmgA)logP {nﬁz) €la—ea+ E]} > —K(a).
If K(a) = 400, the result is obvious, so we suppose that K(a) < +oc. For all ) < ¢, we have
lim inf — loglP { On €la—ea+ 5]}
n—oo nl(A) nl(A)

- 1 Pn ®n
(6.57) > lkrgg.}fwlogOP {nl(A) Sa—i—n} _P{nl(A) §a—€}> .
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From the strict decreasing of K (see Lemma 15), we deduce that for all a € R™ such that K(a) <
00, for all positive 1 and &, we have

(6.58) 'ei“?f) (:03(519)15((@ +n)cos(@ —0)7) < 'aivng) cos(@le)zg((a —¢&)cos(f—0)T).
Indeed, for all positive n, we have

inf —— T((a+mn)cos(@—0)") < Kla) < K(a—e).

gep cos(f —6) 7
Then thanks to (6.39), (6.41) and (6.58), we know that the second term in the sum appearing in
(6.57) is negligible compared to the first one, so we obtain that

Pn

1
liminf —— logP nl(A)

oo nl(A)

€la—e,a+¢]

. 1 =~ _
> —6122 ng((a + 1) cos(6 - 0)7)

1 ~
> —inf lim ———7Z+((a+n)cos(0 —0) —&').
it i — Tyl ) cos(0—0) =)
Sending 7 to zero, we obtain that

Pn

1
lim inf ——— loglP nl(A)

n—oo nl(A)

€la—e,a+¢]

> —liminf inf lim

- T+((a+n)cos(f — 0) — ¢
I e s 0) ((a+n) cos( )—¢)

1 -
> — inf lim lim ——=——7+((a +n)cos(6 — 0) — €’
9ep1—0&'=0 cos(6 — 6) 9(( 1) cos( ) )
1 _
> — inf flg(a cos(6 — 0)1),
gep cos(f — 0)

and so the local lower bound is proved.

5. Upper large deviations

The proof of Theorem 22 follows the one of the upper large deviations for the maximal flow
7(nA, h(n)) in tilted cylinders done in Chapter 3: we will consider the cylinder cyl(nA, h(n)) on
a macroscopic scale, and we will divide it into smaller cylinders on a mesoscopic scale. However,
we will need a geometrical construction a little bit more complicated than in Chapter 3, because
the mesoscopic cylinders we will consider are oriented towards the direction that minimizes the
value of Vg/ cos(g — 6) and not towards the direction 6 itself.

5.1. Geometric construction. First of all, we recall that the hypothesis that the sequence
(p(nA, h(n))/(nl(A)))nen converges towards 7y p, is equivalent to the hypothesis that

vy 129
inf —f%— = 4

~ Y

. inf ———
gep cos(d —0)  geD cos(6 — 6)
and 7y 5, is equal to those infima. We have already noticed that

inf vy
= inf —%—
o ad(D) cos(f — 0)
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and since the function 6 — vs/ cos( — ) is Ls.c. and ad(D) is compact, we know that there

exists 0 in ad(D) such that
Vi
cos(f —0)
Let A > 7,5, and € such that A > 7, + 3e. We remark that 0o €]0 — 7/2,0 + 7/2[. Then
6 — vs/ cos(f — 6) is continuous at fy so there exists § > 0 such that

No,h =

~ v
0—60) <20 = 0 < ~€O +e =Mn9pt+e.
| o cos(f — 0) cos(fy — ) .
The set D is a symmetric segment centered at 6. We suppose for this paragraph that 50 # 0 (and
so that D ~ {0} # 0). Then suppose for example that fy > 6. We know that [0, 6y[C D. Up to
taking a smaller ¢, if we define 01 = 90 — 20, then we can have 91 +6= 90 — 0 € D and 91 > 6.
On one hand, 6, — 6, § and 6; — 6 + § are in [0, 7/2] so we have

tan(f; — 0 + 6) > tan(6; — ) + tan(d).

On the other hand, we obtain the existence of a ng such that for all n > ny, 01 + 6 € D,.
Symmetrlcally, if 90 < 0, we define 91 = 90 + 29 such that 91 < 6 and 91 — 0 € D. We obtain
that §; — 8 € D,, forall n > ng and that @ — 61, 5 and @ — 61 + & are in [0, 7/2] so

tan(f — 01 + 6) > tan(0 — 6;) + tan(d).
Then, in both cases, we obtain that for all n > n,
2h(n) > ni(A)tan (|01 — 0] +8) > ni(A)tan |61 — 0] + ni(A)tans.

We define h(n) by N B

h(n) = 2h(n) —nl(A)tan|0; — 0.
We immediately notice that
(6.59) h(n) > nl(A)tans.

In fact if we consider the boundary conditions x; = (0, 51) if6, >0 (respectively k1 = (1, 51)
if §, < 0) in cyl(nA, h(n)), then h(n) is the distance between the point defined by the boundary
condition x; on the right side of cyl(nA, h(n)) and the upper right corner (respectively the lower
right corner) of cyl(nA, h(n)), where the directions “’right” and “upper” are given by the direction
0 of the cylinder cyl(nA, h(n)). See figure 5 for a picture that shows 1 and h(n 1).

In the case were 6y = 6, the equivalent definitions would be 8; = 6y = 6, h(n) = h(n) and
k1 = (1/2,0). Actually, we will not study this case here, because it has already been studied in
Chapter 3. The cases 6o > 0 and 6y < 6 are symmetric, we will suppose from now on that 6o > 60
to simplify some notations but exactly the same proof works in the case 490 < 8.

We now consider the boundary condition x; on cyl(nA, h(n)) for n > ng. As in the previous
sections, we consider the two points x,, and y,, defined by k1 respectively on the left side and on the
right side of cyl(nA, h(n)). The point x,, corresponds to the lower left corner of cyl(nA, h(n)).
We know that a layer of thickness h(n) above [z, y,] remains inside cyl(nA, h(n)) (see figure
5), and we divide it into thinner layers of thickness p + (, were ( is a constant greater that 2d, and
p is an integer that will define the size of the mesoscopic cylinders - thus we consider that p is a
lot bigger than 1 but a lot smaller than n. The definitions that follow are illustrated by figures 5
and 6. We define as previously the vectors

7(0) = (cosb,sinf), T-(0) = (—sinf,cosh)

and N _ N N N N
7(61) = (cosfy,sinfy), T(6;) = (—sinfy,cosby).
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FIGURE 5. The cylinder cyl(nA, h(n)) and the slabs .S;.

p+C
cos(01—0)

FIGURE 6. The slab S; and the cylinders B; ;.

We define the layers S; by
Si = {z +10(01) | € R(z, — ya) and ¢ € [(i = 1)(p+ (), i(p+ )]} N cyl(nA, h(n))
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fori =1,..., M(p,n) with

M(p.n) = {h(n) cos(b1 —H)J .

p+<
The set S; is a layer of thickness p + ¢ in the direction defined by 61, and the definition of M (p,n)

implies that all the S; intersect d cyl(nA, h(n)) on the left side and right side of cyl(nA, h(n))
(including the corners of the cylinder) but not on its top or on its bottom. We define

B = {x+t5(6,) |z € [0,p7"(01)] and t € [0, p]},
which is a cylinder of dimension p X p oriented towards the direction 61, and the bigger cylinder
B' = {z +t#(01) |z € [0, (p+ )7 (61)] and t € [0,p + (]}

We will fill each S; with disjoint translates of B’, inside which we will define translates of B by
a translation whose vector has integer coordinates. Since the slab .S; is tilted, it has not squared
corners, so we have to be a little bit careful. We define 2° (respectively y%), the middle of the
left side (respectively the right side) of .S; (we forget the dependence on n and p to simplify the
notations), by

i _ gy PHC o
=+ (i 1/2)008(51 ~ 6)1}(0)
and .
i - p .
Y = Yn+ (Z 1/2) Cos(gl — 9)0(0) .

We then translate x; in the direction given by 17L(§1) first at the point 2% at which the slab S; has a
thickness p + ( in the direction 6, and then successively at z; which is at distance p 4 ¢ of z;'._l,
ie.,

(p +¢) tan |61 — 6| +(G -+ | T 0),

z§ = :Uil—l— 5
forj=1,.., M(p,n) + 1 with
nl(A) 0, —
wos(,-0) (p+¢)tan |6y — 0

M(p,n) =

p+C

Foralli =1,...,M(p,n) and j = i, ..., M(p, n), we define

Bi; = cyl([2}, 2514] (0 +€)/2),
which are translates of B’ with pairwise disjoint interiors, and we denote by B; ; a translate of
B by a translation whose vector has integer coordinates such that B; ; C B ; (so they also have
pairwise disjoint interiors).

5.2. Probabilistic part of the proof. For each i € {1,....M(p,n)}, j € {1,..., M(p,n)},

we define N
Tij = T(Biyj,’t_)'(el)) .
We want to compare ¢(nA, h(n)) with those 7; ;. Exactly as in Chapter 3, we have to add some
edges to glue together cutsets in the different cylinders B; ; to obtain a cutset in cyl(nA, h(n)).
Fori =1,..., M(p,n), we define the set
o mMew |
i =V <[xz,zﬂ U U {#}u [zj\/l(p’n)ﬂ,yz],?)C) NS;,
i=2

and we denote by Fj ; the set of the edges included in &y ; (we have kept the same notation as in
Chapter 3). Then if for all couple (,5) in {1,..., M(p,n)} x {1, ..., M(p,n)} the set of edges
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Fij separates the upper half cylinder from the lower half cylinder in B; ; for the direction 61, then

Ujj\i(lp ’n)}},j U Ey,; separates the top from the bottom of cyl(nA, h(n)). We obtain that
M(p;n)
A h < i i+ V(Eo),
Ol h(w) < iy > gV ()

and thus by independence we have

M (p,n) {M (p,n) Y~ -I

P(p(nA,h(n)) > Anl(A4)) < H (IP’ Tij > ( 01 + 5) nl(A)
i=1 [ j=1 cos(f1 — 0) J

(6.60) +P[V(Ey;) > gnl(A)]) .

On one hand, we have

M(p,n) ]/bv
P s> | —=—— +¢|nl(A
o (g o))

_p 1 an) Tij o nl(A) ( Vs, +€>]
M(p7n> j=1 p B pM(pvn) COS(el — 0) J
[ M(pn) N
1 Ti,j > Vg + cos(6; — 9)8} .
=1

<P|-—
- (M)

b

The variables (7; ;) =1, M(p,n) are independent and identically distributed, with the same law as
7(B,7(61)). Since E((B,#(61)))/p converges towards v when p goes to infinity, there exists
a po large enough so that for all p > py:

E(r(B, #(6,))) <u+ cos(f, — 0)e |

p L 2

Since the law of the capacity of the edges admits an exponential moment, so does the variable
7(B, ¥(01))/p, because we can compare it with the rescaled capacity of a flat cutset that contains
O(p) edges. We can then apply the Cramér theorem to obtain that for fixed p > pg and A there
exists a constant ¢ (depending on the law of 7(B, 7(1)), A and ¢) such that
[ 1 M) ]

1 .. ~
limsup ——logP | ———— 24>y 4cos(b — el < e <O,
nne. M(p,N) ® [M(p,n) z:: p 01 (61 )J

whence
1 [M(p,n) yfé/ —‘
(6.61) limsup —— logP Tij > <~1 —i—e) nl(A)| <d <0,
P nl(A) & [ ; ! cos(61 — 0) ( )J

for a constant ¢’ depending on [(A) and the same parameters as ¢. On the other hand, we know
that there exists a constant C' such that for all i = 1, ..., M (p,n)

card(Ep;) < C <Z —|—p) .

If v > 0 is such that E(exp(vt(e))) < oo, by a simple Chebyshev inequality, we obtain:

C(np~'4p)

P (V(Eo;) > enl(A)) < [P( > tler) > 5nl(A))

k=1
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E (exp(v#(¢))) " +P) exp(—eni(A))
exp [—n (el(A) = C(p~" + pn~ ") log E(exp(vt(e))))] -

Obviously there exists p; such that for all p > pq, for all n large enough (how large depends on
p), we have

IN

IN

(6.62) P(V (Eos) > enl(4)) < exp (-nl(4)5 )

Combining equations (6.60), (6.61) and (6.62) we obtain that, for every fixed p > max(pg, p1),

-1
(6.63) 1ﬂgfmlogm¢(m,h(n)) > Anl(A)] > 0.

The last thing we have to do to complete the proof of Theorem 22 is to analyze the behaviour of
M (p,n). Thanks to (6.59) we have

cos(f; — 0) nl(A)tan |6; — 6]

> h 1- -1

e ( ()

> n(n) cos(f; — 0) 1 ténwl — 0 B
p+¢ tan |6y — 6] + tand

> K(paeaglaé)h’(n) - ]-?

M(p,n)

where K (p, 0, 51, d) > 0is a strictly positive constant depending on the given parameters p, 0, 6,
and 6. We deduce from (6.63) that

lim inf W log P [¢(n A, h(n)) > Ani(A)] > 0.
As we said previously, exactly the same proof works for 6o < 0, only the precise definition of the
cylinders B; ; has to be adapted. In the case 0o = 0, we can fill the entire cylinder cyl(nA, h(n))
with translates of B’ and not only a subpart of height i(n) — nl(A) tan |6; — 6], this is the reason
why the equivalent of ﬁ(n) in this case is simply i (n); the proof in this particular case has already
been written in Chapter 3, since ¢(nA, h(n))/n converges almost surely towards vj.
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CHAPTER 7

Law of large numbers for the maximal flow through a domain of R?

This chapter is a joint work with Raphaél Cerf.

We consider the standard first passage percolation model in the rescaled graph Z? /n for d > 2,
and a domain €2 of boundary I" in R%. Let I'" and I'? be two disjoint parts of T, representing the
area of I" through which some water can enter and escape from 2. We investigate the asymptotic
behaviour of the flow ¢,, through a discrete version €2, of €} between the corresponding discrete
sets 'L and I'2. We prove that under some conditions on the regularity of the domain and on the
law of the capacity of the edges, ¢,, converges almost surely towards a positive constant ¢, which
is the solution of a continuous non-random max-flow min-cut problem. Moreover, we prove that
the lower large deviations are of surface order, while the upper large deviations are of volume
order.
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4.1. Polyhedral approximation 212
4.2. Positivity of ¢g 226

1. Definitions and main results

1.1. Main results. We use many notations introduced in [40] and [41]. Let d > 2. We
consider the graph (Z¢,E¢) having for vertices Z¢ = 7% /n and for edges EZ, the set of pairs
of nearest neighbours for the standard L' norm. With each edge e in E¢ we associate a random
variable ¢(e) with values in R*. We suppose that the family ((e),e € E¢) is independent and
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identically distributed, with a common law A: this is the standard model of first passage percolation
on the graph (Z%,E?). We interpret t(e) as the capacity of the edge e; it means that ¢(e) is the
maximal amount of fluid that can go through the edge e per unit of time.

We consider an open bounded subset €2 of R? such that the boundary I' = 92 of  is piecewise
of class C! (in particular T' has finite area: H?}(I") < oc). It means that T is included in the
union of a finite number of hypersurfaces of class C, i.e., in the union of a finite number of C!
submanifold of R? of codimension 1. Let I'!, I'? be two disjoint subsets of I" that are open in I"
We want to define the maximal flow from T'' to I'? through Q for the capacities (t(e),e € E%).
We consider a discrete version (2, T',, 5, T'2) of (2, T, T, T'2) defined by:

Q= {2 €Z%|doo(x,Q) < 1/n},
Fn:{iL‘EQn‘Hy¢Qn‘,<x,y>€E7dl}, )
= {z el |do(z,T") <1/n, doo(x,I9) >1/n} fori =1,2and j # i,

where d, is the L>-distance, the notation (x,y) corresponds to the edge of endpoints = and y
(see figure 1).

FIGURE 1. Domain €.

We want to study the maximal flow from '}, to I'2 in €),,. Let us define properly the maximal
flow ¢(F; — Fy in C) from F to I in C, for C' C R? (or by commodity the corresponding
graph C' N Z%). We will say that an edge e = (z, ) belongs to a subset A of R, which we denote
by e € A, if the segment joining x to y (eventually excluding these points) is included in A. We
define Ed as the set of all the oriented edges, i.e., an element € in Ed is an ordered pair of vertices
which are nearest neighbours. We denote an element € € E% by ((x,y)), where z, y € Z% are
the endpoints of € and the edge is oriented from x towards y. We consider the set S of all pairs of
functions (g, 0), with g : E¢ — RT and 0 : E¢ — E? such that o((z,y)) € {((z,9)), ({(y,2))},
satisfying:

e for each edge e in C we have
0 < g(e) < te),
e for each vertex v in C' . (F} U F3) we have
Y. gl = ge),
ecC:o(e)=({v,")) ecC:o(e)=({-,v))

)=
where the notation o(e) = ((v,.)) (respectively o(e) = ((.,v))) means that there exists y € Z%
such that e = (v, y) and o(e) = ((v,y)) (respectively o(e) = ((y,v))). A couple (g,0) € Sisa
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possible stream in C' from Fj to Fy: g(e) is the amount of fluid that goes through the edge e, and
o(e) gives the direction in which the fluid goes through e. The two conditions on (g, 0) express
only the fact that the amount of fluid that can go through an edge is bounded by its capacity, and
that there is no loss of fluid in the graph. With each possible stream we associate the corresponding
flow

flow(g,0) = > 9w V) Louwh)=((uv)) — 9 V) Lo(uyv))=(v,u)) -
uEFs ,v¢C : {u,v)EEL
This is the amount of fluid that crosses C from Fj to Fy if the fluid respects the stream (g, 0). The
maximal flow through C from F} to F5 is the supremum of this quantity over all possible choices
of streams
¢(F1 — Fyin C) = sup{flow(g,0) | (g,0) € S}.
We denote by
¢n = oI}, > T2in Q)

the maximal flow from '} to T'2 in §2,,. We will investigate the asymptotic behaviour of ¢,,/ nd-1
for large n. More precisely, we will show that (¢, / nd_l)nzl converges towards a positive constant
¢ (depending on Q, I'', T'?, A and d) when n goes to infinity, that the lower deviations are of
surface order, and that the upper deviations are of volume order. The description of ¢ will be
given in section 1.2. Here we state the precise theorems:

THEOREM 23. Ifthe law A of the capacity of an edge admits an exponential moment:
30 >0 / P dA(z) < 400,
R+
and if A(0) < 1 — pc(d), then there exists a finite constant ¢q, such that for all A € [0, pq,

1
lim sup =1 log P[(bn < )\nd_l] < 0.
n—oo N

THEOREM 24. We suppose that d(I'',T'2) > 0. If the law A of the capacity of an edge admits
an exponential moment:

30 >0 / PP dA(z) < 400,
R+
and if A(0) < 1 — pc(d), then there exists a finite constant ¢ such that for all X €|¢pq, +00],

lim sup id log P[¢, > Ané~1] < 0.
n—oo TN

REMARK 29. In the theorem 24 we need to impose that d(I'', T'2) > 0 because otherwise
we cannot be sure that gfbg < o0, as we will see at the beginning of section 3. Moreover, if
d(T',T%) = 0, there exists a set of edges of constant cardinality (not depending on n) that forms
paths from T’} to I'2 through €2, for all n along the common boundary of I'* and I'2, and so it is
sufficient for these edges to have a huge capacity to obtain that ¢,, is abnormally big too. Thus,
we cannot hope to obtain upper large deviations of volume order.

THEOREM 25. In addition to the hypothesis that T is piecewise of class C', we suppose that
Q is a Lipschitz domain, i.e., its boundary I" can be locally represented by the graph of a Lipschitz
function defined on some open ball of R4, and that T is included in the union of a finite number
of oriented hypersurfaces Si, ..., Sy, of class C L which are transverse to each other. In addition to

the hypothesis that T'' and T'? are open in T, we suppose that their relative boundaries OrT'" and
orT2 in T have null H~ measure, and that d(T'*,T2) > 0. Then

P = ¢q-



180 CHAPITRE 7. LLN FOR THE MAXIMAL FLOW THROUGH A DOMAIN OF R”

Moreover, if A(0) < 1 — p.(d) and A admits a moment of order 1, i.e.,

/ rdA(z) < o0,
[0,400]

then this constant is strictly positive.

As a corollary of Theorem 23, Theorem 24 and Theorem 25, we immediately obtain the fol-
lowing law of large numbers:

THEOREM 26. We suppose that §2 is a Lipschitz domain and that U is included in the union of
a finite number of oriented hypersurfaces Sy, ..., S, of class C' which are transverse to each other.
We also suppose that T'' and T'? are open in T, that their relative boundaries OrT'' and OrT'? in T
have null H*~! measure, and that d(T',T?) > 0. We suppose that the law A of the capacity of an
edge admits an exponential moment:

36 >0 / P dN(x) < 400,
R+

and that A(0) < 1 — p.(d). Then there exists a positive and finite constant ¢ > 0 such that

lim (gnl
n—oo nd—

= ¢q a.s.

REMARK 30. The large deviations we obtain are of the relevant order. Indeed, if all the edges
in 2,, have a capacity which is abnormally big, then the maximal flow ¢,, will be abnormally big
too. The probability for these edges to have an abnormally large capacity is of order exp —Cn¢
for a constant C, because the number of edges in €2,, is C'n? for a constant C. On the opposite, if
all the edges in a flat layer that separates I'. from I'2 in 2,, have abnormally small capacity, then
¢n, will be abnormally small. Since the cardinality of such a set of edges is D’'n?~! for a constant
D', the probability of this event is of order exp —Dn?~! for a constant D.

REMARK 31. The condition A(0) < 1 — p.(d) is relevant. Indeed, Zhang proved in [58] that
in the particular case where d = 3 and () is a straight cube of bottom I'' and top I'2, if A admits an
exponential moment and A(0) = 1 — p.(d), then lim,, .o ¢,,/n%"" = 0 a.s. The heuristic is the
following: if A(0) > 1 — p.(d), then the edges of capacity strictly positive do not percolate, and
therefore they cannot convey a strictly positive amount of fluid through 2 when n goes to infinity.
However, Kesten stated the first results about maximal flows in this model in [41] under a stronger
hypothesis on A({0}). It is only in 2007 that Zhang succeeded in relaxing the constraint on A in
his remarkable article [59].

1.2. Computation of ¢ and %

1.2.1. Geometric notations. We start with some geometric definitions. For a subset X of R,
we denote by H*(X) the s-dimensional Hausdorff measure of X (we will use s = d — 1 and
s = d — 2). The r-neighbourhood V;(X,r) of X for the distance d;, that can be the Euclidean
distance if ¢ = 2 or the L*°-distance if © = o0, is defined by

Vi(X,r) = {y e R|d;(y, X) <r}.

If X is a subset of R included in an hyperplane of R¢ and of codimension 1 (for example a non
degenerate hyperrectangle), we denote by hyp(X) the hyperplane spanned by X, and we denote
by cyl(X, h) the cylinder of basis X and of height 24 defined by

yl(X,h) = {z+tv|z e X, te[-hh]},

where v is one of the two unit vectors orthogonal to hyp(X) (see figure 2).
For z € R%, r > 0 and a unit vector v, we denote by B(z, ) the closed ball centered at =
of radius r, by disc(z, 7, v) the closed disc centered at x of radius r and normal vector v, and by
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FIGURE 2. Cylinder cyl(X, h).

B*(x,7,v) (respectively B~ (z,r,v)) the upper (respectively lower) half part of B(z,r) where
the direction is determined by v (see figure 3), i.e.,

Bf(x,r,v) = {y € B(z,r)| (y — x) -v > 0},
B~ (z,r,v) = {y € B(z,r)|(y —x) -v < 0}.
We denote by a4 the volume of a unit ball in R%, and og_; the 7%~ ! measure of a unit disc.

‘ disc(z, r,v)

FIGURE 3. Ball B(z,r).

1.2.2. Flow in a cylinder. Here are some particular definitions of the flow through a box. It is
important to know them, because all our work consists in comparing the maximal flow ¢,, in §2,,
with the maximal flows in small cylinders. Let A be a non degenerate hyperrectangle, i.e., a box
of dimension d — 1 in R%. All hyperrectangles will be supposed to be closed in R%. We denote by
v one of the two unit vectors orthogonal to hyp(A). For h a positive real number, we consider the
cylinder cyl(A, h). The set cyl(A, h) \ hyp(A) has two connected components, which we denote
by C1(A, h) and C2(A, h). Fori = 1,2, let A? be the set of the points in C;(A, h) N Z% which have
a nearest neighbour in ZZ . cyl(A4, h):

Al = {w € Gi(A,h) N Z5| 3y € Zy ~ cyl(A, D), (x,y) € Ep}.
Let T'(A, h) (respectively B(A, h)) be the top (respectively the bottom) of cyl(A, h), i.e.,

T(A,h) = {x € cyl(A,h)| Ty ¢ cyl(A,h), (z,y) € EL and (z,y) intersects A + hv}
and

B(A,h) = {x € cyl(A,h)|Ty ¢ cyl(A,h), (x,y) € Ed and (z,y) intersects A — hv} .
For a given realisation (t(e), e € EZ) we define the variable 7(A, h) = 7(cyl(A, h),v) by
T(A7 h) = T(Cyl(A? h)’ U) = ¢(A}11 - Ag in Cyl(Av h’)) )
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and the variable ¢(A, h) = ¢(cyl(A, h),v) by
d(A,h) = ¢(cyl(A, h),v) = ¢(B(A,h) — T(A,h)in cyl(A,h)),

where ¢(Fy — I, in C) is the maximal flow from F} to F» in C, for C C R? (or by commodity
the corresponding graph C' N Z?) defined previously.

1.2.3. Max-flow min-cut theorem. The maximal flow ¢(F; — F5in C) can be expressed
differently thanks to the max-flow min-cut theorem (see [12]). We need some definitions to state
this result. A path on the graph Zfl from vg to vy, is a sequence (vg, €1, V1, ..., €m, Uy ) Of vertices
Vg, ..., U, alternating with edges ey, ..., e,, such that v;_; and v; are neighbours in the graph, joined
by the edge e;, for i in {1,...,m}. A set E of edges in C'is said to cut F; from F; in C if there is
no path from F} to F5 in C' \ E. We call E an (F}, F»)-cut if E cuts F} from F» in C and if no
proper subset of E¥ does. With each set E of edges we associate its capacity which is the variable

V(E) = > t(e).
ecFE
The max-flow min-cut theorem states that

G(Fy — Fyin C) = min{ V(E)|Eisa (F}, Fy)-cut}.

1.2.4. Definition of v. Only in this section, we consider the standard first passage percola-
tion model on the graph (Z? E%) instead of the rescaled graph (Z% E). We present here some
important theorems that have been proved about maximal flows.

The asymptotic behaviour of the variable 7(nA, h(n)) for large n, for A a non degenerate
hyperrectangle of orthogonal unit vector v, and h a height function with values in R™ satisfying
lim,,_, o h(n) = 400, has already been studied. By a subadditive argument, we know that as soon
as the capacities of the edges are in L', there exists a constant v(v) (depending on A, d and v but
not on h and on A itself) such that

. E[r(nA,h(n))]
B Y
Moreover, under some added hypotheses on A and v, or on F’, we know that
. 7(nA, h(n))
St VW)
(see the introduction of the thesis for more details).

Kesten and Zhang have studied the maximal flow between the top and the bottom of straight

cylinders. Let us denote by D(k, m) the cylinder

a.s.

d—1
D(k,m) = []I0, k] x [0,m],
i=1
where k = (kq, ..., kq_1) € R¥"1. We denote by ¢(k,m) the maximal flow in D(k,m) from its
top [T [0, k4] x {m} to its bottom [T¢Z}{0, ki] x {0}. Kesten proved in [41] the following result:

THEOREM 27 (Kesten). Let d = 3. We suppose that A(0) < pg for some fixed py > 1/27,
and that

Iy>0 / e dA(z) < 0.
[0,400[
If m = m(k) goes to infinity with ki > ks in such a way that
30 >0 lim k" logm(k) = 0,

k1>ko—00

then
o(k,m)

: _ .
klzlllcgioo ik v((0,0,1)) a.s. and in L~ .
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Moreover, if A(0) > 1 — p.(d), where p.(d) is the critical parameter for the standard percolation
model by edges on 7%, and if

/ 2% dA(z) < oo,
[0,4-00]
there exists a constant C = C(F) < oo such that for all m = m(k) that goes to infinity with
k1 > ko and satisfies
k
lim inf m(k)

k1>ko—00 k‘l kg
for all kv > ko sufficiently large, we have

o(k,m) =0 a.s.

> C,

Zhang improved this result in [59] where he proved the following theorem:

THEOREM 28 (Zhang). Let d > 2. We suppose that
dy>0 / e’ dA(z) < 0.
[0,+00[

Then for all m = m(k) that goes to infinity when all the k;, i = 1,...,d — 1 go to infinity in such
a way that

36 €]0, 1] logm(k) < _max 1(]4:3_5),

we have N
lim ¢(d_’1m) = v((0,...,0,1)) a.s. and in L* .
k1,...,kd71~>oo H 1 k’L

1=

Moreover, this limit is positive if and only if A(0) < 1 — p.(d).

To show this theorem, Zhang obtains first a control on the number of edges in a minimal cutset.
We will present and use this result in section 2.2.

Garet studied in [30] the maximal flow o(A) between a convex bounded set A and infinity in
the case d = 2. By an extension of the max flow - min cut theorem to non finite graphs, Garet
proves in [30] that this maximal flow is equal to the minimal capacity of a set of edges that cuts all
paths from A to infinity. Let OA be the boundary of A, and 0* A the set of the points x € JA at
which A admits a unique exterior normal unit vector v4(x) in a measure theoretic sense (see [19],
section 13, for a precise definition). If A is a convex set, the set 0* A is also equal to the set of the
points z € JA at which A admits a unique exterior normal vector in the classical sense, and this
vector is v4(x). Garet proved the following theorem:

THEOREM 29 (Garet). Let d = 2. We suppose that A(0) < 1 — p.(2) = 1/2 and that
Iy >0 / e’ dA(z) < 0.
[0,400]
Then for all convex bounded set A containing 0 in its interior, we have
A
lim o(nd) = / v(va(z))dH (z) = Z(A) > 0 a.s.
o0*A

n—00 n
Moreover, for all € > 0, there exist constants C1, Co > 0 depending on € and A such that
o(nA)
nZ(A)

Vn >0 P { ¢l —e,1+ 6[} < Cyexp(—Can).

Nevertheless, the maximal flow from the top to the bottom of a tilted cylinder for d > 3 was
not studied yet. In fact, the lack of symmetry of the graph induced by the slope of the box is a
major issue to extend the result concerning straight cylinders to tilted cylinders. The theorem of
Garet was not extended to dimension d > 3 either.



184 CHAPITRE 7. LLN FOR THE MAXIMAL FLOW THROUGH A DOMAIN OF R”

We recall some geometric properties of v : v € S%~! — v(v), under the only condition on
F that E(t(e)) < oo. They have been proved in the section 4.5 of the Chapter 5 of this thesis.
There exists a unit vector vy such that v(vg) = 0 if and only if for all unit vector v, v(v) = 0, and
it happens if and only if A({0}) > 1 — p.(d). Moreover, v satisfies the weak triangle inequality,
i.e., if (ABC) is a non degenerate triangle in R? and v4, vp and ve are the exterior normal unit
vectors to the sides [BC], [AC], [AB] in the plane spanned by A, B, C, then

H'([AB))v(ve) < HN([AC))v(vg) + H ([BC])v(va).
This implies that the homogeneous extension v of v to R?, defined by 1/4(0) = 0 and for all w in
R,
vo(w) = [wlor(w/|wlz),
is a convex function; in particular, since vy is finite, it is continuous on R4, We denote bY Vmin

(respectively vy ax) the infimum (respectively supremum) of v on S d=1
We consider the rescaled graph (Z<, E9) again, and for the rest of the chapter.

1.2.5. Continuous min-cut. We give here a definition of ¢ and % in term of the map v. For
a subset I’ of R?, we define the perimeter of F in by

P(F,Q) = sup {/Fdivf(x)dﬁd(a:), fecE@BO.1)}

where C2°(§2, B(0, 1)) is the set of the functions of class C> from R? to B(0, 1), the ball centered
at 0 and of radius 1 in R%, having a compact support included in 2, and div is the usual divergence
operator. The perimeter P(F) of F is defined as P(F, R%). We denote by OF the boundary of I,
and by 0* F the reduced boundary of F'. At any point x of 0*F', the set I’ admits a unit exterior
normal vector vr () at = in a measure theoretic sense (for definitions see for example [19] section
13). For all ' C R? of finite perimeter in (2, we define

To(F) = / v(op(2))dH (2) + v(or(2))dH ()
O*FNQ 2no=(FNQ)

+ [ (e (x))dH (z).
Tino*(Q~F)
If P(F,Q)) = 400, we define Zo(F') = +oc0. Finally, we define
¢o = inf{Zo(F)| F C R%}
= inf{Zo(F)|F C Q}.

When a hypersurface S is piecewise of class C', we say that S is transverse to I if for all
x € S NT, the normal unit vectors to & and I at z are not collinear; if the normal vector to S
(respectively to I') at x is not well defined, this property must be satisfied by all the vectors which
are limits of normal unit vectors to S (respectively I') at y € S (respectively y € I') when we send
y to x - there is at most a finite number of such limits. We say that a subset P of R is polyhedral
if its boundary JP is included in the union of a finite number of hyperplanes. For each point x
of such a set P which is on the interior of one face of 9P, we denote by vp(x) the exterior unit

vector orthogonal to P at . For A C R%, we denote by A the interior of A. We define % by

o = inf {/ v(vp(x))dHY ™ (z) PCRYTICP,T2CRINP }
OPNQ2

P is polyhedral , 9P is transverse to I'

= inf {IQ(P)

PcRITICcP,T2CcRI P ,
P is polyhedral , OP is transverse to I'

See figure 4 to have an example of such a polyhedral set P. Theorem 25 is in fact a result of
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1—\2

FIGURE 4. Polyhedral set P as in the definition of %

polyhedral approximation of sets having finite perimeter.

The definitions of the constants ¢q and g/bg are not very intuitive. We propose to define the
notion of continuous cutset to have a better understanding of these constants. We say that S C R?
cuts I'! from I'? in O if every continuous path from I'! to I'? in () intersects S. Actually, if P is a
polyhedral set of R such that

o
L —

TTc P and T2 Cc RINP,

then OP N is a continuous cutset from I'' to I'? in Q. Moreover, for any set F' C R? of finite
perimeter in 2, the set

Qno((FUTh)\T?)

is also a continuous cutset separating I'* from I'? in Q (figure 5 shows the localisation of this
continuous cutset). Since v(v) is the average amount of fluid that can cross a hypersurface of

FQ

= QNo((FUTH) N T?)

FIGURE 5. Continuous cutset defined by F'.

area one in the direction v per unit of time, it can be interpreted as the capacity of a unitary
hypersurface. Thus Zq(F') can be interpreted as the capacity of the continuous cutset defined by
F'. The constants ¢ and ¢q are solutions of min cuts problems, because they are equal to the
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infimum of the capacity of a continuous cutset that satisfies some specific properties. We can
define two other constants, that are solutions of possibly more intuitive min cuts problems. If S
is a hypersurface which is piecewise of class C', we denote by vs(x) one of the two normal unit
vectors to A at x for every point x at which S is regular. The %! measure of the points at which
S is not regular is null. We define

S cuts T from I'2 in Q

bq = inf {/Smﬂ v(vg(z))dHI ™ (z)

S hypersurface piecewise of class C* }

and

Scuts T from I'2 in Q

bo = inf { /S - v(vg(z))dH¥ L (z)

We remark that by definition,

S polyhedral hypersurface }

o < da < dq.
We claim that ¢ < ¢q. Let S be a hypersurface which is piecewise of class C!, which cuts I'!
from I'? in §, and such that

[ vls@)an @) < da -+
SNQ

for some positive 7). Let F be the set of the points of 2 \. S that can be joined to a point of I'! by
a continuous path. Then

OFNQ)U T NIQNFHU(?*NI(FNQ) c SNAQ.
Thus F' is of finite perimeter in €2, and Z (F') satisfies

To(F) < /Sm v(vs(x)dH (z) < do+1.
Thus we have proved that R N
b < do < da < dq.
If all the hypotheses of theorem 25 are satisfied, then all these constants are equal.
We remark that the capacity Zg of a continuous cutset is exactly the same as the one defined
by Garet in [30] in dimension two, except that we consider a maximal flow through a bounded
domain, so our capacity is adapted to the problems of boundaries that arise.

2. Lower large deviations

2.1. Sketch of the proof. We are studying the lower large deviations of ¢,,/n?~!: they are
controlled by what happens around a minimal cutset. First, we will use the estimate of the number
of edges in a minimal cutset made by Zhang in [59] to restrict the problem to cutsets having a
number of edges at most en®1 for a constant ¢; we can then conclude that the minimal cutset is
“near” the boundary of a subset F' of {2 belonging to a compact space. By making an adequate
covering of this space, we need only to deal with a finite number of sets and their neighbourhoods.
We will then cover the boundary of such a set F' by balls of very small radius, such that OF is
»almost flat” in each ball; we will also show that if ¢, is smaller than ¢ (1 — £)n?~! for some
positive ¢, then some local event happens in each ball of the covering of OF (this event will be
denoted by G(B,vp(x)) for the ball B centered at x € OF'). After that, we will construct a link
between this local event in a ball and the fact that the maximal flow through a cylinder (included in
the ball) is abnormally small. The lower large deviations for the maximal flow through a cylinder
are already known (see [52] or the Chapter 5 of the thesis). Finally, we calibrate the constants to
get Theorem 23.
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This proof is largely inspired by the methods used to study the Wulff crystal in Ising model in
dimension d > 3 (see for example [19]).

2.2. Number of edges in a minimal cutset and compactness. We consider a (I'}, T'2)-cut
Ep in Q,, of minimal capacity, i.e., ¢, = V(&,), and of minimal number of edges (if there are
more than one such cutset, we select one of them by a deterministic algorithm). According to
Theorem 1 in [89], adapted to our case as said in Remark 2 in [59], we know that:

THEOREM 30 (Zhang). If the law of the capacity of the edges admits an exponential moment,
and if A(0) < 1 — p.(d), then there exist constants g = [o(A,d), C; = C;(A,d) fori = 1,2 and
N = N(A,d,Q,T,T'Y, T'?) such that for all 3 > (o, for alln > N, we have

Plcard(&,) > ﬁnd_l] < exp(—Cgﬁnd_l).

We will always consider such large n > N during the section 2. Thus with high probability
the (T}, T2)-cut &, has not too much” edges. We want now to change a little bit our point of
view in order to work with a subset of | R rather than the cutset £,. We define for each edge e the
variable t'(e) = lcg¢¢, ), and the set £, C 74 by
E, = {x € Q, |z is in an open cluster connected to '}, for the percolation process (¢'(€))ecq, }-
Then the edge boundary 8eﬁn of En, defined by

O°FE, = {e=(z,y) €2inQ, |z e E,andy ¢ E,},
is exactly equal to &,,. We consider now the “non discrete version” E,, of En defined by
B, = {z € Qldeo(z, E,) <1/2n)} = (En+[-1/(2n),1/(20)]*) N Q.

For all F C R?, we recall that the perimeter of F in €2 is defined by
P(F,Q) = sup {/ div f(@)dL%(x), f € CZ(QBO.1)} .
F

We know that if card(&,) < pn?~!, then P(E,,Q) < P(E,) < 8.
We define
Cs = {F CQ|P(F,Q) <5},

endowed with the topology L' associated to the distance d(F, F') = LY(FAF'), where FAF'
is the symmetric difference between these two sets. For this topology the set Cg is compact.
With every I in Cg we associate a positive €, that we will choose later. The collection of sets
V(F,er), F' € Cg, where V(F, ) is the neighbourhood of F of size ¢ for the distance defined
previously, covers Cg so we can extract a finite covering: Cg C U;—1... ~NV(F;, er,). We then obtain
that for a fixed 8 > [, for all A we have

Plgn < An% 1] < e L P[V(E,) < An® ! and P(E,, Q) < ]
N
< e P Z]P’[V(Sn) < A% !and Ed(EnAFi) <gl.
=1

It remains to study
PV (&,) < An®tand LUE,AF) < ep]

for a generic F' in Cg and the corresponding €.

2.3. Covering of OF by balls.

2.3.1. Geometric tools. We recall an important result about the Minkowski content of a subset
of R? (see for example Appendix A in [18]). Whenever E is a closed (d — 1)-rectifiable subset
of RY (i.e., there exists a Lipschitz function mapping some bounded subset of R4~! onto F), the
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Minkowski content of F, defined by

1y
li — £1(Va(B, 7))

exists and is equal to H? 1 (E).

We will also use the Vitali covering theorem for H4=1 (see theorem 1.10 in [28]). A collection
of sets U is called a Vitali class for a Borel set E of R? if for each € E and § > 0, there exists
a set U € U containing x such that 0 < diam U < §, where diam U is the diameter of the set U.
We now recall the Vitali covering theorem for HA-1 (see for instance [28], Theorem 1.10):

THEOREM 31. Let E be a H*! measurable subset of R* and U be a Vitali class of closed
sets for E. Then we may select a (countable) disjoint sequence (U;);c1 from U such that

either » (diam U;)*™' = +oo or HY"'(E N\ UierUs) = 0.
i€l
IfH¥(E) < oo, then given e > 0, we may also require that

HITYE) < (;5:11 (diam U;)? L.
il

We recall next the Besicovitch differentiation theorem in R¢ (see for example [6]):

THEOREM 32. Let 9 be a finite positive Radon measure on R%. For any Borel function
f € LY(9M), the quotient

1
MB(z.r)) /BW) f(y)dM(y)

converges M-almost surely towards f(x) as r goes to 0.
We state a result of covering that we will use in our study of the lower deviations of ¢,,:

LEMMA 18. Let F' be a subset of ) of finite perimeter. For every positive constants § and
7, there exists a finite family of closed disjoint balls (B;)icrujurx = (B(x4,7i),vi)icrujuk such
that (the vector v; defines B;")

Viel, z; €0*FNQ, r; €0,1], B; CQ, LY(FNB)AB;) < dagrd,

Vied, z; ePNo*(QNF), r; €0,1[, 00N B; T, LA(B;NQ)AB;) < Sagrd,
Vie K, z; e T2N0*F, r; €)0,1[, 00N B; c %, LY(FNB;)AB;) < dagrd,

and finally

Ia(F) — Z ad,lrg_ly(vp(xi)) —Zad,lrg_lu(vg(xi)) <.
i€IUK icd

We will prove Lemma 18 with the help of Theorems 31 and 32, following the proof of Lemma
14.6 in [19]. For E a set of finite perimeter, we denote by ||V, || the measure defined by

VA Borel set in R? IVypll(A) = H&HANO'E).

We consider a subset I of  of finite perimeter. We recall that the function v : S~ — R¥
is continuous. The map z € O*F N Q +— vp(zx) is ||Vy,||-measurable, so we can apply the
Besicovitch differentiation theorem in R? to the maps x € 9*F N Q — v(vp(x)) and = €
O0*F N Q + 1 to obtain that for H¢~!-almost all z € 9*F N Q

. 1 d—1 * —

1
lim

7 d—1 _
r—0 arg_qrd—1 /B(a:,r)ma*FmQ v(ve(y)dH* (y) = v(vp(z)).
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We denote by R the set of the points of 0* F' N € where the two preceding identities hold simul-
taneously, thus H4 1 ((0* F N Q) R1) = 0. Similarly, let R» be the set of the points 2 belonging
to I'2 N 0* F such that

1

: d—1 2 * _
}% ad,lrd—lH (B(z,r)NT“No*F) = 1,

1
limi/ v(v dH! = v(vp(x)).
r=0 ag1r4" B nnranosF wr(y)) (y) = v(vr(2)

We also know that H4~1((T?2N0*F) \ Rz) = 0. Since the map 2 € T' N 9*(Q\ F) — vq(x) is
||V x,||-measurable, the same arguments imply that the set R of the points z of ' N 9*(Q \ F)

such that .
: d—1 1 * —
}1_1}1(1)70661_17“(1_17{ (B(z,r)NT"No* (AN F)) =1,

1
I 7/ dH41 _ :
rg% 0[(1—17"d71 B(z,r)NT'1No* (Q\F) V(Uﬂ(y)) (y) V(Uﬂ(x))

satisfies HY~H(I'' N 0* (2 . F) . R3) = 0. Moreover, from the theory of sets of finite perimeter
(see for example section 13 in [19]), we know that

Vo € O°F lim, o r~LYFAB (z,7,0p(z))) = 0,
Vo € *(QNF), limor LYQAB™ (2,7, vq(x))) = 0.

We fix two parameters 7 > 0 and 0 > 0. For all z € R, there exists a positive r(x, n, d) such that
forall r < r(x,n,d) we have

HH(B(z,r) NO*FNQ) — ag_1r® | < nagyr®,

s [ A () A R

LY(F N B(z,r)AB™ (z,7,vp(z))) < dagrt and B(z,r) C Q.
For all z in Ry, there exists a positive r(z, 7, §) such that for all < r(x,n, ) we have
(HEY(B(z,r) NT2NO*F) — ag_1r4| < nag_qrd™1,

1 d—1
= R O L e )

LY(F N B(z,r)AB (z,r,vp(z))) < dagrd and B(z,r)NT c I?.
For all  in R3, there exists a positive r(z, 7, §) such that for all < r(x,n,d) we have
(HEYB(z,r) NTLN* (AN F)) — ag_1m?7Y| < nag_qrdt,

1
rd—1

<

— I

<n

— )

<n

— )

/ V(a(p)dH ! (y) = v(ea(2))
Qg—1 B(z,r)NI1No* (QNF)

LY(QN Bz, r))AB (z,r,vp(x))) < dagr® and B(z,r)NT c T,
The family of balls
(B(z,r),x € R1 UR2UR3, 7 < r(xz,n,0))
is a Vitali relation for R; U Ry U R3. By the Vitali covering theorem for H?~!, we may select
from this collection of balls a finite or countable collection of disjoint balls B(z;,7;),¢ € I; such
that either

Hd_l (Rl UR9 U Rg) N U B(l‘i,ri) =0
i€lq
or

Zr?‘l = 0.

i€l
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We know that ) and F' have finite perimeter, and that
(*FNQUINF)UT N (QNF)) c TUGF
SO
=) Y agr{Tt < HEH((FFNQ)U TN OTF) UM No* (AN F)))
i€ly
< HTYTUO'F) < o0,

thus the first case occurs in the Vitali covering theorem, so we may select a finite subset /5 of I3
such that

He! <(R1 UR;URs) N | B(ﬂfuri)) < PHTHRIUR2 UR3).

i€l

We claim that the collection of balls (B(x;,7;),7 € I2) enjoys the desired properties. We define
the sets

[ ={ich|zcdFnQ},
J={ichL|z; el no*(Q~\F)},
K = {ich|z; cT*NO*F},
and v; = vp(x;) fori € I U K and v; = vq(z;) for i € J. Finally, we only have to check that

Z g 18w (vp(z;)) —Zad,lrg_ll/(vg(:ci))

1€lUK e

=n.

We recall that vy, is the supremum of v over S d=1. we have

Z ad,lrf L (vp( x;)) Zad 1r vg(xz))|

i£T0K 2
: /R v(vr(y))dH" (y) - gad_lr?*vw(wm
+ /RQ v(vr(y))dH( Z;{ad i UF(%))‘
+] [ vl V= Y curt” m<m1>>|
N i)
i Z, /Rmmm v(vr(y))dH" (y) - adlrf—lvw(az))‘

+ v (vr (5) ()
RQ\UieKB(:Ei,Ti)

> u(vF<y)>de‘1<y>—ad_1rf1u<vF<x))‘
icK RoNB(xi,m:)
+ v(va(y))dH (y)

R3~UiesB(zi,r:)
Y/ (wa(y))aH " () — aa-ri- 1u<m<x>>‘
ic) R3NB(zi,r;)
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IN

TH RIUR2 URS Vmax +1 D aqari !
i€TUJUK

TH Y (R1 UR2 U RS )vimax + 27HY ™ (R1 UR2 UR3)
N(Vmax + 2)(P(F,Q) +P(2)) .
Since (Vmax + 2)(P(F, Q) + P(2)) does not depend on 7, we have the required estimate.

<
<

2.3.2. Definition of a local event. We consider a set F' in Cg, and a positive ¢ that we have
to choose adequately. Thanks to Lemma 18, we know that for every positive fixed ¢ and 7, there
exists a finite family of closed disjoint balls (B;)icrusux = (B(xi,74), vi)icrujuk such that (the
vector v; defines B;")

Viel, x; €9O'FNQ, r;€]0,1], B; c Q, LY(FNB; )ABZ ) < dagrd,
Vied, z eT'No*(QANF), r; €0,1[, 00N B; T, LA(B;NQ)AB;) < Sagr?,
Vie K, z; €eT?2N0*F, r; €0,1], 90N B; C T?, cd(( N B)AB;) < Sagrd,

and finally

Z ag-1r{ w(vp(i)) Zad 1 w(va(ei)| < 0.

1€lUK iceJ

It is obvious that ¢ < oo because
o < To(Q) = / V(0o (2))dH (@) < vmaHE (T?) < oo
'2no*Q

We suppose for the rest of the section 2 that ¢ > 0 otherwise we do not have to study any lower
large deviations. We consider A < ¢q. There exists a positive s (we can choose it smaller than 1)
such that A < ¢ (1 — 2s) < Zq(F)(1 — 2s). We choose

_ SIQ (F )

= 1

and then we obtain that

= Y aqarT wvp(z) = > aaar w(va(wi)

i€ IUK =
_ _ s
< < Z ad,lrg 11/(vp(wi))+Zad,1rf 11/(1)9(3%))) 3
i€IUK icd

and that

A< ( Z ag 1T w(vp(z)) + Zad_lrfllu(vg(:ri))> (1—-3s).

ieIUK ieJ
Since the (B;)icruJuk are disjoint, we also know that

oo > Y. V(E.NB).

ielUJUK
Then

PV (£,) < An?~!and LYE,AF) < ]
Sierosur V(ENB) < (1—5) n® N Yicrux ag—1ry 'v(ve(z))

<P +Yies aa-1r{ v (va(@:))
and Ed(EnAF) < ep

From now on we choose ¢ to be

er = min  agr; ds
ielUJUK
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for a fixed o that we will choose later. For all 7 € I, we then have
LY(E, N B)AB;) < LYFNB)AB;) 4+ LYE,AF) < 25agre.
We want to evaluate card(((E,, N B;)AB; ) N Z2). It is equivalent to evaluate
nLY((E, N B)AB;)NZE +[-1/2n,1/2n]%).
By definition, for all z € E,, N Z% = E,,, z + [-1/2n,1/2n]% C E,,, so
((E, N B)AB;7)NZE + [~1/2n,1/2n]¢

C (BnNBj)AB; )U (Vso(Bi,1/n) N B;) U (Vo (B; ,1/n) N\ B;")

C ((EnNB;j)AB; ) U (Va(Bi,2d/n) ~ B;) U (WVa(B; ,2d/n) \ B; ),
Since 0B; and 0B, are very regular, the result about the Minkowski content implies that

Jim —dﬁd(Vg( i, 2d/n) ~ By) = HIYH(0By)
and n

lim ﬁLd(vg(a:m/n) < B;) = H"YoB;)).
For n large enough, we then obtain that

d-1(9R. d-1(9p-
CH((Bn 1 BYABS) N ZE + [—1/20,1/20]%) < 28agrd + 24T (0B) + HT(OB;))

n

and then for all n large enough
card(((E, N B;)AB;)NZ%) < 25agrin® + 4d(H*™Y(0B;) + H1(9B;))nd~?
< 4(504de .,
For ¢ € K, exactly the same arguments imply that
card(((E, N B;)AB; )N Z%) < 45agrin?
for n large enough.

We study now what happens in the balls B; for i € J. We recall that E, = E, N 72, We
define E/, = E, U Q¢ (where Q¢ = Z% < Q,) and E/, = E/, + [-1/(2n),1/(2n)]"!. Then
E! NQ = E,,. Inaball B;, we have 86E’ NB; = &,NB;. Indeed, we know that ’'N B; C Fl The
sets I'! and I'? are open in I" and disjoint, so ' N T2 = &, where I'2 is the adherence of ', and
then B; N T2 = @. Since B; is closed, we obtain that d(Bl, T'2) > 0, and thus for n large enough,

I'.NB; C Fl Moreover, we know that Fl C E - E’ We obtain that 85E’ NQ NGB =,
i.e., all the edges of 86E;L in B; have both endpoints in €2,, (see figure 6). Now we have

LY(E, N B)AB) < LY(E, N B;)AQ°N By)) + LY(Q° N B)AB})

LYUE N B;NQ) + LY\ E,) N B;) + LY((QN B)AB;)
LYE,AF) + LYV (T, 1/0) N By) + dagr?

er + ﬁd(VOO(F, 1/n)N B;) + 5adr§l

INIA TN

IN

30agrd,

for n large enough, where the last inequality results from the properties of the Minkowski content.
As previously, we obtain that for n large enough,

card(((E, N B;)AB;" )N 23) < 45agrin®.
We conclude that for n large enough,
PV (&) < An?tand LUE,AF) < ep]
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Q7+ [=1/(2n),1/(2n)]*

I,NB;cTLCE,

r'nB;cIt

edges of
EnN By

E,

+[=1/(2n),1/(2n))*

FIGURE 6. A ball B; fori € J.

V(6°E, NB;) <
< P
- Zez; [ card((E, N B;

V(0°E, N B;) <
]P) —_—
+ 126;] { card(( N B;

V(0°En N By) < (1 = s)ag-1r{ 'v(vp(z;)) and
+§<P{ card((E, N B;)A\(B; ﬂZld))<45ad1"d d }

< Z PG (z4,7i,vi)],

i€ lUJUK

(1 = s)ag_1rd w(vp(z;)) and
A(B; NZ%)) < 45aqrind

)
(1 = 8)ag_1ri v(vp(2;)) and}
YA(B NZ4)) < 46agrin?

where G(x, r,v) is the event that there exists a set U C B N Z< such that:

{ card(UAB™) < 46agrin?,
V(0°UNB) < (ag_1r7tv(v(z))(1 — s)n® 1.

Notice that this event depends only on the edges in B = B(x,r). This event seems to be com-
plicated, but indeed when G(z, r, v) happens, it means in a sense that the flow between the lower
half part of B(z,r) (for the direction v) and the upper half part of B is abnormally small. We
will examine the consequence of the event G(x, r, v) over the maximal flow in B(z, ) in the next
section.

2.4. Surgery in a ball to define an almost flat cutset. We consider a fixed ball B = B(z, )
and a unit vector v (corresponding to one generic ball of the previous covering). We want to
interpret the event G(x, r, v) in term of the maximal flow through a cylinder whose basis is a disc,
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included in the ball B, and oriented along the direction v. We define

Ymax = PT,
where p is a constant depending on § and B which we can imagine very small, it will be chosen
later. The constant 7y, is in fact the height of the cylinder we are constructing, namely

C = cyl(disc(x, 7", v), Ymax) -
We want C to be included in B, so we choose
r’ = rcos(arcsin p) .

We would like to analyse the implication of the event G(x,r,v) on the flow ¢¢ between the top
and the bottom of C for the direction v. As we said previously, the event G(z, 7, v) means that
the maximal flow between a set U that ”looks like” B~ (for the direction given by v) and the set
U* that "looks like” B is a bit too small. Here "looks like” means that B~ and U are closed in
volume, but the set U might have some thin strands (of small volume, but that can be long) that
go deeply into B+ and symmetrically the set U might have some thin strands that go deeply into
B~ (see figure 7). What we have to do to control ¢¢ is to cut these strands: by adding edges to

UC
AN

FIGURE 7. Event G(x,r,v).

0°U at a fixed height in C to close the strands, we obtain a cutset in C. The point is that we have
to control the capacity of these edges we have added to 0°U. This is the reason why we choose
the height at which we add edges to be sure we add not too many edges, and then we control their
capacity thanks to a property of independence.

We suppose that the event G(x, 7, v) happens, and we denote by U a fixed set satisfying the
properties described in the definition of G(x, 7, v). For each vy in {1/n, ..., (| nymax| — 1)/n}, we
define

D(v) = cyl(disc(z, 1, v),7),
0*D(7) = {ye D(v)|3z € Z}}, (2 —x)-v>~yand |z —y| =1},
0 D(y) ={yeD(®)|3zecZl, (—2)-v<—yand |z —y| =1}.

These sets are represented in figure 8. The sets 9T D(y) U &~ D(v) are pairwise disjoint for
different v, and we know that
Z card((0TD(y) NU) U (8~ D(vy) NU®)) < 4daqgrin?,
’\/:1/”"“’(Ln7maXJ_1)/n
so there exists a yp in {1/n, ..., (["Ymax| — 1)/n} such that
45agrind 56agrind—1

card((9"D(v0) NU) U (97 D(10) NT*)) < vme] =1 = e
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FIGURE 8. Representation of D(7).

for n sufficiently large. We define the event G*(x, r, v, y) (depending only on the edges in D(7)))
to be the existence of a set X C D(v) N Z% with the following properties:

card((0TD(y) N X)U (0~ D(vy) N X)) < 55agrini=ty il = 56agzp trd—tnd=1,
V(0°X N D)) < ag_1rTw(v)(1 — s)ndt.

We have proved that if G(z, 7, v) occurs, there exists a y in {1/n, ..., (| nYmax ] — 1)/n} such that
G*(x,r,v,7) happens. On G*(z,r,v,7), we select a set of edges X that satisfies the properties
described in the definition of G*(B, v(z), ) with a deterministic procedure, and we define

{ X* = {(z,y)lz€0™D)NX, y¢ D(7)},
X ={(z,y)|z€d Dy)NX, y¢ D(v)}.

The set of edges (9°X N D(y)) U X+ U X~ cuts the top from the bottom of C = D(Yiax), S0 0N
G*(xz,r,v,7), we have

pc < V(O XNDHy)+V(XTuX).
(Recall that 9°X N D(+y) is the set of the edges of 9°X which are included in D(+y)). Moreover
card(XT U X™) < 2dcard((0TD(y) N X)U (0~ D(y) ~ X))

’Ymax
where C' = 10day is a constant depending on the dimension. We obtain that
PIG(z,r,v)] < > PIG*(z,7,v,7)]

y=1/n,...,(|"Ymax|—1)/n
ZIP’[G*(:U, ru,y) N{V(XTUXT) < ag1r? tw(v)nd=ts/4}]
S

IN

+ P[G* (z,7,0,7) N {V(XTUX7) > ag_1r tv(v)n?ts/4}].
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On one hand, we have proved that
P[G* (z,7,v,7) N{V(XTUX") < ag_17 tw(v)n?ts/4}]
< Plpe < ag_1rw(v)(1 — 3s/4)n?"1.
On the other hand, we have
P[G* (z,7,v,7) N{V(XTUX") > ag_17 w(v)n?ts/4}]
E (IP’(G*(:U,T, v,7) N{V(XTUXT) > ag_1r? w(v)n?ts/4} | (t(e))eeD(V)))

IN

IN

E(P(G*(m,r,v,’y)ﬂ U {XTux =F}
FCE4

N{V(F) 2 ag_1r® tw(v)n®s/4}) | (t(e))eED('y))>

IN

IE(]IG*(%MW) Z Lix+ux-=rP(V(F) > adlrdlu(v)ndls/ll))
FCEZ
IVC,r,dflapflndfl -‘
<P [ Z t(es) > ag_1r w(v)n®ts/4| |
i=1
where the last inequality comes from the fact that for all ' such that P[XT U X~ = F| > 0,
card(F) < Or?=15p~1n9=1. Here we have used the following essential property of X+ U X ~:
the position of the edges of X U X~ is o(t(e),e € D(~))-measurable, but their capacities are
independent of (£(€))ccp(y)- Finally, we obtain that

P[G*(z,7,v,7)] < YmaxnP[oc < (g_177 w(v))(1 — 3s/4)n1]
Crd—15p=1pd-1 ]
+ YmaxnP [ Z t(e) > (g1 tw(v))n?ts/4]| .
i=1
We want to consider cylinders whose basis are hyperrectangles instead of discs, and the variable
7 instead of ¢ in these cylinders, because we only know the lower large deviations of the flow in
this case (see [52] or the Chapter 5 of the thesis). There exists a constant ¢ = ¢(d) such that, for
any positive k, there exists a finite family (A;);cs of disjoint closed hyperrectangles included in
disc(z, ', v) such that
Sier HYH(A) > ag1r’t =k,
{ Sier HI72(0A;) < or'd72,

(see figure 9). Thanks to the max-flow min-cut theorem, we know that for each ¢, the maximal
oW Teyi(4; ymae) 19 €qual to the smallest capacity of a set of edges in cyl(A;, Ymax) that cuts
the lower half part from the upper half part of the boundary of the cylinder along the direction
given by v. We denote by &; such a cutset in cyl(A;, ymax). It is a set of edges that is pinned
at the boundary of A; (which is the common boundary of the two halves of the boundary of the
cylinder cyl(A;, Ymax) between which the flow Teyl(Asymax) 20€8). Thus the different sets &; in
each cylinder cyl(A;, Ymax) can be glued together along U;cr0A; to create a cutset in C if we
provide some “glue”, i.e., if we add some edges in a small neighbourhood of U;c;0A;. For each
i € I, we define the set P;(n) C R? by

Pl(n) = Cyl(V(aAla C/n) N hyp(A2)7 P)/max) )
where ( is a fixed constant bigger than 2d, and we denote by P;(n) the set of the edges included in
Pi(n). Then U;er E; U P;(n) cuts the top from the bottom of C. Thanks to the max-flow min-cut
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disc(z, ', v)

FIGURE 9. Disc disc(z, r’,v).

theorem again, we thus obtain that
d¢ <Y Teyl(Avma) TV (Uics Pi(n)) .
i€l
We can evaluate the number of edges in U;c; P;(n) as follows:
card(Uier Pi(n)) < 1" 2 ypan®™t < dprdind=t,
where ¢’ is a constant depending on ¢ and d. Therefore
Plge < ag-1r''w(v)(1 - 3s/4)n"]

<P lz Teyl(As Ymax) = adflrdflV(v)(l — 8/2)nd1]
i€l
|'c/prd71nd—1 S
+P[ S tle) = agor®tu(v)Sntt
=1

|

P> Tyt < (L= s/4n Y HTH (Ayv(v )]

el el
[c pr Ipd

—HP’[ Z t()>ad 1 1}

as soon as the constants satisfy the condition

(7.1) (k+ g (ri=t == 1)(1 - 5/2) < Z HE (A vmins /4
iel
Then
PG (2, 7,0,7)] < pri Y Plreya,ma) < HH(Av(0)(1 - s/4)n? ]
i€l
—CTd_lzsp_lTLd_l -|
+ prnP Z t(e;) > ag_1r tw(v)ndts/4
i=1
:c/pTd_lnd_l '|
+ prnlP Z t(es) > ag_1r w(v)n®ts/4| .
i=1

< oY Pl ) < ANV (0) (1 — 5/4)n? ]
el
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[C’(&p‘1+p)rd_1nd_l 'I
+ 2prnP [ Z t(ei) > ag_1rww)ndts/2] |
i=1

where C” is a constant depending on ¢ and d.

2.5. Calibration of the constants. From now on we suppose that the law A of the capacity
of the edges admits an exponential moment. Then as soon as the constants satisfy the condition
(7.2) C'(p+0p )r"E(He)) < (-1 viam) 5
the Cramér Theorem in R allows us to affirm that there exists positive constants D and D’ (de-
pending on A, 9, p, ¢, s and d) such that

C’((Spfl-l—p)rd*lnd*l .,
-1
P Z t(e;) > (ago1rdw(v)ndts/2| < De P,
i=1
If we also suppose that A(0) < 1 — p.(d), we know from Theorem 1 in [52] that there exist a
positive constant D” (depending only on s, d, A and v) and a constant D" (possibly depending on
A, d, A;, Ymax = pr and s) such that

PlTeyi(as ) < HEH(ADV()(1 = s/4)n®1) < D" P
We have thus proved that if we can choose, for a fixed F', the constants §, p and  such that for

every ball B in the collection of balls (B;);cru uk the conditions (7.1) and (7.2) are satisfied, then
there exists positive constants D and D (depending on d, A, €2, I'', T'2 and \) such that

Plg, < An?1] < DeDn'"

and this yields Theorem 23.
We just have to calibrate the constants. In condition (7.2) appears the factor (p + dp~!): to
make it small, we choose p = /6. Then the condition (7.2) is equivalent to
Qd—1VminS
0 < ———
Ve 2C"E(t(e))’
for a constant C’ that depends on ¢ and d, and thus it is satisfied if we choose J small enough
(clearly since A(0) < 1 — p.(d) we know that E(t(e)) > 0 and vpin > 0). To see that the
condition (7.1) can also be satisfied, we just choose £ < ag_ (r?~! — /4=1) /2 (so x depends on
0) and we remark that

1 — (cos arcsin \/S)d_l = (d—1)§/2+ 0(9),
so for 4 small enough, condition (7.1) is satisfied as soon as
2Vmi
6 < min
—12(d-1)(1-s/2)’
which can obviously be satisfied (remember that s < 1 and vy,;, > 0). This ends the proof of
Theorem 23.

3. Upper large deviations

3.1. Sketch of the proof. We first prove that ;55 is finite, i.e., that there exists a polyhedral
set P C R? such that 9P is transverse to I and

ITc P, T2cRIP.

Then, we consider such a polyhedral set P whose capacity Zg(P) is close to % We construct
a set (' that contains a small neighbourhood of €2, thus Q' contains (2, for all large n, and such
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that HI~1(OP N (¥ ~ Q)) is very small. We need the property that OP is transverse to I to
obtain this control on H?~1(9P N (' \ Q)). We want to construct a (T'}, T'2)-cut in Q,, that is
close to OP N . We cover OP N Q' with cylinders of arbitrarily small height; this is the reason
why we need to consider a polyhedral set P. A part of 9P N ' of very small area is missing
in this covering. We construct then a (I'}, T'2)-cut in 2,, with the help of cutsets in the cylinders
constructed on 9P N Y. To achieve this, we have to add edges to cover the part of 9P N’ missing
in the covering by the cylinders, and to glue together the cutsets in the different cylinders. Thanks
to our study of the upper large deviations for the maximal flow through cylinders (see Part 1 of the
thesis), we obtain that the probability that the flow ¢,, is greater than Zo (P)n?~! goes to zero. We
want to prove that this probability decays exponentially fast in n. For that purpose, we have to
consider a collection of cardinality of order n of possible sets of edges we can add to construct the
cutset in €2,,, and to choose the set that has the minimal capacity.

The notations (especially the constants) introduced in section 3 are independent of those in-
troduced in section 2.

3.2. The constant &5 is finite. To prove that gfég < o0, it is sufficient to exhibit a set P
satisfying all the conditions given in the definition of ¢q. Indeed, if such a set P exists, then

oo < Vinax HEHOP N Q) < o0

since a polyhedral set has finite perimeter in 2. We will construct such a set P. The idea of the
proof is the following. We will cover I'! with small hypercubes which are transverse to I'* and at
positive distance of I'2. Then, by compactness, we will extract a finite covering. We will denote by
P the union of the hypercubes of this finite covering. Then P satisfies the desired properties. The
method we will use to construct these small hypercubes transverse to I'! is one of the techniques
used to prove theorem 25, so it will be recalled in section 4.1.

We prove a geometric lemma:

LEMMA 19. Let T be an hypersurface (that is a C* submanifold of R® of codimension 1) and
let K be a compact subset of I'. There exists a positive M = M(T', K) such that:

Ve>0 dJr>0 Ve,ye K lt —yla<r = da(y,tan(l',z)) < Mel|z —yl2.
(tan(T", z) is the tangent hyperplane of T at x).

By aP sl't(;?ltc,lélrd compactness argument, it is enough to prove the following local property:
Veel IM(z)>0 Ve>0 3r(z,e)>0 Vy,zel'NB(z,r(z,e))
da(y,tan(I', 2)) < M(z)e|y — 2|2 .
Indeed, if this property holds, we cover K by the open balls é(w, r(z,e)/2), xz € K, we extract a
finite subcovering B(z;, r(x;,€)/2), 1 <i < k, and we set
M =max{M(z;):1<i<k}, r=min{r(z;,e)/2:1<i<k}.

Let now y, z belong to K with |y — z|o < r. Let i be such that y belongs to B(z;, 7(x;,€)/2).
Since r < r(x;,€)/2, then both y, z belong to the ball B(x;, r(x;, <)) and it follows that

da(y,tan(I', 2)) < M(xy)ely—zla < Mely — z|2.

We turn now to the proof of the above local property. Since I' is an hypersurface, for any x
in I there exists a neighbourhood V' of 2 in RY, a diffeomorphism f : V +— R? of class C' and a
(d — 1) dimensional vector space Z of R? such that Z N f(V) = f(I'N V) (see for instance [29],
3.1.19). Let A be a compact neighbourhood of x included in V. Since f is a diffeomorphism, the
maps y € A — df(y) € End(R?), u € f(A) — df ' (u) € End(R?) are continuous. Therefore
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they are bounded:
IM >0 YyeA |ldfyll <M, Yue f(A) |ldf () <M
(here ||df (z)|| = sup{ |df (x)(y)|2 : |yl2 < 1} is the standard operator norm in End(R)). Since

f(A) is compact, the differential map df ~! is uniformly continuous on f(A):
Ve>0 30>0 VYu,ve f(A) lu—vlp <6 = ||df Hu) —df t(v)|| <e.
Let ¢ be positive and let J be associated to € as above. Let p be positive and small enough so that
p < 6/2and B(f(x),p) C f(A) (since f is a C* diffeomorphism, f(A) is a neighbourhood of
f(x)). Let r be such that 0 < r < p/M and B(z,r) C A. We claim that M associated to « and r
associated to €, x answer the problem. Let y, z belong to I'N B(x, ). Since [y, z] C B(z,r) C A,
and ||df (¢)|| < M on A, then
[f(y) = f(@)[2 < My =z < Mr <p, [f(z) = f(x)l2 <p,
1fy) = f(2)l2 <6, [f(y) = f(2)l2 < Mly — 22

We apply next a classical lemma of differential calculus (see [45], I, 4, Corollary 2) to the map
f~! and the interval [f(2), f(y)] (which is included in B(f(z), p) C f(A)) and the point f(2):
ly =2 = df ' (F())(f(y) = F(2))]2 <

[ (y) = f()|2sup {[|df ~H(¢) — df T (f ()] :
The right-hand member is less than M|y — z|s €. Since z + df "1 (f(2))(f(y)
tan(T, z), we are done.

Celf(z), fw)l}-
— f(2)) belongs to

|

We come back to our case. The boundary I of 2 is piecewise of class C!, i.e., it is included in

a finite union of C! hypersurfaces, which we denote by (51, ..., S,). The hypersurfaces Sy, .. ., S

being C' and the set I' compact, the maps z € T' — vg, (), 1 < k < p (where vg, (z) is the unit
normal vector to Sy, at ) are uniformly continuous:

Vo>0 dIn>0 Vke{l,....,p} Va,ye SN |z—yla<n = ‘vsk(x)—vgk(y)‘z <4.
Let n* be associated to § = 1 by this property. Let k € {1,...,p }. The set S, NI is a compact
subset of the hypersurface Si. Applying the previous lemma, we get:
IMy Yoo >0 3 > 0Ve,y € S NL |z —ylo < = d2<y,tan(5k,x)) < Mibolx —yl2 -
Let My = maxi<k<p M} and let g in ]0,1/2[ be such that Mydy < 1/2. For each k in
{1,...,p}, let i be associated to dy as in the above property and let

_ : : * L. 1 12
n = mln(lglkuglpnk, n, @dlst(F I ))-

We build a family of cubes Q(z,r), indexed by = € T" and r €]0, rr[ such that Q(z, ) is a cube
centered at z of side length r which is transverse to I'. Forz € R?and k € {1,...,p}, let pi(7)
be a point of S; N I" such that

|x — pr(z)]2 = inf {|x—y|2 Ty € Skﬁf}.
Such a point exists since S, N I" is compact. We define then for k € {1,...,p}
Vo € RY vp(x) = vs, (pr(x)) .
We define also

d, = inf max min (e—v- —e—; )
T v1,..0p €541 bEBy 1< , ‘ 2’27‘ 1‘2



3. UPPER LARGE DEVIATIONS 201

where By is the collection of the orthonormal basis of R? and S%~! is the unit sphere of R%. Let 7
be associated to d,- /4 as in the above continuity property. We set

_
rr = 2% .
Let x € I'. By the definition of d,., there exists an orthonormal basis b, of R4 such that
d
Veeb, Vke{l,...,p} min(\e —vg(x)]2,| — e —vk(:c)]g) > ?r

Let Q(z,r) be the cube centered at = of sidelength r whose sides are parallel to the vectors of b,.
We claim that Q(x,r) is transverse to I" for 7 < rp. Indeed, let y € Q(z,r) N T'. Suppose that
y € Sy forsome k € {1,...,p}, so that vi(y) = vs, (y) and |x — pg(x)|2 < drp. In particular,
we have |y — pi(z)|2 < 2drr < nand |vg, (y) — vk(x)|2 < d,/4. Fore € by,

d
ET < le—vp(@)]2 < le —vs, (y)l2 + [vs, (y) — vi()]2
whence i i p
_ > GG G
e —vs, (y)l2 = 5 1 1
This is also true for —e, therefore the faces of the cube Q(x, r) are transverse to Sy.

Now we consider the collection
(Q($,’I"),l’ € ﬁ,?“ < TT‘) :

It covers I'L. By compactness of I'!, we can extract a finite covering (Q(a:z, ri),4 € I) from this
collection. We define

P = UierQ(, 1),
We claim that P satisfies all the hypothesis in the definition of E(Jz . Indeed, P is obviously poly-
hedral and transverse to I'. Moreover, we know that

Tl c P,
and since d(P,T2) > 0 we also obtain that
T2 c RI~P.
Actually, we could have considered a family of hypercubes transverse to I' of the form
Q@ 1),z €T,r <r(x,T),

where 7(z, ") also depends on z. However, we will need a rr independent of z in section 4.1, and
it is not much more difficult to obtain than a r(z, ") depending on x, so we defined and used this
rr in the proof.

3.3. Definition of the set (. Let A be in ¢, +00[. We are studying
P[¢n Z )\nd_l] .

The definitions we will give here correspond to a strictly positive q/bE Indeed, we could adapt
the definitions of s, P and J to the case 555 = 0. However, as we will prove in section 4.2,
A(0) < 1 — pc(d) implies that ¢a > 0 with no more assumptions than in Theorem 24, so we will
not do this adaptation.

There exists a positive s such that A\ > gfbg(l + 5)2. By definition of gfbg, for every positive s,
there exists a polyhedral subset P of R?, such that P is transverse to T,

(o}
L —

TTc P, T2Cc RIP
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and -
Io(P) < ¢a(l+s).
Then A > Zq(P)(1 + s) and
Plgn > A" < Plg, > To(P)(1+s)n" ).

Since QP is transverse to I', we know that there exists dg > 0 (depending on A, P and I") such that
for all § < §p,
SIQ (P )

2Vmax

HILOP N (V2(Q,0) N Q) <

Thus, for any set Q' satisfying Q2 C Q' C V2(Q, dp), we have
[ vlop@)ani (@) < Ta(P)(1+5/2).
PNy
then A > (1 + 5/2)([ypnoy v(vp(z))dH "1 (2)) and

Plon 2 M® Y < Blon > ([ w(wp(e)art @) (1 + /2!
oPNQY
We will construct a particular set Q' satisfying Q C Q' C V(£ do).
In the previous section, we have associated to each couple (x,r) in I'x]0, rp[ a hypercube
Q(x,r) centered at z, of sidelength r, and which is transverse to I". Using exactly the same

method, we can build a family of hypercubes

(QI(IE,T’),LE € F,T‘ < T(F,P))

such that Q’(x, r) is centered at x, of sidelength r, and it is transverse to I and OP. The family

o

(Q'(z,r),r el,r < min(rp py, do/(2d)))
is a covering of the compact set I', thus we can extract a finite covering from this collection, we
denote it by (Q'(z4,74),7 € J). We define
O =qulQ (@im).
ieJ
Since r; < dp/(2d) for all i € J, we have Q' C V2(9,d9). Moreover, P is transverse to the
boundary I of €'. Finally, if we define

= 1 . 2
o1 rzrg}l ri/2,
we know that V»(Q, 61) C €/, and thus for all n > 2d /67, we have Q,, C .

3.4. Existence of a family of (I'}, T'2)-cuts. In this section we prove that we can construct
a family of disjoint (I'}, T'2)-cuts in ©,,. Let ¢ be a fixed constant larger than 2d. We consider a
parameter h < hg = d(OP,T' UT?). For k € {0, ..., |hn/(|} we define

P(k) = {z € R'|d(z, P) < k¢/n},
and for k € {0, ..., |hn/(] — 1} we define

U(k) = (RI~ Pr) ~ Py
= {z e R?|k(/n < d(z,P) < (k+1)¢/n},
and M'(k) = U(k) N Q' (see figure 10). We will prove the following lemma:

LEMMA 20. There exists N large enough such that for all n > N, every path on the graph
(22 B3 from T to T2 in Q,, contains at least one edge which is included in the set M'(k) for

ke {0,..., [hn/C| — 1)
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\ k)

FIGURE 10. The sets P, U (k) and M'(k).

This lemma states precisely that for all k € {0, ..., [hn/¢] — 1}, M'(k) contains a (T}, T2)-
cut in €2,,.

Proof :
Let k € {0,...,|hn/¢] — 1}. Let ~y be a discrete path from T'} to T'2 in €2,,. In particular, v is
continuous, so we can parametrise it : v = (7;)o<¢<1. There exists N large enough such that for
alln > N, we have

o /L\\
Q, cQ, TL cwT, 2d/n) c P, and T2 C Vo(I'?,2d/n) C RIN Pryy .
Since 7 is continuous, we know that there exists t1, ¢t €]0, 1] such that

t1 = sup{te [0,1] ”Yt EPk},

o —
to = inf{t >t |y € RI\ Pei1}.

Since
(o]

(¢} —_—
Pk UZ/[(k‘) URd N Pk+1
is a partition of RY, we know that (v;)¢, <t<t,, Which is a continuous path, is included in (k).
The length of (7y¢)¢, <<, is larger than d(7;,, vz, ). The segment [, , 4, ] intersects
{z e R*|d(z, P) = (k +1/2)(/n}

at a point z, and we know that

Va(z,¢/(2n)) € V(k).
Thus d(7¢,,V,) > ¢/n, and then the length of (7¢)+, <t<¢, is larger than {/n. Finally, 7 is com-
posed of edges of length 1/n, and ( > 2d, so (V¢)¢,<t<t,, and thus ~y, contains at least one edge
which is included in ¢/ (k). Noticing that for all n > N,

vycCQ,cQ,
we obtain that this edge belongs to U (k) N Y = M'(k).
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3.5. Convering of 9P N Y by cylinders. From now on we only consider n > N. According
to lemma 20, we know that each set M’ (k) for k € {0, ..., |hn/¢| — 1} contains a (T'},T2)-cut
in Q,,, thus if we denote by M’ (k) the set of the edges included in M’ (k), we obtain

¢n < min{V(M'(k)), k € {0,...,|hn/{| —1}}.

However, we do not have estimates on V (M’ (k)) that allow us to control ¢,, using only the previ-
ous inequality. The estimates we can use are the one of the upper large deviations for the maximal
flow from the top to the bottom of a cylinder (see Chapter 3 of the thesis). In this section, we will
transform our family of cuts (M’(k)) by replacing a huge part of the edges in each M'(k) by the
edges of minimal cutsets in cylinders.

We denote by H;,i = 1,..., N the intersection of the faces of 9P with Q’. For each i =
1,..., N, we denote by v; the exterior normal unit vector to P along H;. We will cover 0P N
by cylinders, except a surface of H?~! measure controlled by a parameter €. To explain the
construction of a cutset we will do with a huge number of cylinders, we present first the simpler
construction of a cutset using one cylinder. Let R be a hyperrectangle that is included in H; for a
j € {1,...,N'}, and let B be the cylinder defined by

B ={x+tvj|lx e R, te|0,h]},

where h < hy is the same parameter as previously. The cylinder B is built on 9P N Y, in R% < P.
We recall that hg = d(OP, Tt UT?) > 0, so we know that d(B,T! UT?) > 0. We denote by E,
the set of the edges included in

o = {z+tvjlz e R, d(z,0R) <(/n,te[0,h]}.

The set &, is a neighbourhood in B of the “vertical” faces of B, i.e., the faces of B that are
collinear to v;. We denote by Fj, a set of edges in B that cuts the top 12 + hv; from the bottom 12
of B. Let M'(k) be the set of the edges included in M'(k), fora k € {0, ..., |hn/{] — 1}. Let B
be the thinner cylinder

B' = {z+tvj|z € R, d(z,0R) > (/n,te[0,h]}.
Thus for all & € {0, ..., |hn/] — 1}, the set of edges
(M'(k)yn (RN B')) UE, UE,

cuts '} from T'2 in ©,,. Indeed, the set of edges M’ (k) is already a cut between I'} and I'? in
Q,,. We remove from it the edges that are inside B’ which is in the interior of B, and we add to
it a cutset £ from the top to the bottom of B, and the set of edges E, that glue together F} and
M’ (k)N (R? . B'). This property is illustrated in the figure 11.

REMARK 32. In this figure, we have represented Ej, as a surface (so a path in dimension 2)
that separates the top from the bottom of the cylinder to illustrate the fact that E}, cuts all discrete
paths from the bottom to the top of B. Actually, we can mention that it is possible to define an
object which could be the dual of an edge in dimension d > 2 (as a generalization of the dual of a
planar graph). This object is a plaquette, i.e., a hypersquare of sidelength 1/n that is orthogonal to
the edge and cuts it in its middle, and whose sides are parallel to the hyperplanes of the axis. Then
the dual of a cutset is a hypersurface of plaquettes, thus the figure 11 is somehow intuitive.

We do exactly the same construction, but with a large number of cylinders, that will almost
cover 9P N €. We consider a fixed € > 0. There exists a [ sufficiently small (depending on F', P
and ¢) such that there exists a finite collection (R; j,7 = 1,...,N,j = 1,..., N;) of hypersquares
of side [ of disjoint interiors satisfying R; ; C H; foralli € {1,..., N'} and j € {1,..., N;}, and
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M (k) (RE < B')
C/n/

oPNQY
FIGURE 11. Construction of a (T'}, I'2)-cut in 2, using a cutset in a cylinder.
foralli € {1,.., N},
N;
{z € H;|d(z,0H;) > eH"?(0H;) "N~} ¢ |JRi; C
=1

C {z € Hy|d(z,0H;) > eH2(0H;) "N 1271}
We immediately obtain that

N N;
H <8PHQ/\UURZ‘J‘>SE

i=1j=1
We remark that

dl dl
L el zm

so that

N
Plgn > ™1 < P (¢, > (1+s/2)nd‘1ZNz-ld‘1v(w>] :

i=1
Let h < ho. Foralli € {1,...,N}and j € {1,..., N;}, we define

Bij = {z+tvilz € Ri;,t€[0,h]}.

Since all the B; ; are at strictly positive distance of 0H;, there exists a positive i such that for
all h < hy, the cylinders B; ; have pairwise disjoint interiors. We thus consider & < min(hg, k1)
(see figure 12 for example). At this point, we could define a neighbourhood of the vertical faces
of each cylinder B; ;, and do the same construction as in the previous example with one cylinder.
Actually, we need to choose a little bit more carefully the sets of edges we define along the vertical
faces of the cylinders. We will not consider only each cylinder B; ;, but also thinner versions of
these cylinders of the type

Bi,j(k) = {l‘+t1}j |l‘ € Ri,j, d(a:,@Riyj) > k‘C/n, t e [O,h]}
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FIGURE 12. Covering of 9P N ' by cylinders.

for different values of k. We will then consider the edges included in a neighbourhood of the
vertical faces of each B; j(k) (see the set W; ;(k) above), and choose & to minimize the capacity
of the union over ¢ and j of these edges. The reason why we need this optimization is also the
reason why we built a family (M’(k)) of cutsets and not only one cutset from I'} to I'2 in §,,, we
will try to explain it in remark 33.

Here are the precise definitions of the sets of edges. We still consider the same constants ¢
bigger than 2d and h < min(hg, h1). We define another positive constant ) that we will choose
later (depending on P, s and ). For i in {1,...,N'} and j in {1, ..., N; } we recall the definition of
B@ji

Bij = {z+tvi|z € R;;, t€[0,h]},
and we define the following subsets of R%:
Bz{,j = {x + tv; ’ZL’ S Ri,j R d(l’,aRi,j) >n,t¢c [0, h]},

Vk € {0, ey Lnn/C — 1J}, Wi,j(ki) = {I € Bi,j ’ ,ICC/TL < dQ(JJ,aRi,j —I-RUZ') < (ki + 1)4/71},

Vk € {0, ..., |hnk/C — 1]}, M(k) = M'(k) ~ <U Bé,j) ;
(]

(see figures 13 and 14). We denote by W; (k) the set of the edges included in W; ;(k) and we
define W (k) = U; jW; ;(k). We also denote by M (k) the edges included in M (k). Exactly as
in the construction of a cutset with one cylinder, we obtain a cutset that is built with cutsets in
each cylinders B; ;. Indeed, if we denote by F; ; a set of edges that is a cutset from the top to the
bottom of B; ; (oriented towards the direction given by v;), then for each k; € {0, ..., [nn/{—1]}
and k2 € {0, ..., |hn/{ — 1]}, the set of edges:

U E; j UW (k1) U M (k)
i=1,.,N
j=1,..,N;
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- Wi,;(k)

FIGURE 13. The set W ;(k).

contains a cutset from I'} to I'2 in €2,,. We deduce that

73 on < 3 0+ min VOV () + sgin¥ (M (o).

3.6. Control of the cardinality of the sets of edges W and M. For the sake of clarity, we
do not recall the sets in which the parameters take its values, we always assume that they are the
following: ¢ € {1,....N}, j € {1,...,N;}, k1 € {0, ...,, [nn/¢ — 1]} and kg € {0, ..., |hn/¢ —
1]}. We have to evaluate the number of edges in the sets W (k1) and M (k) to control the terms
ming, V(W (k1)) and ming, V(M (k2)) in (7.3). There exist constants c¢;(d, §2), c2(P,d, ) such
that i1 )

—H(OPNQ
The cardinality of M (k2) is a little bit more complicated to control. We will divide M (k) (re-
spectively M (k)) into three parts: M (k) C Mi(k) U May(k) U Ms(k) (respectively M(k) C
My (k) U My(k) C Ms(k)), that are represented in figure 14.

We define R] ; = {x € R;;|d(x,0R; ;) > n} which is the basis of B] ;. The set M1 (k) is a
translation of the sets H; \ (UévzilR;7 j) along the direction given by v; enlarged with a thickness
¢/(nr):

N
Mu(k) € U{z +tvi |z € Hy (U R))), t € [kG/n, (k+1)¢/n[}.
i=1
Here we have an inclusion and not an equality because M (k) can be a truncated version of this
set (truncated at the junction between the translates of two different faces). Since we know that

N N;
Hd_l <(3Pﬂﬂl) N U U R@j) < e,

i=1j=1
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s M (k) a=k{/n
[ IRVNES b= (k+1)¢/n
|V, c=2n

FIGURE 14. The set M(k).

and

d—1 /
<U U (Rij ~ R; ;) ) < TP j0a, = H" N oPN )t

d—
i=1j5=1 1=t
we have the following bound on the cardinality of M (k):
card(M(k)) < es(e + 17 tp)nd=1,

for a constant c3(d, P,2, ).
The part My (k) corresponds to the edges included in the ”bends” of the neighbourhood of 0P
located around the boundary of the faces of P in ', denoted by M (k), i.e

Ma(k) < |JOu(Hi 0 Hy, (k4 1)¢/n) N Vo(H; 0 Hy, k¢/n))
,J
and there exists a constant c4(d, P, Q) such that
card My (k) < eqlk¢/n|4 20?1t < b4 2nd" 1,

The last part M3(k) corresponds to the part of M(k) that is near the boundary I of (V.
Indeed, T is not orthogonal to P, thus for some k, the set M (k) may contain edges that are not
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included in

U{z +tvilo € Hi < (U R] ), t € [k¢/n, (k+1)¢/n(},
i=1
neither in
U Oe(H; 0 Hj, (k+1)¢/n) \ Vo(H; 0 Hj, k¢ /n))
0]
(see figure 14). However, M(k) C U(k), the problem is to evaluate the difference of cardinality
between the different M (k) due to the intersection of ¢ (k) with ©'. We have constructed 2" such
that T is transverse to QP precisely to obtain this control. The sets IV and QP are polyhedral
surfaces which are transverse. We denote by (H;,i € I) (resp. (M}, j € J)) the hyperplanes that
contain 9P (resp. I''), and by v; (resp. 113-) the exterior normal unit vector to P along H; (resp. !/
along ). The set " N 9P is included in the union of a finite number of intersections H; NH; of
transverse hyperplanes. To each such intersection H; N H;-, we can associate the angles between
v; and v;-, and between v; and —v}, in the plane of dimension 2 spanned by v; and vg-. Each such
angle is strictly positive because H; is transverse to H’, and so the minimum 6 over the finite
number of defined angles is strictly positive. This fy and the measure H?2(0P N I") give to
us a control on the volume of Mj3(k), and thus on card(M;(k)), as soon as these sets belong
to a neighbourhood of 9P N T (see figure 15). Thus, there exist h2 (€', P) > 0 and a constant

F/

FIGURE 15. The set M3(k).

cs(d, P, €2, €) such that for all h < ho,
card(Ms)(k) = eshnd™!.
We conclude that there exists a positive constant cg(d, P, §2, Q') such that

card M (k) < co(e + 17 '+ 22 4 h)n® 1.
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3.7. Calibration of the constants. We remark that the sets W (k) (resp., the sets M (k)) are
pairwise disjoint for different k. Then we obtain that

N
P[an ZAnd_l] < P|op > (1 + 8/2)nd_1 ZNild_ly(vi)]

=1

P{ZZ@”Z (1+ s/4)n 1ZNld ! vl}

i=1j5=1

+P

Ir]iiln V(W (k1)) > (s/8)nd1 ; Nild_lu(vi)]

N
min V(M (k) = (s/8)n"" ZW“”(”")}

=1

_|_
N N;
ZZ(max]P’ (9B, >4t (Z-)(1+s/4)nd71}>

[eol=1hnd=1 N '| [n/C]
+P | > te) > (s/8)nTH Y Nildly(vi)J
=1 i=1
_06(5+l_1n+hd_2+h)nd_l N -| QULTL/CJ
+P > tei) > (s/8)n"™" > Nl w(vy) |
1=1 i=1

The terms

Plop,; > 17 w(vi) (1 + s/4)n" ]
have already been studied in Chapter 3, where we proved the following theorem for the standard
model of first passage percolation on (Z¢, E%):

THEOREM 33. We suppose that the law A of the capacities of the edges admits an exponential
moment. Let A be a non degenerate hyperrectangle in R%, of normal unit vector v, and let B =
cyl(nA, h(n)) where h : N — RY is such that lim,,_,o h(n) = +oco. For every A > v(v), we
have

log Plpp > VHIH(A)n®1] < 0.

1
lim sup v

We can obviously apply Theorem 33 to our rescaled lattice (Z¢, EZ), we are in the particular
case where h(n)/n is constant since actually our cylinders B; ; are fixed and the mesh of the lattice
goes to zero at the same speed in each direction.

It remains to study two terms of the type

P(n) =P (Oﬂi t(e;) > gnd1> _

i=1
As soon as 3 > alE(t) and the law of the capacity of the edges admits an exponential moment, the
Cramér theorem in R allows us to affirm that

limsup ——log P(n) <

n—oo nd 1
Moreover, for all
1

e < g =
2Vmax

/ v(op(2))dH (z) |
PAQY
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we have

N
SN () > / v(op(@)dH (@) — evimas
= aPnQY

1
2 Jopnoy
> %del(ap ne).

> v(vp(x))dHI ™ (x)

Thus, forall ¢ < g9 and h < min(hg, h1, h2), if the constants satisfy the two following conditions:

(7.4) el th < HEYOP N Q) vminE(t(e))s/16
and
(7.5) co(e + 17+ h¥2 4+ h) < HIHOP N Q) uminE(t(e))s/16,

thanks to lemma 33 (applied in the rescaled graph, so i(n)/n is constant) and the Cramér theorem
in R, we obtain that

1
lim sup — log P[¢,, > a1 <o,
n

and theorem 24 is proved. We C?ailjlo that it is possible to choose the constants such that conditions
(7.4) and (7.5) are satisfied. Indeed, we first choose € < ¢( such that

1 HLOP N Q)vmimE(t(e))s

4 16¢g '

To this fixed e corresponds a [. Knowing ¢ and [, we choose h < min(hg, h1, h2) and 1 such that
1L HTYOP N Q) vminE(t(e))s

4 16 max(ca, cg) '

e <

max(h, h2, 17 h,171n) <

This ends the proof of theorem 24.

REMARK 33. We try here to explain why we built several sets W (k1) and M (k2), and not
only one couple of such sets, that would have been sufficient to construct a cutset from T’} to
I'2 in Q,. To use estimates of upper large deviations of maximal flows in cylinder we already
know, we want to compare ¢, with }7; ; ¢p, ;. Heuristically, to construct a (PL,T2)-cut in Q,
from the union of cutsets in each cylinder B; ;, we have to add edges to glue together the different
cutsets at the common boundary of the small cylinders, and to extend these cutsets to (0P N€,) \
Uf\il Uj-V:"l R; ;. Yet we want to prove that the upper large deviations of ¢,, are of volume order. If
we only consider one possible set £ of edges such that

On <> ¢B,, +V(E),
i,J
we will obtain that

Plgn > An?1] < 3 Plop,; > 17 w(vi)(1 4 s/4)n ]
2%

N
+P|V(E) an_lzNild_ly(vi)s/AL] :

i=1

We can choose such a set E so that it contains less than 679! edges for a small § (E is equal to
W (k1) U M (ko) for a fixed couple (k1, ko) for example), but the probability

P Pnzdflt(ei) > Cndl}

>
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does not decay exponentially fast with n¢ in general. To obtain this speed of decay, we have to
make an optimization over the possible choices of the set F, i.e., we choose E among a set of C'n
possible disjoint sets of edges F1, ..., Ecry,; in this case, we obtain that

< g i E
dn < ;égw +min V(E),

and so
P[(bn > )\nd_l] < ZP[¢BM > ld_ly(vi)(l + 8/4)nd_1]
4,J
C'n N
(7.6) + P |V(E) >ntt Y Nl o (v)s /4
k=1 i=1

It is then sufficient to prove that for all k, P[V (E)) > C"n?1] decays exponentially fast with
n%~1 to conclude that the last term in (7.6) decays exponentially fast with n?. The results we have
proved in Chapter 3 control the terms

Plgp, ; > 197 (0) (1 + s/4)nt 1)

The conclusion is that to obtain the volume order of the upper large deviations, the optimization
over the different possible values of k1 and ks is really important, even if it is not needed if we
only want to prove that P(¢,, > An9~1) goes to zero when n goes to infinity.

4. Geometric part of the proof

4.1. Polyhedral approximation. We consider an open bounded domain €2 in R%. We denote
its topological boundary by I' = 9€2. Let also I'*, I'? be two disjoint subsets of I.

Hypothesis on €2: We suppose that 2 is a Lipschitz domain, i.e., its boundary I' can be locally
represented as the graph of a Lipschitz function defined on some open ball of R%~!. Moreover
there exists a finite number of oriented hypersurfaces S1, ..., S, of class C ! which are transerve
to each other and such that I' is included in their union S; U - - - U S),.

This hypothesis is automatically satisfied when ) is a bounded open set with a C! boundary
or when () is a polyhedral domain. The Lipschitz condition can be expressed as follows: each
point z of I' = 0N has a neighbourhood U such that U N € is represented by the inequality
xn < f(x1, - ,Tp—1) in some cartesian coordinate system where f is a function satisfying a
Lipschitz condition. Such domains are usually called Lipschitz domains in the literature. The
boundary I'" of a Lipschitz domain is d — 1 rectifiable (in the terminology of Federer’s book [29]),
so that its Minkowski content is equal to ¢~ (T"). In addition, a Lipschitz domain 2 is admissible
(in the terminology of Ziemer’s book [60]) and in particular H%~1(I" \. 9*Q) = 0. Moreover, each
point of I is accessible from 2 through a rectifiable arc.

Hypothesis on I'', T'2: The sets I'!, I'? are open subsets of I'. The relative boundaries Or I'!,
Or T2 of T'', T2 in T have null H?~! measure. The distance between I'! and I'? is positive.

We recall that the relative topology of T is the topology induced on T" by the topology of R?. Hence
each of the sets I'!, T'2 is the intersection of I" with an open set of R%. For F a subset of ) having
finite perimeter in €2, we define its capacity

Io(F) = / v(vp(y)) AR (y) + | v(vp(y)) dHTH(y) + v(vor(y)) dH " (y).
QNo*F I2no*F T1no*(Q\F)

Forall A C R%, A is the closure of A, A its interior and A° = R%~. A. We will prove the following
theorem:
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THEOREM 34. Let F' be a subset of §) having finite perimeter. For any € > (0, there exists a
polyhedral set P whose boundary OP is transverse to I and such that

o

TcP, TPcRI~P, LYFAPNQ)) < ¢,
/ V(op(2))dH (2) = To(P) < To(F) +e.
o* PN

First we notice that theorem 34 implies theorem 25. It is obvious since

oo < 9a,
and theorem 34 implies that -
o > 9.

The main difficulty of the proof of theorem 34 is to handle properly the approximation close
to I' in order to push back inside € all the interfaces. The essential tools of the proof are the
Besicovitch differentiation theorem, the Vitali covering theorem and an approximation technique
due to De Giorgi. Let us summarise the global strategy.

Sketch of the proof: We fix v > 0. We cover 9*Q up to a set of H%~! measure less than ~ by a
finite collection of disjoint balls B(x;,7;), ¢ € Iy U Iy U I3 U Iy, centered on I', whose radii are
sufficiently small to ensure that the surface and volume estimates within the balls are controlled by
the factor ~y. The indices of I; correspond to balls centered on T'! N §*(Q . F), the indices of I
to balls centered on I'> N 9* F, the indices of I3 to balls centered on (I' \. I'?) N 9* F, the indices of
I to balls centered on (I' . T'') N 9*(Q . F) (see figure 16). The remaining part of T is covered

Balls indexed by I,

possible strands
. in 0L

Balls ford > 3 Q)
indexed .

by Il

F2

indexed by
I
Balls indexed by I,

Balls indexed by I3

FIGURE 16. The balls indexed by I; for: =1, ..., 5.

by a finite collection of balls B(y;, s;), j € Jo U J1 U Ja. The indices of .J; correspond to balls
covering the remaining part of I'y, the indices of .J» correspond to balls covering the remaining
part of I's. We choose € > 0 sufficiently small, depending on ~ and on the previous families of
balls and we approximate the set F' by a smooth set L inside €2, whose capacity and volume are at

distance less than ¢ from those of F'. We build then two further family of balls:
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- B(x;,14), 1 € I5, cover QN AL, up to a set of H?~! measure .
- B(y;, s;j), j € J3, cover the remaining set Q N OL \ U;er, B(xs, 7).

Inside each ball B(x;,r;), i € I; UIoUI3UI4 U5, up to a small fraction, the interfaces are located
on hypersurfaces and the radii of the balls are so small that these hypersurfaces are almost flat.
Hence we can enclose the interfaces into small flat polyhedral cylinders D;, ¢ € I;UIsUIsUI4UT5,
and by aggregating adequately the cylinders to the set F' or to its complement €2 \ F', we move
these interfaces on the boundaries of these cylinders. The remaining interfaces are enclosed in
the balls B(y;,s;), j € Jo U J1 U Jp U J3 and we approximate these balls from the outside by
polyhedra.

We have to define delicately the whole process, in order not to lose too much capacity, and to
control the possible interaction between interfaces close to I' and interfaces in 2. The presence of
boundary conditions creates a substantial additional difficulty compared to the polyhedral approx-
imation performed in [19]. Indeed, the most difficult interfaces to handle are those corresponding
to D;, i € I3 U I4. We first choose the balls B(x;,7;), @ € Iy U I3 U I3 U Iy, corresponding to
7. We cover the remaining portion of I" with the balls B(y;, s;), j € Jo U J1 U Jo. At this point
we can already in principle define the cylinders D;, i € I; U I>. Then we choose £ small enough,
depending on v and the balls B(x;,7;), ¢ € I3 U Iy U I3 U Iy, to ensure that the perturbation of
volume ¢ caused when smoothing the set F' inside §2 will not alter significantly the situation inside
the balls B(x;,r;), ¢ € I3 U I4. Then we move inside €2 and we build the cylinders D;, i € I.
Then we come back to the boundary and we build the cylinders D;, i € Is U I4. We cover the
remaining interfaces in 2 by the balls B(y;, s;), j € J3. Finally we aggregate successively each
flat polyhedral cylinder D; to the set L or to its complement.

Preparation of the proof. Let us consider a subset F' of 2 having finite perimeter. Let v belong
to ]0,1/16[. We start by handling the boundary T", for which we make locally flat approximations
controlled by the factor . By hypothesis, there exists a finite number of oriented hypersurfaces
S1,...,Sp of class C 1 such that T is included in their union S; U - - - U Sp. In particular, we have

r~ocs= J Sns.
1<k<i<p

Since the hypersurfaces S, .. ., S, are transverse to each other, this implies that H9~1(S) = 0.

e Continuity of the normal vectors. The hypersurfaces Si, ..., S, being C'! and the set I' com-
pact, the maps z € I' — vg, (z), 1 < k < p (where vg, () is the unit normal vector to Sy at x)
are uniformly continuous:

Vo>0 dIn>0 Vke{l,....p} Vr,ye SNl |z—yla<n = ‘vsk(m)—vgk(y)‘2 <§é.

Let * be associated to § = 1 by this property. We will use also a more refined property.
¢ Localisation of the interfaces. We first prove a geometric lemma:

LEMMA 21. Let T be an hypersurface (that is a C'* submanifold of R® of codimension 1) and
let K be a compact subset of . There exists a positive M = M (T, K') such that:

Ve>0 dr>0 Ve,ye K lt —yle <r = do(y,tan(l,x)) < Me|x —yl2.
(tan(T', x) is the tangent hyperplane of I at x).

PROOF. By a standard compactness argument, it is enough to prove the following local prop-
erty:
Veel IM(z)>0 Ve>0 3Ir(r,e)>0 Vy,zelnNB(z,r(ze))
dQ(yv tan(ra Z)) < M($) € |y - Z|2 .
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Indeed, if this property holds, we cover K by the open balls é(w, r(z,e)/2), z € K, we extract a
finite subcovering B(z;, r(x;,€)/2), 1 <i < k, and we set
M =max{M(z;):1<i<k}, r=min{r(z,e)/2:1<i<k}.
Let now y, z belong to K with |y — z|o < r. Let i be such that y belongs to B(z;, 7(x;,€)/2).
Since r < r(x;,€)/2, then both y, z belong to the ball B(z;, r(z;,¢)) and it follows that
da(y, tan(T', 2)) < M(zi)ely —zl2 < Mely —2la.

We turn now to the proof of the above local property. Since I' is an hypersurface, for any x
in I there exists a neighbourhood V' of 2 in RY, a diffeomorphism f : V +— R? of class C' and a
(d — 1) dimensional vector space Z of R? such that Z N f(V) = f(I'N V) (see for instance [29],
3.1.19). Let A be a compact neighbourhood of z included in V. Since f is a diffeomorphism, the
maps y € A — df(y) € End(R?), u € f(A) — df ' (u) € End(R?) are continuous. Therefore
they are bounded:

IM>0 Yyed |ldf(y)ll <M, Yuef(A) [ldf ()l <M
(here ||df (z)|| = sup{ |df (z)(y)|2 : |y|]o < 1} is the standard operator norm in End(R%)). Since
f(A) is compact, the differential map df ~! is uniformly continuous on f(A):
Ve>0 >0 Vu,vef(Ad) Ju—v)p<d = |ldf *uw) —df 1) <e.

Let € be positive and let § be associated to € as above. Let p be positive and small enough so that
p < 6/2 and B(f(x),p) C f(A) (since f is a C! diffeomorphism, f(A) is a neighbourhood of
f(z)). Let r be such that 0 < r < p/M and B(z,r) C A. We claim that M associated to = and r
associated to e, x answer the problem. Let y, z belong to I' N B(x, ). Since [y, z] C B(z,r) C A,
and ||df (¢)|| < M on A, then

1f(y) = f(@)]2 < My —zla < Mr <p, |[f(2)—f(z)2<p,
fy) = f(D)l2 <6, [f(y) = f(2)la < My —z|2.

We apply next a classical lemma of differential calculus (see [45], I, 4, Corollary 2) to the map
f~! and the interval [f(z), f(y)] (which is included in B(f(z), p) C f(A)) and the point f(z):

ly =2 = df T (F(f(y) = F(2))]2 <
[f(y) = f()|2sup {[|df ~H(C) = df M (f(2)II = ¢ € [f(2), f()] } -
The right-hand member is less than M|y — 2| €. Since z + df ~1(f(2))(f(y) — f
tan(T", z), we are done. O
We come back to our case. Let k € {1,...,p}. The set Sy NI is a compact subset of the
hypersurface Sj. Applying lemma 21, we get:
IMy Yoo >0 3 > 0Ve,y € S NT |z —ylo < = dg(y,tan(Sk,x)) < Mydolz — yl2.-

Let My = maxi<i<p M}, and let &g in |0, 1/2[ be such that Mydg < . Foreachkin{1,...,p},
let m. be associated to dg as in the above property and let

(z)) belongs to

_ : : * L. 1 2
no = m1n<1glk12p77ka M, gg dist, T ))-

e Covering of I" by transverse cubes. This technique was already used in section 3.2. We build
a family of cubes Q)(z,r), indexed by € I' and r €]0, rr[ such that Q(x, r) is a cube centered at
x of side length 7 which is transverse to I". Forz € R?and k € {1,...,p}, let pi(z) be a point
of S NI such that

‘x_pk(55)|2 = inf {|x—y|2:y€SkﬁF}.
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Such a point exists since S, N I" is compact. We define then for k € {1,...,p}
Ve e R wg(z) = vg, (p(z)).

We define also
d. = inf max min e — s e — v
' Ul,m,vaSd*l beBy 1 S k <r (‘ 2’27‘ ’L‘Q)
ecbd

where By is the collection of the orthonormal basis of R? and S%~! is the unit sphere of R%. Let 1
be associated to d,- /4 as in the above continuity property. We set

-
2d
Let x € T'. By the definition of d,., there exists an orthonormal basis b, of R4 such that

T

dr
Veeb, Vke{l,...,p} min(\e—vk(x)\2,|—e—vk(x)]2> > 5

Let Q(z,7) be the cube centered at = of sidelength r whose sides are parallel to the vectors of b,.
We claim that Q(x,r) is transverse to I" for 7 < rp. Indeed, let y € Q(z,r) N T'. Suppose that
y € S forsome k € {1,...,p}, sothat viy(y) = vg, (y) and |z — pi(z)|2 < drr. In particular,
we have |y — pi(z)|2 < 2drr < nand |vg, (y) — vk(x)|2 < d,/4. Fore € by,

d
L < le—n@la < le—us, )k + lus, () — velo)a
whence p p p
e—vs @k > -5 =5

This is also true for —e, therefore the faces of the cube Q(x, r) are transverse to Sy.
Start of the main argument. We first handle the interfaces along I'. Let R(I") be the set of the
points  of I' . S such that

}EI%) (agr) LY B(z,7) Q) = 1/2,
;iil% (g 1r™ Y "HTY(B(z,r)NT) = 1.
Let R(§2 . F) be the set of the points x belonging to 9* (2 ~. F') N R(T") such that
lim  (agyr™ ) T HTN (B, ) N 0T QN F)) = 1,
lim (a0 LB, ) N (@8 F)) = 172,

lin% (ad_lrdfl)fl/ V(vQ\F(y))defl(y) = v(va(z)).
r— B(z,r)No* (QNF)

Let R(F') be the set of the points = belonging to 9* F N R(T") such that
lin% (g 1r Y "HEYB(x,r) NO*F) = 1,
lim (agr) 1LY B(z,7)NF) = 1/2,
tm (a7 [ w(eny) ) = vea(@).
r—0 B(z,r)No*F

Thanks to the hypothesis on I' and the structure of the sets of finite perimeter (see either Lemma 1,
section 5.8 of [27], Lemma 5.9.5 in [60] or Theorem 3.61 of [5]), we have

HTHD N (R(F)UR(QN F))) = 0.
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For z in R(T"), there exists a positive ro(x,y) such that, for any r < ro(zx, ),
LB, ) N Q) — agr?/2| < yaar?,
(HI Y (B(z,r) NT) — ag_1r® Y < yag_rdt.
For z in R(£2 \ F), there exists a positive r(x,y) < ro(z, ) such that, for any r < r(z,7),
|H Y (B2, r) NO* (AN F)) — ag_1r¥ Y < yag_rd™t,
ILYB(z,r) N (AN F)) —agrt/2| < vagr?,
(a7 [ o r @) ()~ viva(e)] < 7
For x in R(F), there exists a positive (z,y) < ro(x,~y) such that, for any r < r(x,~),
HEYB(z,r) NO*F) — ag_1r¢ | < yoag_1r?t,
|ILYB(z,r) N F) — agrt/2| < vyagr?,
(a7 [ vlorw)an' )~ vivala)] < 7
Let us define the sets

M =TINROQNF), T* =T?NR(F),

I = (O\To)NR(F), T*™ = (T ~T1)NROQNF).
The family of balls

1
B(z,r), zeT™*uTl?*, 7 <min (r(x,’y),fy,no, §dist(x, S)) ,
1 1 —
B(z,r), ze€T*, r<min (r(x,’y),’y,ng, idist(x, S), §dist(x,F2)) ,

1 1 _
B(z,r), zeT*™, r<min (r(x,’y),’y,no, idist(a:, S), idist(:c,Fl))

is a Vitali relation for I'™* U I'?* U I'3* U I'**. Recall that S is the set of the points belonging to
two or more of the hypersurfaces S, ..., S, and since S is disjoint from T''*, T2* T'3* T%*_ then
dist(z,S) > 0 for # € T'* UT'?* U ¥ UT*. By the standard Vitali covering Theorem (see
theorem 31), we may select a finite or countable collection of disjoint balls B(z;,r;), i € I, such
that: fori € I, z; € T UT>* U T3 UT*, r; < min(r(2;,7),7, 0, 3dist(z;, 5)) and
either Hd_l(F ~ U B(xi,m)> =0 or erfl = 00.
i€l i€l
Because for each i in I, r; is smaller than r(x;, ),
ag—1(1—7) er_l < HIUTD) < 0
icl
and therefore the first case occurs, so that we may select four finite subsets Iy, I, I3, I4 of I such
that

Vke{l,...,4} Viel, x;eTk,
Hd_l(F\ U U B(.%‘Z,’I“Z)) < Y-
1<k<4i€ly
Let ¢ belong to I; U I U I3 U I;. We have
HIHTNB (x4, 1)~ B(xi,7:(1-2/7))) = HTHTNB (i, 7)) —HT YN B (x4, 7 (1-2/7)))
< (1 +)agrrd™t = (1= y)ag_1r (1 —2y7)% !
=g 1 4+y = (L= (1 —2y7)% )
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< ozd_lrzd*le\Fy.

Hence
Z HIYT N B(xi,7:) ~ Blzi, (1 — 27)))
1€l1UlUI3Ul,
<2dyy Y. agar{' < 4dyyHTNT)
i€l1UlUI3Ul,
and

RIS U Blanri(1=2y7) < v+ 4dyyHITN(T).
i€l1ULUIsUIL
We have a finite number of disjoint closed balls B(x;, (1 — 2/7)), @ € Iy Ul U I3 U I4. By
increasing slightly all the radii 7;, we can keep the balls disjoint, ensure that each radius r; satisfies
the same strict inequalities for ¢ in /1 U 2 U I3 U I4, and get the inequality

HNCS U Blann(l—207) < 2y +4dy7HOND).
i€l1UlUI3Ul,

The above set is a compact subset of I'. For k = 1, 2, we define
[}

R =T\ ~ U Bz, ri(1 —2v/7)) -
1€l1UlUI3Ul,
The sets Ry and Ry are compact and their %~! measure is less than 2y + 4d\ﬁHd_1 (I") (recall
that OrI'! and OrI'2 have a null H%~! measure). For k = 1, 2, by the definition of the Hausdorff
measure H9~!, there exists a collection of balls B(yj,sj), j € Ji such that:

Vi e Jy 0<sj<min<770,%), B(y;,s;) "Ry # @,
Z ad_lsj-l*l < 3y +4d\/AHIHTD),
Jj€Jk

(0]
Ry, C U B(yj, Sj) .
JEJk
By compactness of R; and R», the sets J; and J> can be chosen to be finite. It remains to cover
6]

o
Ry =T~ U B(zi, (1 — 24/7)) ~ U B(yj, s5) -
i€ l1UloUI3Uly jeJ1UJ
The set Ry is a closed subset of I which is at a positive distance from I'' and I'?. There exists a
collection of balls B(y;, s;), j € Jo such that:

1
Vi ey 0 < s; < min (no,%,@dist(Rg,IﬂUIQ)), B(yj,Sj)ﬁRo%Q,
Z ad_ls?_l < 3y +4d\yHIHD),
Jj€Jo

(o]
Ry C U B(yj, Sj) .
Jj€Jo
Now the collection of balls
(o]

B(.ri, 7"1'(1 — Q\F’y)), 1€ 1 Ul UI3U Iy, B(yj, Sj), j€ JoUJiUJy
covers completely I'. We will next replace these balls by polyhedra. For j € Jo U J; U Jo, let x;
belong to B(y;,s;) NI and let Q; be the cube Q(x;,4s;). Foriin Iy U Iy U I3 U Iy, the point x;
belongs to exactly one hypersurface among S, . . ., Sy, which we denote by S ;). In particular I
admits a normal vector v (z;) at x; in the classical sense. For each i in I; U Iy U I3 U Iy, let P; be
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a convex open polygon inside the hyperplane hyp(z;, vo(z;)) such that
disc(xi, mi(1 — 2y/7),va(x;)) C P; C disc(xi,m(l — V) valzi)),
HI2(OP;) — ag_ord™2(1 — )42 < Spaq_ord 2(1 — )% 72,
IHH(P) = aa—arT (1= )T < Goaa a1 — )T

Thanks to the choices of the radius r; and the constants My, 19, we have then

(o]
LN B(xi,ri(1 —2y7)) C Sy N B, mi(1 —24/7)) C eyl(5, 2974),
[N B(xi,ri) C Syu) N Blwi,ri) C eyl(dise(zs, r4, va(w;)), Modori) ,

Va € B(x;,r;)NT lva(x) —va(x)|2 < 1.

The choice of 0y guarantees that Mydo(1 + dg)r; < 2yr;. Let t be such that
M050(1 + 50)7‘,‘ <t< \Fyri .
We have
—tvq(z;) + P, C QN B(wi,ri), I'n(—tva(z;) + F;) =
In particular, the set I" can intersect the cylinder cyl(P;,t) only along its lateral sides, which are
parallel to vq(x;). Let 2 belong to I' N 9 cyl(P;, ). Then
[Veyi(Pty (@) = va(@)l2 = [veyi(p i) (%) = va(zi)l2 — [va(e:) —va(z)| > V2 1.
[0}

Therefore the cylinder cyl(F;, ) is transverse to I'. We will replace the ball B(z;, r;(1 —2,/7)) by
the cylinder cyl(P;, ¢;), for a carefully chosen value of ¢; in the interval [Mydo(1 + do)ri, /Y74 [.
However, we must delay the choices of the values t;, ¢ € I3 U I until we have modified the set F'
inside 2. We deal next with the interfaces inside {2 and we make an approximation of I’ controlled

by a factor . We choose ¢ sufficiently small compared to 7 so that, when we perturb the set £ by
a volume ¢, the resulting effect close to I is still of order . Let € be such that 0 < ¢ < ~ and

g < yay min Tfl.
1€l1UlUI3Uly

We use next a classical approximation result: there exists a relatively closed subset L of 2 having
finite perimeter such that {2 N L is an hypersurface of class C*° and

LUFAL) < ¢, ’/ (i (y)) dH () — /V(UL(y))de_l(y) <e.
QNo*F QNOL

In the case where v is constant, this result is stated in Lemma 4.4 of [50]. In the non constant
case, the argument should be slightly modified, as explained in the proof of proposition 14.8 of
[19], where the approximation is performed in R? instead of 2. When working inside 2, the extra
difficulty is to deal with regions close to the boundary (see the proof of Proposition 4.3 of [50]).
For r > 0, we define

oL, = {x € 0L : d(z,T') > r} .

By continuity of the measure H% 1|5y, there exists r* > 0 such that
’Hd_l(Q NOL N 0Lg+) < €.
We apply lemma 21 to the set 0L, and the hypersurface {2 N OL:
dAM >0 VY6>0 In>0 Ve,y€ L~ |z—yla<n = d2<y,tan(8L,x)> < Mé|lx—yla .

For a point = belonging to JL,+, the tangent hyperplane of QN JL at x is precisely hyp(x, vz (x)).
Let M be as above. We can assume that M/ > 1. Let § in ]0, dp[ be such that 26M < e. Let n be
associated to J as in the above property. For z € 9 Lo+,

lin% (g1 N 'HEY(B(2,r) N OL) =
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fi (o 7 [ v ) M ) = (o).

For any = in 0Ls,~, there exists a positive (z, €) such that, for any r < r(z, ),

‘HE Y (B(z,r) NOL) — ag_17¥ Y < eagqrd™t,
(aar®™7 [ vlene) dHI )~ vlow(e)| < <
B(z,r)NOL
The family of balls B(x,r), x € OLay=, r < min(r*, no,r(x,¢),e,n), is a Vitali relation for
0Ls,~. By the standard Vitali covering Theorem, we may select a finite or countable collection of
disjoint balls B(z;,7;), 4 € I', such that: for any i in I, x; € OLg,~,
ri < min(r*,no,r(zi,€),€,m)
and
either HI1 (GLQT* ~ U B(x;, rl)> =0 or Z rffl = 00.

iel’ iel’

Because for each i in I’, r; is smaller than r(z;, €),
ag-1(1—¢) Z rd=l < HEHQNIL) < oo

el

and therefore the first case occurs, so that we may select a finite subset I of I’ such that
Hd_l (8L2r* N U B(.’L‘Z‘,Ti)> < €.
i€l5

We have a finite number of disjoint closed balls B(x;,7;), ¢ € I5. By increasing slightly all the

radii r;, we can keep the balls disjoint, each r; strictly smaller than min(r*, ng, r(x;, €),€,n) for
in 5, and get the stronger inequality

Y]
Hd_l (aLQT* ~N U B(:L‘i,T‘Z')) < e€.
i€ls
For each i in I, let P; be a convex open polygon inside the hyperplane hyp(z;, vz (x;)) such that
disc(xs, 4, v, (x;)) € Py C disc(w, (1 4 6), v (),
\Hd_Q((?Pi) — ad,grf_Q\ < 5ad,2rf_2,
|HA (P — ad_lrf_ll < 5ad_1rg_1 )
We set ) = M(1 + 0) (hence ¢ < € < 1). Let i belong to I5. Let D; be the cylinder
DZ' = Cyl(PZ', M5(1 + 5)7‘1)
of basis P; and height 2¢)r;. The point z; belongs to J L.« the radius r; is smaller than » and r*,
so that
Vo € OL N B(x;, 1) dg(.r,hyp(xi,vL(xi))) < M|z — xi]2,
whence o
OL N B(x;,r;) C cyl (disc(xi,n-,vL(xi)),M5Ti> c D.
We will approximate F' by L inside © and we will push the interfaces I'' N 9*(Q \ F) and
I'2 N 9*F into Q. We next handle the regions close to I inside the family of balls B(z;,7;),
1 € Iy Uly U I3 U . We will modify adequately the set F' to ensure that no significant interface
is created within these balls. Our technique consists in building a small flat cylinder centered on
I" which we add (for indices in I; U I3) or remove (for indices in /o U 1) to the set F'. We have
to design carefully this operation in order not to create any significant additional interface. This is
the place where we tie together the covering of the boundary and the inner approximation. Recall
that we already chose a family of polygons F;, ¢ € Iy U Is U I3 U I4. For¢ € I U Iy, we simply
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define D; to be the cylinder
D;, = cyl(Pi, M050(1 + (50)7"1') s

see figure 17. The construction of the cylinders associated to the indices ¢ € I3 U I is more

D; = cyl(P;, Mo, 60(1 + dori))

B; = B(zi, 1)

B(zi,mi(1 = /7))
B(wi,ri(1 = 2y/7))

I'nB;

is included
| this layer
Moéori

FIGURE 17. The cylinder D; for: € I U I5.

complicated. Our technique consists in choosing carefully the height ¢; of the cylinders cyl(P;, ¢;)
for ¢ € Is U Iy. We examine separately the indices in I3 and 1.
o Balls indexed by /5. Let i belong to I3. Because of the condition imposed on €, we have

]Ed(B(:Jci,ri) NL)— adrfl/Q\ < 'yadrfl +e < 2y agre.

K3
Since in addition
|L4(B(xi,m5) ~ Q) — agrd/2| < yagrd,
it follows that o
LYB(zi,r) N (AN L) < 3yagrd.
Thanks to the choice of the polygon P;, we have then
o

/ H (—tva(ws) + B) ~ L) dt < LYB(zi,r:) N (2~ L)) < 3yagr?.
2y <t<\/yTi

The condition on + yields in particular /5 — 2y > ,/7/2. Hence there exists t; €]2vr;, /77i|
such that o
Hd_l((—ti’UQ(IBi) + Pz) N L) < 6\/’704(17“?_1 .
Let D; be the cylinder D; = cyl(P;, t;).
o Balls indexed by I,. Let 7 belong to I;. Because of the condition imposed on ¢, we have

|£d(B($i, ri) N (2N L)) — adrg/2| < Wadr? +e < 2y adr?.
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Since in addition
|£d(B(xi,ri) N Q) — adrf/Ql < vadrf,
it follows that
LYB(wi,ri) N L) < 3yaarf.
Thanks to the choice of the polygon P;, we have then
/ HEY(—tvg(z) + P) N L) dt < LYB(zi, ) NL) < 3yagrd.
2y <<\ /75

The condition on +y yields in particular \/5 — 2y > ,/7/2. Hence there exists t; €]2yr;, \/77i[
such that

HEY((—tiwa(x) + P) N L) < 6y/~yaqrdt.
Let D; be the cylinder D; = cyl(P;,t;) (see figure 18). We have now built the whole family of

Hdil((Pi — ti’UQ(Z’i)) n L)
is small

thin strand

included in L \

D; = Cyl(PZ‘, ti)

FIGURE 18. The cylinder D; for: € Iy.

cylinders D;, 1 € Iy U Iy U I3 U Iy U Is. Moreover, the sets
o (6]

D; 1e 1 UlLUI3UIly, B(yj,sj), jeJoUdiUJy,
cover completely I'. It remains now to cover the region
0 Y
R3 = QNaL ~ U Dl N U B(yj,Sj) .
i€ l1UlLUIsUl4UI; jeJoUJ1UJ2

Since R3 does not intersect I', the distance

1 .
P =34 dist(I", R3)
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is positive and also R3 is compact. From the preceding inequalities, we deduce that
(o]
HI (Ry) < HITHQNOL N OLoye) + HOTH (0Lore < | D)
i€l5
d—1 "
< e+ H" (aLW ~ U B(:Ui,ri)) < 2¢.
icly
By the definition of the Hausdorff measure 19!, there exists a collection of balls B(y;, s;),
J € Js, such that:
Vj e Js 0<s; <p, B(yj,sj)ﬁngé@,
o
Rg C U B(yj,sj),
JE€J3
Z ad_ls?_l < 3e.
JEJ3
By compactness, we might assume in addition that J3 is finite. For j € J3, let z; belong to
B(yj,sj) N Rz and let ) be the cube Q(z;, 4s;). We set

P:((QﬂL)u U DiuUQj)\ U o~ U .

1€l1UI3UI5 JjeJL i€laUly J€JoUJ2UJ3
0 0
The sets Q;, 7 € JoU J1 U JaU J3, Dy, i € 11 Ulp U I3 U Iy U Is cover 0L UT, therefore
oP C U 0D; U U 8Q] ,
i€l Ul UI3UILUIs Jj€JoUJ1UJ2UJ3

thus P is polyhedral and OP is transverse to I'. Since the sets

[}

(o]
D;, i€ehUls, Qi, J€h
cover completely fl, while the sets
D;, ielbUlyUls, Qj, J € JoUJdoyU Js3

. =1 =1. . . S .
do not intersect I, then I'" is included in the interior of P. Similarly, the sets
(8]

(8]
D;, ie€lhUly, Qj, Jje
cover completely TQ, while the sets
D;, iel1UlI3UI5, Qj, J € JoUJiUJ;3

do not intersect fz, thus T is included in the interior of the complement of P. We next check that
the set P N (2 approximates the initial set F' with respect to the volume. We have
(PNQ)AF C (LAF)U U D; U U Q;
i€ [1UlLUIsUl Ul Jje€JoUJ1UJ2UJ3
whence
LYPNQ)AF) < e+
Z 2ad,17“g_1(1 + d0)\/yri + Z 2ad,1r;~1_1(1 +0)yr; + Z ad(2sj)d.
1€l Ul UI3Uly i€l5 JjE€JoUJ1UJ2UJ3
Yet each r; is smaller than ~,
Z agrd™t < oD,

i€1UlUI3Ul,

Y agrTt <2HTHQNOL) < 5

: 1%
icls min

2

(Umax HTHO*F N Q) +¢),
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> ag1s) ! < 3(3y + 4dy/yHH(T)) + 3¢,

J€JoUJ1UJ2UJ3
so that
LY(PAQAF) < e+ 6,57HN (D) + VGE (Ve HE YO F N1 Q) + 2)
min
+3-20- 2 (3 4 4d AHEVT) + 2).

Qg—1
We estimate next the capacity of P. To do this, we examine the intersection of 0P N {2 with each
polyhedral cylinder. For ¢ € I7 U I3, we use the obvious inclusion
PNQNoD; Cc QNaD;.

For i € I3 U Iy U I, the sets 9P N 2 N 0D; require more attention. We consider separately the
indices of I3, I, and I5.
e Cylinders indexed by 3. Let i in /3. We have

QnoPnaD; c Qn@D~LU | 0Q;.
JE€JoUT1UJ2UJ3
Yet, thanks to the construction of the cylinder D;,
HI=Y QN OD; ~ L) < H& (—twa(zi) + P) ~ L) + HI2(0P;)2, /A7
< G\Fyadrf_l + 2ad,2r?_22ﬁn < 6y/7(og + ad,g)r;j—l )
e Cylinders indexed by 4. Let i in I;,. We have
QNOPNAD; C QN (OD;NL)U U 0Q; .
JE€JoUJ1UJ2UJ3
Yet, thanks to the construction of the cylinder D;,

HIYQNAD; N L) < HIY(~tiwa(z:) + P) N L) + HE2(0P) 2/
< G\Fyadr;j—l + 2ad,2rf_22ﬁri < 6y/7(og + ad,g)r;j—l )
e Cylinders indexed by I5. Let i in I5. We set

G; = disc (wz —rivr(x;), /1 — 1/}27“,-,1),;(@)) .
We claim that the set G; is included in the interior of L. Indeed, G; C B(z;,r;) N 0D;, yet

OL N B(x;,r;) C D, therefore G; does not intersect OL. Since vy (x;) is the exterior normal
vector to L at x;, then G5; is included in L. The definition of the set P implies that

OPNG; C U 0,
j€JoUJ1UJ2UJ3

whence
QNOPNOD; C (0D; ~ G;)U U 0Q;j .
j€JoUJ1UJ2UJ3
Yet

Hd_l (8DZ N (Pz + 'LﬂT’i’UL(xi)) ~ G2> < 2O¢d,27“zd_221/}7“i + Oéd,ﬂ";-i_l (1 +4— (1 — 'Lﬂ2)(d_1)/2>
< aq (422 414 g — (1)),
ad—1
Finally, we conclude that

anop ¢ |J @napyu | J@nD,~ LU |J(©QnaD,NL)
i€l1Ul2 i€ls i€ly

U U (8DZ ~ Gz) U U GQJ .

1€l5 Jj€JoUJ1UJ2UJ3
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Therefore
< > / ) dHE )+VmaXZHd_1(Qﬂ8Di\z)
ZEIlLJIQ 1€l3
+ Vinax Y HCH(Q NoD; N L)
i€l
+ Z( Hd 1( ) + Vinax HE™ 1<0D N (P + Yrvp(x;)) N Gl>)
icls
Flmax Y, HTH0Q)).
Jj€JoUJ1UJ2UJ3

We use now the various estimates obtained in the course of the approximation. We get

Ia(P) < Z (ad,lr;j—l(l + do)v(va(x;)) + l/maxad,zrg_12M050(l + 50)2>
i€el1Ul2
+ > Vmax (ﬁﬁ(ad + Oéd—2)7”§l_1>
1€l3Uly
+ 3 (a1 (1 + 6w (@)
i€l

a _ —
+ Vinax@a—17{ 1@%1& +146— (11— 1)/2>)

d—1 _d—1
+ Z VmaxQld—12 55
J€JoUJ1UJ2UJ3

1+ do / d—1
< dH
- 1- Z B(x;,r;)NO* (QNF) (UQ (y)) (y)

1€I

SN voly) a7 (y)

1612 B(z;,r;)NO*F

1 +0 A1
Z /B(:vl,n)ﬂaL ( )) dn ( )

1_6161

d—1( @®d—2 g+ aqg—2 Qg—_2
+ Z VmaxQd—1T; ( l_ 5 +6\/> g1 +4ad_1

i€ l1UlLUI3UI4UIs
+1406—(1- ¢2)(d—1)/2) + vmax2913(3y + 4dAHH(T) + €)

146 _ -
< T ( / v(va(y) dH' (y) + v(va(y) dH' ()
- I1No*(Q~F) 2no*F

i v(vL<y>>de—1<y>)
QNOL
g+ ag—o _'_404d72

+2(HYD) + HEN QN aL))ymaX(
-1 Od—1
146 = (1= 93 @D2) 4 vy (2 - 3(37 + 4dﬁHd*1(r)) +3¢)

14 6o
L=y

2(Hd—1(r) +

(IQ(F) + 5)

Zo(F _
VmaxZa( )+€>Vmax(ad 25, +6f04d+04d 2 | 5o g 4242 )
Og—1 ad—1 g1

<

Vmin
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+ Vimax (29713(37 + 4dyFHI(T)) + 3e)
where we have used the inequality v < ¢ in the last step. We have also use the inclusions
Viel;,  B(zi,r) N (QNF) c T'No*(Q\F),
Viel,  B(xzyr)Nd*F Cc T2NO*F.

Since dp, 9, 7, € can be chosen arbitrarily small, we have obtained the desired approximation. O

4.2. Positivity of ¢o. We will prove that as soon as A(0) < 1 — p.(d) and
7.7 / xdA(z) < o0,
[0,4-00]

we have ¢q > 0. In fact we know that if the condition (7.7) is satisfied,
A0) <1=p.(d) <= T, rvlv)>0 <<= Yo, r(v)>0.
Since v satisfies the weak triangle inequality, the function v — v(v) is continuous, and so as soon

as A(0) < 1 —p.(d) and (7.7) is satisfied, we have

Vmin = rréilnu > 0.

If P is a polyhedral set, then H?1((OP N Q) ~ (9* P N Q)) = 0. We then obtain that
ba > Vinin X inf{H1(SNQ) | S hypersurface that cuts I'" from I'? in 2, d(S,T'UT?) > 0} .
We recall that the hypersurface S cuts I'! from I'? in Q if S intersects any continuous path from a
point in I'! to a point in I'? that is included in €. We consider such a hypersurface S C R?, and
we want to bound from below the quantity 7%~ (S N §2) independently on S.

For i = 1,2, we can find z; in T and r; > 0 such that ' N B(z;,7;) C I'* and ' N B(z;, ;) is
a C! hypersurface. We denote by v (7;) the exterior normal unit vector to §2 at x;, and by T (x;)
the hyperplane tangent to I' at ;. Since I is of class C! in a neighbourhood of z; and Q is a

Lipschitz domain, applying lemma 21, we know that for all § > 0, there exists € > 0 depending
on (Q,T, T, T2 21, x9) such that for i = 1,2 we have

QN B(z;,2¢) is connected ,

I'N B(z4,2¢) C Va(Ta(x;),2esind) N B(x;, 2¢)

I'n B(l‘i, 2e) C Ie.
We fix 6 small enough to have 2¢ sin 6 < /2. We define

A, = TQ(.TZ) ﬂB(SUZ',8) and D; = Cyl(Ai,S),
and then R

O=QUD;UDsy,
where Dl is the interior of D; for i = 1, 2. We define
X, ={z¢€ D; |ziz - va(x;) >¢e/2} C Q.

Then X; C Q < Q. Each path r from a point y; € X to a point y, € X5 contains a path 7’ from
apoint ¢} € I'! to a point i/, € T'? such that 7’ C Q, thus S intersects . We consider the set

Vi = {Z €X¢|d2(z,6Xi) > 6/8}

Let g1 € Vi, g2 € Va such that dy(y;,0X;) > ¢/4 for i = 1,2. Since Q is obviously con-
nected by arc, there exists a path 7 from ¢; to ¢ in Q). The path 7 is compact and Qs open, SO
§ = da(7,00) > 0. We thus can find a path 7 included in Vo (7, min(8/2,e/8)) which is a C*°
submanifold of R? of dimension 1 and which has one endpoint, denoted by y1, in V7, and the other
one, denoted by y2, in V5.
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As we explained previously, da(r, 65) > 0, so there exists a positive 71 such that Va(r,71) C
Q. We can suppose that 7y < £/16, to obtain that B(y;,n1) C X; fori = 1,2. For all z in
r we denote by N, (z) the hyperplane orthogonal to r at z, and by N,(z) the subset of N, (z)
composed of the points of N,.(z) that are at distance smaller than or equal to 7 of z. The tubular
neighbourhood of r of radius 7, denoted by tub(r, n), is the set of all the points z in R? such that
there exists a geodesic of length smaller than or equal to 7 from 2 that meets r orthogonally, i.e.,

tub(r,n) = [J N(2),
zer

(see for example [33]). We have a picture of this tubular neighbourhood on figure 19. Since r is a

1‘\2

FIGURE 19. Construction of tub(r,n).

compact C* submanifold of R? which is complete, there exists a7, > 0 small enough such that for
all n < 19, the tubular neighbourhood of r of diameter 7 is well defined by a C*°-diffeomorphism
(see for example [9], Theorem 2.7.12, or [33]), i.e., there exists a C*°-diffeomorphism ) from

Nr'" = {(z,v), z€r,ve N](2)}
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to tub(r,n). We choose a positive 1 smaller than min(n,72). We stress the fact that this n
depends on (2, T, T'!,T'2) but not on S.

Let (I, h) be a parametrisation of class C* of r, i.e., I = [a,b] is a closed interval of R,
h : I — ris a C*°-diffeomorphism which is an immersion. Let z be in r, and u, = h=1(2) € I.
The vector h/(u,) is tangent to r at z, and there exists some vectors (ez(z2), ..., €4(z)) such that
(h'(uz), e2(2), ...,eq(2)) is a direct basis of RZ. There exists a neighbourhood U, of u, in I
such that for all u € U., (W (u),ea(2),...,eq(z)) is still a basis of R?, since A’ is continu-
ous. Indeed the condition for a family of vectors (a1, ...,q) to be a basis of R? is an open
condition, because it corresponds to det((a,...,q)) > 0 where det is the determinant of the
matrix. We apply the Gram-Schmidt process to the basis (h'(u), e2(2), ..., eq(z)) to obtain a
direct orthonormal basis (' (u) /||l ()|, va(u, 2), ..., vq(u, 2)) of R? for all w € U, such that
the dependence of (A'(u)/||W (u)]|, v2(u, 2), ..., v4(u, z)) on u € U, is of class C*°. We remark
that the family (ve(u, 2), ..., v4(u, 2)) is a direct orthonormal basis of N,.(h(u)) for all u € U.,.
We have associated with each z € r a neighbourhood U, of u, = h~!(z) in I, we can ob-
viously suppose that U, is an interval which is open in I. Since (U,,z € r) is a covering of
the compact , we can extract a finite covering (U;,j = 1,...,n) from it. We can choose this
family to be minimal, i.e., such that (U;,j € {1,...,n} \ jo) is not a covering of I for any
jo € {1,...,n}. We then reorder the (U;,j = 1,...,n) (keeping the same notation) by the in-
creasing order of their left end point in / C R. Since the family (U;) is minimal, each point
of I belongs either to a unique set Uj;, j € {1,...,n}, or to exactly two sets U; and Uj; for
J € {1,..,n — 1}. We denote by a; the middle of the non-empty open interval U; N U, for
j€{1,....,n— 1}, and by (h'(u)/||W (w)]|, v2(w,7), ..., v4(u, 7)) the direct orthonormal basis de-
fined previously on U; for j € {1,...,n}. We want to construct a family of direct orthonormal
basis (A'(u) /||l (w)|), f2(u), ..., f4(u)) of R? such that the function:

Yiu€ Lo (W (u)/|IW (W], f2(w), ..., fa(u))
is of class C*°. We have to define a concatenation of the (A'(u)/||h/ (w)]|, v2(u,7), ..., va(u, 7))
over the different sets U;. For u € [a, a1], we define

P(u) = (W (w)/[|P ()], va(u, 1), ..., va(u, 1)) .

Thus the function ¢ defined on [a, a;] is of class C*°. On U; N U, we have defined two different
direct orthonormal basis (h'(u) /|| (uw)]|, v2(w, ), ..., v4(u, 7)) for j = 1 and j = 2 that have the
same first vector. Let ¢ : UyNUz — SO4—1(R) be the function of class C*° that associates to each
u € Uy N Uy the matrix of change of basis from (va(u, 2), ..., v4(u, 2)) to (va(u, 1), ..., vg(u, 1)).

If by is the right end point of U; N Uy, then ¢; is in particular defined on [aq,b1[. Let g1
be a C*°-diffeomorphism from [aj, b1[ to [a1, 00] which is strictly increasing (so gi(a1) = ai)
and such that all the derivatives of g; at a; are null. Then ¢; o g; 1'is defined on [a1, 400 and
all its derivatives at a; are equal to those of ¢;. We then transform all the orthonormal basis
(v2(u, §), -y va(u, §)) of R¥™ for j > 2 and u > a; by the change of basis ¢; o g; ', and we
denote the new direct orthonormal basis of R?~! obtained this way by (V2 (u, 5), ..., Ua(u, j)). We
then define ¢ on |a1, az) by

w(u) = (h/(u)/“h/(u)“7§2(uv 2)7 "'7561(“72))7

and we remark that 1(u) still defines a direct orthonormal basis of R%. The function 1) is of class
C® on [a, ag), including at a;. We iterate this process with the family of basis

(W' (w)/IF (Il D2(u, §), -, Valu, 5)) , § =2, ...,m

at ag, etc..., finitely many times since we work with a finite covering of /. We obtain in the end a
function
Yoh tir— S04_1(R)
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which is of class C*, and for all z € 7, the set of the points of R? that have for first coordinate 0
in the basis ) o h™1(2) is exactly the hyperplane N, (2).
Foreacht = (t2,...,t4 1) € {z € R¥71|d(z,0) < n}, the set

re = {y € RY| 3z € r, y has coordinates (0,3, ..., t4_1) in the basis 1) o h™1(2)}

is a continuous path (even of class C°°) from a point in X7 to a point in Xo, therefore

nNSN Q + .
Moreover, since d(S, Tt UT?) > 0, we obtain that
(7.8) HNSNQ + &

For each y € tub(r, n), there exists a unique z,, € 7 such thaty € N, (z,), so we can associate to y
its coordinates (0, t2(y), ..., t4(y)) in the basis yoh~1(z,). We define the projection p of tub(r, 1)
on N]'(y1) that associates to each y in tub(r, ) the point of coordinate (0, t2(y), ..., t4(y)) in the
basis 1 o h=(y1). Then p is of class C* as is ¢ o h~1. If z belongs to N/(y1), and t(z) =
(t2(2), ..., ta(2)), then we know by equation (7.8) that there exists a point on 7,) that intersects
S in Q. Moreover, 7, is exactly the set of the points y of tub(r,7) whose image p(y) by this
projection is the point z. Thus

p(SNtub(r,n) NQ) = N(y1).

Since tub(r, n) is compact, p is a Lipschitz function on tub(r, ), and so there exists a constant
K, depending on p, hence on 2, r, 1, but not on S, such that

HIHSNQ) > HEYS Ntub(r,n) N Q) > KH Y (p(S Ntub(r,n))) > Kag_in® .
This ends the proof of the positivity of ngNQ
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